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Abstract

This study introduces a theoretical framework bridging tail dependence and
mean-reverting dynamics in cointegrated asset pairs, challenging correlation-
centric approaches. Copula-based analyses reveal that cointegrated pairs ex-
hibiting nonzero tail dependence display faster half-life reductions following
large deviations, as extreme co-movements accelerate equilibrium restora-
tion. Empirical findings from ten years of Brazilian stock data show that
pairs in the top decile of tail dependence revert 30-50% more rapidly than
those with near-zero tail dependence (i.e., approximating tail independence),
with half-lives decreasing by 34-97 days. These robust results emphasize
that tail dependence—rather than correlation—serves as the key driver of
efficient mean reversion, offering critical insights for statistical arbitrage and
risk management.
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1. Introduction

Pairs trading, a staple of statistical arbitrage, exploits temporary devia-
tions in cointegrated relationships between financial instruments [9] [12] 23].
Central to this approach is the notion of half-life, the time required for de-
viations to halve, which governs trading frequency, capital usage, and risk
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controls [1, 2 [7]. Shorter half-lives boost turnover and return potential,
whereas longer ones amplify gap risk and tie up capital, making accurate
half-life estimation critical |4, [15].

Traditional linear-correlation methods struggle to capture the complex,
nonlinear co-movements often seen in emerging markets, where tail dependence—
the likelihood of joint extremes—significantly shapes adjustment speeds [3|
8, 16l 20, 21]. As Mensi et al. [18] suggests, accelerated mean reversion
can occur when assets share extreme movements, a possibility overlooked by
standard correlation-based frameworks. To address this, we incorporate cop-
ula theory [22] into cointegration models, disentangling marginal effects from
dependence structures. Empirical validation on a decade of IBOVESPA data
confirms that pairs with high tail dependence revert to equilibrium 30-50%
faster, particularly under macroeconomic stress [21]. This enhanced frame-
work has wide-ranging implications for trading efficiency, risk management,
and the broader understanding of nonlinear market dynamics [11].

The remainder of this paper is structured as follows. Section [2| provides a
comprehensive theoretical framework, synthesizing cointegration, copula the-
ory, and tail dependence. Section |3| outlines the data sources and method-
ology used for empirical validation. Section {4| presents the core empirical
findings and discusses their implications for market practitioners. Finally,
Section [9| concludes with a summary of the main contributions and indi-
cates avenues for further research in higher-dimensional or dynamic copula
approaches.

2. Theoretical Framework

In this section, we develop a unifying framework that integrates cointegra-
tion with copula-based tail dependence. We begin by reviewing key aspects
of cointegration and mean reversion. We then introduce copulas and tail
dependence coefficients, showing how the latter can alter the speed at which
cointegrated spreads revert to equilibrium. The main theoretical result (The-
orem formalizes the idea that the presence of nonzero tail dependence
reduces the half-life of the spread.

2.1. Cointegration and Mean-Reverting Spreads

Cointegration provides a cornerstone for analyzing long-run relationships
among nonstationary time series. Suppose {X;} and {Y;} are each integrated



of order I(1) but have a linear combination
& =Y, — BX, (1)

that is stationary (7(0)). In such cases, one interprets ¢, as a spread expected
to revert to a long-run mean (often taken to be zero if the data are mean-
adjusted). From Engle and Granger [9] and Johansen [13], we know that e;
can be characterized by an Error-Correction Model (ECM)

Aep = —aeq + 1y, (2)

where « is the speed of adjustment to the equilibrium and 7, is a noise term.
Reparameterizing in AR(1) form yields

@=p&1+m p=l—a, [p<L (3)

Mean reversion is captured by p. The closer p is to zero, the faster the spread
reverts. An especially intuitive metric of this speed is the half-life, defined
by

In(2)

lijg = m (4)

Hence, shorter half-lives correspond to more forceful mean reversion. This
measure is often used by traders to gauge how quickly a pairs-trading posi-
tion might revert and generate a profit or, conversely, how long the position
remains exposed to unfavorable market movements [1].

2.2. Copulas and Tail Dependence

While ¢, is central to pairs trading, the underlying processes X; and Y;
may exhibit dependence structures that depart significantly from Gaussian
or linear models [20]. Copulas offer a general toolkit for capturing such de-
pendence by separating joint distributions into marginal distributions and a
copula function describing the dependence [14], 19]. If X and Y are continu-
ous random variables with joint distribution Flyy and marginals F'x and Fy,
Sklar’s Theorem states that:

FX,y(l‘,y> = C(FX(]?), Fy(y)), (5)

where C' is a copula that fully characterizes the dependence structure. This
decomposition allows one to model complex, nonlinear co-movements without
imposing strict assumptions on the marginal processes.



A critical aspect of copula-based models is their ability to capture tail
dependence, i.e., the probability that two assets move jointly in the extreme
tails of their distributions. Formally, the lower- and upper-tail dependence
coefficients are given by:

= 13&)1 Pr(Fx(X) < u| Fy(Y) <u), (6)
= 11%1 Pr(Fx(X) > u| Fy(Y) > u). (7)

When A\ > 0 or Ay > 0, large negative or positive movements in X are more
likely to coincide with similarly large movements in Y. This phenomenon is
especially relevant in emerging markets, where abrupt price fluctuations can
lead to clusters of extreme co-movements [18]. Copula families such as the
Student-t and Clayton can explicitly account for these dependencies, making
them suitable for modeling financial returns under episodic crises [6} [15].

2.3. Linking Tail Dependence to Half-Life

2.8.1. Mechanism of Faster Reversion

When two asset prices exhibit nonzero tail dependence, their deviations
from a cointegrating equilibrium are more forcefully corrected during extreme
market conditions. Intuitively, if both X, and Y; simultaneously plunge (or
surge), the disequilibrium spread ¢, = Y; — fX; may provoke larger corrective
trades, thereby intensifying the speed of mean reversion. In the language of
the AR(1) model,

€ = PE—1 T N,

tail dependence magnifies the absolute value of the error-correction term «,
causing p to be closer to zero. Consequently, the spread’s half-life decreases,
aligning with the general notion that stronger adjustment forces imply a
quicker return to equilibrium.

2.3.2. Formal Result
Theorem 2.1 (Tail Dependence Accelerates Mean Reversion). Let X; and
Y; be cointegrated asset price processes such that

Et:Y;S_BXt

is stationary. Consider two scenarios with identical marginal distributions
but different copula structures:



1. A tail-dependent case, where either \;, > 0 or \yy > 0;
2. A tail-independent case, where A\, = Ay = 0.

Denote by tf?g and tilr;(;ep the half-lives of ¢, under these respective scenarios.

Then, for sufficiently large deviations |¢| > 6:

d ind,

tl?g < tl/er’
i.e., cointegrated pairs with nonzero tail dependence revert to equilibrium
more rapidly after extreme shocks.

3. Methodology

This section describes the data, the nonparametric approach to measuring
tail dependence (allowing for potential asymmetry), and how mean reversion
speeds are compared across different degrees of extremal dependence.

3.1. Data and Cointegration Screening

We collect daily log-prices of 66 IBOVESPA-listed stocks from 2014 to
2024. For each rolling-window interval (3-, 5-, and 10-year windows), we test
every pair for cointegration using the Engle-Granger procedure: (i) regress
one log-price on the other to obtain the spread ¢ = Y; — fX;, and (ii)
apply the Augmented Dickey—Fuller test (5% level) to {¢;}. Only pairs with
cointegrated spreads are retained.

3.2. Nonparametric Tail Dependence: Lower and Upper Tails

Because financial returns can exhibit asymmetric co-movements in the
negative and positive tails [0 10, 21], we estimate both lower- (A;) and
upper-tail (Ay) dependence nonparametrically. Our empirical copula estima-
tor follows Frahm et al. [10]:

1. Pseudo-observations. For a cointegrated pair {Xy,Y;}, we trans-
form prices into uniform [0, 1] pseudo-observations via the empirical
distribution functions.

2. Empirical Copula. We then construct an empirical copula, which
captures the joint dependence structure stripped of marginal effects.

3. Asymmetric Tails. Using this copula, we calculate both Ay and
Ay to capture the distinct probabilities of joint lower and joint upper
extremes.



When summarizing extremal dependence, we define a single index

AL+ A

Aavg = %7

Which balances the possibility that financial assets may experience either
downside tail events (e.g., market crashes) or upside extremes (e.g., price ral-
lies), as several studies indicate that tail dependence can differ significantly
between lower and upper tails [8 [16] 20]. Averaging A, and Ay thus pro-
vides a convenient single metric of “overall” extremal co-movements while
acknowledging the possibility of asymmetry [6, 21]. This scalar measure con-
denses both tail risks into one ranking variable. Robustness checks confirm
that our main conclusions remain consistent when analyzing A; and Ay sep-
arately. Nonetheless, because certain pairs may exhibit partial asymmetry,
taking the midpoint serves as a simple, unified proxy of total tail risk in
subsequent half-life comparisons.

3.3. Mean Reversion Estimation and Half-Life

For each cointegrated pair, the spread ¢; is modeled via an AR(1):

€ = PE—1 Tt Nt
where |p| < 1 and 7, is white noise. The half-life is

In(2)
n(1/lpl)

Empirically, p is estimated by regressing ¢; on €;_;.

lijg =

3.4. Comparative Analysis of Tail Effects

We group cointegrated pairs into high- vs. low-tail-dependence (e.g., top
vs. bottom deciles of A,y,), then compare average half-lives using rank-sum
and parametric tests. Robustness checks vary lookback windows, tail thresh-
olds, and sampling frequencies. Consistently, we find that stronger tail de-
pendence is associated with shorter half-lives, in line with Theorem 2.1 Even
when the pairwise tails are asymmetric (A # Ay), our results remain broadly
robust, reflecting the aggregate effect captured by A,y,.



4. Results

In this section, we detail the descriptive statistics and the core empirical
findings, placing particular emphasis on how extreme co-movements affect
mean reversion speeds in cointegrated spreads. We further comment on the
economic intuition and practical implications for statistical arbitrage.

4.1. Descriptive Statistics

Table 1 reports summary statistics for tail dependence (Aayg), frequency
of extreme spread events, and half-life estimates across 2021-2024, 2019—
2024, and 2014-2024. For 2021-2024, A, = 0.18 (SD=0.10) and half-lives
range from 0 to 650 days (mean=92.84, SD=655.87, kurtosis=95.83, skew-
ness=0.34). These findings align with theoretical predictions that structural
breaks or liquidity constraints disrupt equilibrium dynamics, particularly
over shorter horizons [3]. Over 2019-2024, A, = 0.19, with less half-life
dispersion (SD=62.80, median=>54 days, max=434, skewness=2.54) yet per-
sistent outliers. Notably, the median half-life difference between high- and
low-A,yg pairs is 31 days (p < 0.01), highlighting the influence of tail depen-
dence on reversion [6, 21]. Extending to 2014-2024, A,,, = 0.20 and half-
lives span 0-1,184 days (SD=171.44, kurtosis=9.29), reflecting compounding
market shifts. The median half-life difference widens to 97 days (p < 0.01),
indicating that top tail-dependent pairs revert nearly twice as fast. These
results support the hypothesis that extremal co-movements, as captured by
copula-based tail dependence, accelerate error-correction processes in emerg-
ing equity markets. Comparisons of median half-lives for cointegrated pairs
in the top and bottom A,,, quantiles (90%/10% and 95%/5%) further cor-
roborate this pattern (see Table . Overall, the evidence underscores the
significance of tail dependence in shaping mean reversion dynamics and op-
timizing pairs-trading strategies in volatile environments.
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Table 2: Median Comparisons of Tail Dependence and Half-life by Quantile and Period

Period Quantile Median Half-life (days) Median Tail Dependence

5% 38 0.0140

95% 34 0.4110

50912094 A 4.00 0.3970
10% 38 0.0150

90% 36 0.4212

A 2.00"" 0.4062

5% 77 0.0312

95% 46 0.3792

50192094 A 31.00 0.3480
10% 77 0.0375

90% 37 0.3421

A 40.00™" 0.3046

5% 170 0.0301

95% 73 0.4143

50149024 A 97.00 0.3842
10% 103 0.0383

90% 69 0.3602

A 34.00"" 0.3219

Notes: Median values of half-life (in days) and tail dependence (expressed as Aayg) for
cointegrated asset pairs are presented by quantile thresholds over three periods: 2021-
2024, 20192024, and 2014-2024. Quantile thresholds denote the extreme segments of the
tail dependence distribution (lower quantiles: 5% or 10%; upper quantiles: 95% or 90%).
The symbol A represents the absolute difference in medians between the lower and upper
quantile groups, reflecting the dispersion in reversion dynamics attributable to tail effects.
Significance levels are indicated by ** (p < 0.05) and =™ (p < 0.01).

This study demonstrates that cointegrated pairs with higher tail depen-
dence revert faster to equilibrium, evidenced by shorter half-lives across all
sample periods (2014-2024). Tail dependence (A,y,) ranges widely, from
near-zero to 0.85, with higher values linked to accelerated mean reversion.
These findings align with prior research on emerging markets, where crises
intensify extremal co-movements [6, 21]. Half-lives vary significantly, from
instantaneous reversion to over 1,000 days, suggesting structural breaks may
disrupt traditional error-correction mechanisms [3].



Pairs in the top five percent of A, exhibit a median half-life of 73 days,
compared to 170 days for the bottom five percent (p < 0.01), highlight-
ing the impact of tail dependence on reversion speeds. Lower-tail depen-
dence (Ar) further accelerates convergence after downward shocks, consistent
with findings from Brazilian equity markets [21]. These dynamics intensify
over extended horizons, likely due to macroeconomic turbulence amplifying
copula-driven adjustments.

The results validate Theorem [2.1], which posits that copulas strengthen
error-correction coefficients under extreme shocks. When one asset in a pair
crashes, joint movements drive sharper corrections, reducing spread persis-
tence. This state-dependent reversion aligns with threshold cointegration
frameworks [20], contrasting with classical cointegration’s linear assumptions.

Practically, pairs with A, > 0.3 offer advantages, including faster rever-
sion, reduced capital lock-up, and resilience during crises [2]. Persistent tail-
dependence effects over 2014-2024 suggest this phenomenon endures across
regimes, though periodic recalibration of copula parameters is advised.

In summary, tail dependence is a critical driver of mean reversion in
cointegrated pairs. By integrating copula theory, this study shows extremal
co-movements significantly enhance error-correction speeds, offering valuable
insights for optimizing pairs-trading strategies in volatile markets. Future
research should explore structural breaks, transaction costs, and liquidity to
refine tail-dependent arbitrage strategies.

5. Conclusion

In summary, this study demonstrates that tail dependence critically in-
fluences the speed of mean reversion in cointegrated asset pairs, reinforcing
the importance of joint price movements in maintaining equilibrium. By
integrating copulas with cointegration analysis, we uncover that high tail
dependence pairs revert up to 50% faster, particularly during market stress,
underscoring the necessity of tail-sensitive models. These findings bear signif-
icant implications for practitioners, enhancing statistical arbitrage strategies
and informing risk management decisions. Future research should extend
this analysis to multivariate structures and time-varying copulas, illuminat-
ing the evolving role of tail dependence in modern financial markets. This
solidifies the tail dependence paradigm in finance.
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Appendix

Theorem 2.1. Let X; and Y; be cointegrated asset price processes such that
e =Y, — B X, is stationary. Consider two scenarios with identical marginal
distributions but different copula structures:

1. A tail-dependent case, where either \p, > 0 or Ay > 0.
2. A tail-independent case, where \;, = \yy = 0.

Denote by til/eg and ti’;‘;ep the half-lives of €, under these respective scenarios.

Then, for sufficiently large deviations |e;| > 0,

de inde

tie < "
i.e., cointegrated pairs with nonzero tail dependence revert to equilibrium
more rapidly after extreme shocks.

Proof. Step 1: Model Specification and Tail Dependence Definition.
Consider two (stationary) asset-return processes X; and Y;. Define their

spread as
€& = }/t - 5Xt7

where [ is a constant chosen (typically via regression) so that ¢; is covariance-
stationary. In an AR(1) form,

€ = PE-1 + N, pe (_171)7

with 7, having zero mean and finite variance 0727. The half-life of mean rever-
sion is

In(2)
—In(|p])’

so smaller |p| implies a faster decay toward equilibrium. Tail dependence
measures the likelihood of joint extremes in X; and Y;. If Fx and Fy are the
marginal CDF's, define

tip =

Ap = lim Pr(Fx(X;) < u| Fy(Y:) <u), (A1)
Av = lim Pr(Fx(X;) > u| Fy(Y:) > u). (A.2)

11



Step 2: Tail Dependence and Covariance Structure.
If X; and Y, exhibit upper-tail dependence with coefficient Ay > 0, then for
u close to 1 we have

Pr(X, > gx(u), V; > qy(u)) = Pr(U>u, V>u) = Ay (1—u),

where U = Fx(X;) and V. = Fy(Y;) are the respective probability-integral
transforms (i.e., U,V € [0,1]). By contrast, if \y = 0, the joint survival
probability in the upper tail decays more quickly, e.g. as (1 —u)? in the case
of independence. Consequently, the region where (X;)(Y;) is large has higher
probability mass when Ay > 0, increasing E[XY;] (and hence Cov(Xy,Y;))
relative to a tail-independent scenario.

Definitions and Notation.
Let X; and Y; be continuous random variables (e.g., returns) with marginal
CDFs Fx and Fy. Set

U = Fx(X,)), V = F(Y).

Then U and V are uniformly distributed on [0, 1]. For u € (0, 1), define the
quantiles qx(u) = Fx'(u) and gy (u) = Fy'(u). The upper-tail dependence
coefficient is

Ay = lim Pr(U >u|V > u). (A.3)

u—1-
A strictly positive limit Ay > 0 indicates that large values of X; and Y; occur
together with non-negligible probability as u — 17. Equivalently,

. Pr(U>u, V>u)
A 1
v>0 = I sy

1. Proof of the Linear Decay Pr(U > u, V > u) =~ A\y(1 — u)
Lemma A.1 (Tail-Dependence Approximation). If Ay > 0 as in (A.3)), then
for u close to 1 we have

Pr(U >u, V >u) = Ay Pr(V > u).

> 0.

Proof. By the definition of conditional probability,
Pr(U>u,V>u) = Pr(V>u) Pr(U>u|V >u).

Since V' is uniform on [0, 1], Pr(V > u) = 1 —u. Meanwhile, Pr(U > u | V >
u) = Ay as u — 17. Thus for u sufficiently close to 1,

Pr(U>wu, V>u) = (1—u)\y,
which decays linearly in (1 — u). O

12



Because Pr(V > u) = 1 — u for uniform V', the main driver of joint ex-
ceedances near u — 17 is Pr(U > u | V > u). A positive Ay means
Pr(U > w | V > u) tends to a nonzero constant, leaving the decay rate at
order (1—u). Under independence, by contrast, Pr(U > u, V > u) = (1—u)>.

2. Tail Dependence Increases Covariance

Let (X,Y’) be random variables with continuous marginal distributions
Fx and Fy. Suppose there exists a version of (X,Y’) whose copula is tail-
dependent (Ay > 0 or A\ > 0) and another version (X*,Y™*) with the same
marginals but a tail-independent copula (Ay = A, = 0). Then

Cov(X,Y) > Cov(X™,Y™),

assuming both pairs have comparable means (frequently near zero in financial
returns). That is, nonzero tail dependence strictly increases the covariance
relative to an otherwise identical but tail-independent pair.

Tail Dependence Versus Tail Independence. By Sklar’s Theorem, the
joint distributions of (X,Y’) and (X*,Y*) can be written as

(X)Y) ~ C(Fx(ff):FY(y))v (X5 Y") ~ C*(FX@)’FY(CU))7

where C'is a copula exhibiting tail dependence, and C* is a tail-independent
copula. Because the pairs share marginals F'y, Fy, the difference in covari-
ance between (X,Y’) and (X*,Y™*) depends solely on these copulas:

Cov(X,Y) — Cov(X*,Y*) = E[XY] — E[X*Y*].
If (X,Y) has upper-tail dependence (Ay > 0), then as u 1,
PX > Fy'(u), Y > Fy'l(u) = Ap(1—u) 4+ ol —u),

whereas for a tail-independent copula, the probability of a joint exceedance
in that region diminishes on the order of (1 —u)?. A corresponding argument
applies to lower-tail dependence (A;, > 0) for u 0.

Decomposing the Expectation. By partitioning the domain into regions
highlighting large positive and large negative values, one obtains

E[XY] :/ {L‘ydp)gy + / l’ydp)gy + / ZEydPX7y,
1 3 Other

N

Vv TV
upper tail lower tail

13



where @y = {x > t,y > t} and Q3 = {x < —t, y < —t}. In @ and Qs,
we have zy > 0, so additional probability mass there raises E[XY]. For an
upper-tail threshold t = Fiy' (u):

/ xydPxy > Fgl(u)Fgl(u) Av(1—u),
Q1

whereas under tail independence, the mass in (); decays on the order of
(1 — u)%. Analogous reasoning applies to the lower-tail region Q3. Since the
non-tail regions contribute equally for (X,Y") and (X*,Y™*) (due to identical
marginals), we conclude:

E[XY] > E[X*Y*] = Cov(X,Y) > Cov(X* Y*].

3. Lower-Tail Dependence and Negative Ezxtremes

If Ay > 0, negative extremes are more likely to occur jointly, again in-
creasing E[X,Y;] since both can be large in magnitude and negative.

4. Conclusion

Stronger covariance implies that in the spread ¢, =Y, — X, we have
Var(e;) = Var(Y;) + ?Var(X;) — 28Cov(X,,Y}),

hence larger Cov(X,,Y;) reduces Var(e;), lowering Var(r,) and thereby influ-
encing the stationarity and speed of reversion in the AR(1) representation.
In particular, consider the error-correction form:

€& = pe&_1 + M, M~ iid. with Var(n,).

For stationarity, we require |p| < 1. When Var(¢;) is smaller due to higher
covariance, shocks in n; result in proportionally smaller deviations from the
mean. This effective “amplification” of corrective forces leads to a reduction

in the magnitude of p, bringing it closer to zero and thus shortening the
half-life,
In(2)

—In(pl)’

Moreover, a smaller Var(n;) means each shock is less disruptive to the equi-
librium. Fewer and milder deviations translate into a faster return to the
long-run mean, consistent with heightened error-correction behavior.

lijg =

14



Intuitively, as Cov (X4, Y;) grows, both assets increasingly move together
(whether up or down) in extreme conditions, reinforcing the pull toward
the common equilibrium relationship. This reinforcement is particularly evi-
dent during tail events, where synchronized moves trigger robust mean rever-
sion. Consequently, cointegrated pairs with nonzero tail dependence exhibit a
stronger internal mechanism to dampen spread volatility and a more forceful
corrective drive, manifesting in shorter half-lives.

Formally, for sufficiently large |e;| > 0,

dep indep
tis <ty

as claimed. O
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