Exploring Gaussian-Laplace Combinations in
High-Dimensional Dynamic Spike-and-Slab
Models

Guilherme C. Soares!, Marcio P. Laurini?

Abstract

This study explores the role of prior specifications in dynamic variable selec-
tion models under a Spike-and-Slab framework. Gaussian and Laplace priors
are employed to investigate the impact of penalty functions and their effec-
tiveness in inducing dynamic sparsity. The analysis builds upon the frame-
work discussed by Rockova and McAlinn (2019), addressing the dynamic se-
lection problem through the lens of optimization using a dynamic Expectation-
Maximization (EM) algorithm. The methods are analyzed in terms of their
performance on simulated samples and in an application to real data forecast-
ing.
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1. Introduction

With the increasing availability of data, access to information for predictive purposes has
advanced rapidly, making it significantly easier to incorporate a wide range of information
into predictive models compared to the past. Combined with the growth in computational
efficiency, this raises a crucial question: "How do we handle these data?”

From a macroeconomic perspective, this question becomes even more complex. Macroe-
conomic datasets often exhibit a limited number of time periods relative to the number of
available variables, leading to estimation challenges inherent in scenarios where N <« P,
that is, when the sample size N is smaller than the number of parameters in the model.

Pioneering works such as Tibshirani (1996) and George and McCulloch (1993) intro-
duced methods such as Lasso, Ridge, Elastic Net and spike and slab for variable selection,
effectively eliminating less relevant variables from the model and estimating it without
them. However, these are static approaches that remove variables without considering
their potential temporal relevance.

Stock and Watson (2007) examine U.S. inflation forecasting, demonstrating how pre-
dictive dynamics evolve over time. Models that perform well in certain periods may
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become less effective in others due to shifts in the economic environment, such as tran-
sitions between stability and instability, the persistence of shocks, reductions in overall
macroeconomic volatility, and changes in trend components. Similarly, Cogley and Sar-
gent (2005) explore time-varying parameters, proposing models in which the coefficients
of VAR equations and stochastic volatilities evolve over time. They argue that traditional
fixed-parameter models fail to adequately capture economic dynamics across different pe-
riods.

However, when dealing with a large number of variables, the number of parameters
to estimate grows substantially, complicating the model’s implementation. To address
this challenge, a growing body of literature on Dynamic Variable Selection has emerged,
as explored by Rockovd and George (2014), Rockova and McAlinn (2019), and Koop
and Korobilis (2023). These approaches introduce specifications that allow for dynamic
coefficients while inducing dynamic sparsity, both vertically, where a parameter can "enter
and exit” the model over time, and horizontally, where a parameter is shrunk to zero across
all periods.

This paper focuses on a model based on Spike-and-Slab priors, which operate as a mix-
ture of two distributions: the spike, which shrinks parameters to zero to induce sparsity,
and the slab, which permits parameters to deviate from zero and exhibit temporal varia-
tion. The spike-and-slab framework is typically implemented using Gaussian or Laplacian
priors, each influencing the shrinkage behavior in distinct ways.

Our discussion is grounded in the work of Roc¢kovd and McAlinn (2019), who introduced
the EMVS (Expectation-Maximization Variable Selection) algorithm for fitting Dynamic
Spike-and-Slab (DSS) priors. The primary objective of this approach is to achieve Max-
imum a Posteriori (MAP) smoothing. This algorithm is particularly advantageous due
to its computational efficiency in handling high-dimensional datasets, where traditional
MCMC (Markov Chain Monte Carlo) methods may be computationally prohibitive, and
its ease of implementation in Gaussian models, where conjugate priors facilitate tractabil-
ity.

Additionally, we explore the implications of employing Laplace priors, which introduce
unique challenges. These include non-differentiability at zero and a higher density near
zero compared to Gaussian priors, both of which significantly influence the shrinkage
properties and sparsity-inducing behavior of the model.

The results in the simulated and empirical analysis demonstrate that models incor-
porating shrinkage mechanisms, particularly the Gaussian-Gaussian (GG) and Laplace-
Gaussian (LG) models, significantly enhance forecasting accuracy across different horizons.
The GG model performs best for short-term forecasts, while the LG model is more robust
over longer horizons. Fixed parameter calibration across all horizons may limit perfor-
mance, suggesting the need for horizon-specific adjustments. Cumulative error analysis
further supports the superiority of these models, especially in handling noise and sparsity.
The study highlights the practical advantages of shrinkage in macroeconomic forecasting
and suggests future research on adaptive calibrations and broader applications.

The remainder of this paper is structured as follows. Section 2 presents the formal
specification of the model with Spike-and-Slab priors. Section 3 explores the influence of
Normal and Laplace distributions on the loss function. Section 4 applies the proposed
model to parameter recovery in a simulated dataset, while Section 5 evaluates its perfor-
mance in forecasting Brazilian inflation using the discussed methods. Finally, Section 6
presents the concluding remarks.



2. Variable Selection Structure

The spike-and-slab prior (Roc¢kova and George, 2018; Louzada et al., 2023) is a Bayesian
variable selection method designed to induce sparsity in high-dimensional models. It is
formulated as a mixture of two distributions: a spike, which shrinks coefficients toward
zero, and a slab, which allows nonzero coefficients to vary freely.

Let §j be a model parameter. The spike-and-slab prior is typically defined as a hier-
archical mixture model:

Bi |7 ~ (L — ;) - Spike + 7j - Slab

where vj € {0,1} is a latent indicator variable controlling whether fj is included (7; = 1)
or excluded (7j = 0). The spike component is often a narrow Gaussian distribution, such
as N(0,72) with small 72, or a point mass at zero. The slab component is typically a
broader Gaussian distribution, N'(0,0?), or a Laplacian prior, which provides stronger
shrinkage.

The primary advantage of the spike-and-slab prior lies in its ability to perform auto-
matic variable selection by shrinking irrelevant coefficients to zero. Additionally, modern
estimation techniques, such as the Expectation-Maximization Variable Selection (EMVS)
algorithm, enhance computational efficiency by avoiding costly Markov Chain Monte Carlo
(MCMC) sampling, making it well-suited for high-dimensional applications.

Let us consider a model that follows a Dynamic Spike and Slab structure such that:

Yt = Prjrt h+ et (1)

where
&t~ N(07 0)7

Bj ~ N(wjiej, AL + (1L —v)Ao),
Mt;j:¢0+¢/it 1j tv, I/NN(O,O' )?

1 if spike,

T 0 if slab.

Here, A1 and Ag represent the variances of the Dynamic Spike-and-Slab prior, respec-
tively.

The choice of ¢ is made such that |¢| < 1, ensuring stationarity of the parameters.
This allows for a structure such that pu¢ becomes a stationary process with mean ¢¢ and
variance 5.

The inference procedure used in this work is based on estimation using Maximum a
Posteriori estimation. Maximum a Posteriori (MAP) estimation is a Bayesian approach to
parameter estimation. It finds the parameter 6 that maximizes the posterior probability

P(0 | X), given the observed data X. Mathematically, MAP estimation is given by:

000 = arg max P(6 | X)
Using Bayestheorem:

P(X [ 6)P(0)

P@|X) = %)



Since P(X) is a constant with respect to #, MAP estimation simplifies to:

000 = arg max P(X | 0)P(9)

where P(X | 0) is the likelihood of the data given the parameter and P(6) is the prior
distribution of the parameter.

MAP estimation incorporates prior knowledge, which helps in regularization and pre-
vents overfitting. Unlike Maximum Likelihood Estimation (MLE), which only considers
the likelihood function, MAP includes prior information, making it more robust, partic-
ularly in small-sample settings. The prior acts as a form of regularization, ensuring that
the estimates remain stable. This makes MAP especially useful when data is limited or
when MLE produces ill-posed solutions.

2.1 Dynamic Spike-and-Slab structure of 3, ;

To derive the MAP (Maximum A Posteriori) estimator for $q.7:j, we maximize the poste-
rior distribution:

Brr;j = arg max w(By.rii [ Yarr), (2)
where m(81.7:j|Y1.1) is proportional to the product of the likelihood and the prior:
T(Br1j[Yir) o L1 |BrTj) - m(Butj)- (3)
The prior for By;j is defined as a mixture of the spike and slab distributions:
m(Bilreis B 1) = (1= 13)vo(Bejlro) + 11 (Bjlie, Av), (4)

where:
o Yo(Bt| o) is the spike distribution with variance Ao,
o 1(Bt|it, A1) is the slab distribution with mean u¢ and variance Ap,

e 7t € {0,1} is the binary indicator for spike/slab membership.

For now, we assume arbitrary distributions for ¢g and ;. In later sections, we will discuss
the implications of using Gaussian or Laplace distributions for each case. To work with
the ~¢; inclusion parameter, it’s necessary to introduce its structure:

Py =1]pt 1) = bt (5)

The specification given by Rockovd and McAlinn (2019) for 0 involves introducing an
interpretable parameter called the marginal importance weight , where 0 < < 1. This
scalar parameter controls the overall balance between the spike and slab distributions.

Given ( , Ao, A1, ¢o, ¢1), the conditional inclusion probability 8¢ (or a transition func-
tion 0(Br 1)) is defined as:

V3T (Be 1|A1, do, 1)
T (Bt 11, d0,01) + (1 — )o(Be 1]ho)

It is interesting to note that changing the value of  to 0 or 1 will make the model tend
toward two extremes: a dynamic linear model (DLM) without shrinkage when =1, or
a model composed entirely of the spike distributions when = 0, meaning all parameters
will be shrunk to zero.

Or =60(Be 1) =

(6)



2.2 Algorithm Description

The algorithm iteratively updates the regression coeflicients fj.+ by calculating posterior
inclusion probabilities and performing dynamic shrinkage adjustments. Below, we present
the main steps of the algorithm, which incorporates spike-and-slab priors defined by the
functions 1o and 1 for the spike and slab components, respectively.

Before starting the iterative process, the algorithm defines several auxiliary functions
to compute posterior probabilities and shrinkage adjustments. These functions rely on
the spike-and-slab prior distributions represented by 1o(5t | Ao) for the spike component
and 11 (Bt | A1, pe) for the slab component.

2.2.1 Posterior Inclusion Probability (p )

The posterior inclusion probability, denoted as p; (x), measures the likelihood that a vari-
able is included in the model at time ¢. It is computed as follows:

1
pi@) = a5 e (™)

1(X) 15 t)

This equation balances the relative contributions of the spike and slab components, weighted
by the prior inclusion probability
2.2.2 Conditional Inclusion Probability

The conditional inclusion probability, denoted as pJDDDD(x), incorporates information from
past values of the regression coefficients and is computed as:

01 (x| A1, pi)
Ojir(x | A, pue) + (1 = 05)vo(x | o)

This function dynamically adjusts the inclusion probability based on the past evolution of
the model’s coefficients.

P @) =

(8)

2.2.3 Expectation Step (E-Step)

During the Expectation step, the algorithm computes the posterior inclusion probabilities
for each variable j in each time period ¢. The main tasks in this step are as follows:

1. Compute the mixing weights ¢j and the posterior inclusion probabilities p; using
the auxiliary functions defined above.

2. Compute the precision terms and auxiliary quantities 1y and dy for the posterior
distributions of the coefficients, which are used in subsequent updates.

2.2.4 Maximization Step (M-Step)

In the Maximization (M) step, the algorithm updates the regression coefficients Sj;; and
intercepts fo;j using the posterior probabilities computed in the E-step.



Updating Regression Coefficients (8j.t) For each variable j and time period ¢, the
regression coefficient §j.¢ is updated using the following expressions for the mean p and

the variance o2:

= $1pi B 1 $1p Birr |

)\]_ )\1 (9)
2 1

7= 24 P 2 Pjitra 24 000000 (10)
reg +*Jl+¢1 J'l +(Q-900)—— 1

The term z represents the adjusted residual, and the term shrink represents the shrinkage
adjustment applied to the coefficients.
The final value of §j:¢ is computed by applying a threshold-based shrinkage adjustment:

Bj:x = max(0, u — shrink) — max(0, —p — shrink) (11)

2.2.5 Convergence Criterion

The algorithm iterates until the squared difference between updated and previous coeffi-
cients is below a predefined threshold ¢, indicating convergence. The convergence criterion
is given by:
XK
€= Bie” — Bi)® (12)
j=1t=1

The algorithm described in this section was implemented in Python, and the core
functions were further optimized by translating them to C++ using the Cython library.
This adaptation significantly accelerates the computation by leveraging compiled code,
which is particularly beneficial for large datasets and complex models.

The complete implementation of the algorithm can be found in the Appendix, where
the Python code and its C++-optimized version are provided. The use of Cython allows
for a seamless integration of C++ code within the Python environment, maintaining the
flexibility of Python while achieving the performance of compiled languages.

3. Choosing Between Gaussian and Laplace for Spike
and Slab

The general case, and the most common choice, is to use a Gaussian slab and a Laplace
spike. This configuration balances smooth variation for significant coefficients provided by
the Gaussian slab, with strong sparsity induced by the ¢;-like penalty, as demonstrated
by LASSO approach of Tibshirani (1996), of the Laplace spike Roc¢kova and McAlinn
(2019). However, in this work, we will explore other combinations of spike and slab
distributions, including Gaussian-Gaussian and Laplace-Laplace, to evaluate their effects
on model behavior and penalization structures.

The selection of spike and slab distributions significantly influences the behavior and
penalization structure of the Dynamic Spike-and-Slab framework. Where the first term
corresponds to the spike distribution and the second to the slab distribution. Each con-
figuration has distinct implications for the model’s penalization and sparsity-inducing
properties.



3.1 DSS Penalty
As shown by Rockova (2018), the Dynamic Spike-and-Slab (DSS) penalty is defined as:

Pen(B | Bt 1,Pt+1) =pen(B | Br 1) + pen(Be+1 | B) + C, (13)

where C' = —Pen(0 | St 1, St+1) is a norming constant.

It is easy to see that the penalty has a dependence on the previous and next parameters.
If we write the derivative of the penalty, we can see the effects of the variables in the spike-
and-slab dynamics.

OPen(B | Bt 1,Pr+1) _
28|

By dividing the effects into past and future penalties, we can better understand how
these dynamics affect the model. The penalty from the past can be written as:

B Be 1.Bee1) =N (B | Be 1) + X(B | Brea), (15)

— (B Bt 1.Bt+1), (14)

and:

_dpen(3 | 61 1) _dpen(en | 9)
o 2

Using the past penalty as an example, A?(3 | B¢ 1) can be expanded as:

Olog¥1(B | pt, A1) 9log ¢o(B | Ao)
18] 28] ’

/\?(5 | Bt 1) = 7\?(5 | Br+1) =

N(B | Be 1) =—pi(B) —[L-p{(B)]

where:

Oe1(B | pe, A1)
Orp1(B | pe, Ar) + (1 = 0)vo(B | Xo)

The future penalty follows the same logic, but with respect to Bi+1, and is defined as:

~ 9pen(B | frer)
o)

pi(B) =

7\?(5t+1 | B) =

0log ¥1(Bt+1 | ki, A1) dlog 1o(Bt+1 | Mo)
0|Bt+1] 0|B+1] ’
It is important to note that there is an implicit dependence on the previous value B¢ 1

in pen(8 | Bt 1), which is hidden in 6; and u¢, as discussed in Rockovd and McAlinn
(2019).

= —pi (Br+1) —[1 = p{(Be+1)]

3.2 Gaussian-Gaussian Specification

Let us assume a Gaussian distribution for the spike, such that:

2

exp _ZBTO . (16)

_ 1
¢0(m)‘0) - \/m



where j is the mean and ¢ is the variance. In the case of the spike, we assume p = 0,
as the spike is centered around zero, and \g, which defines the variance of the spike. It
follows a slab gaussian distribution, given by: 02 = \g and replacing  with /:

1 exp — (z — m)?
vV 271'/\1 2)\1

This distribution represents the spike in the Dynamic Spike-and-Slab framework, with
Ao controlling the strength of the shrinkage around zero Rockova and McAlinn (2019).Under
a Gaussian slab distribution, 91 (8t|ut, A1), we arrive at a model where the autoregressive
process for f; follows a stationary Gaussian AR(1) process. Specifically, the process is
given by:

Y1(BlA1, ) = (17)

Bt = ¢o + ¢1(Bt 1 — do) + ex,

where: - |¢1] < 1, ensuring stationarity, - et i N(0, \y).
This formulation highlights the smoothing property of the Gaussian slab, as it incor-
porates past values of ¢ to ensure a structured and stationary dynamic process.

Pen(BelBt-1=0,Bt+1) Pen(Bt|Bt-1=1.5,Bt+1) Pen(BtlBt-1,Bt+1=0) Pen(Bt|Bt-1,Bt+1=1.5)

Penalty
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Figure 1: Gaussian-Gaussian Penalty

Figure 1 illustrates how the penalty function operates under the Gaussian spike and
slab specification. This visualization highlights the interplay between the spike and slab
distributions in shaping the penalty applied to the coefficients S.

In Figure 2, we explore the sensitivity of the transition weight parameter 8¢, which is
critical for determining the balance between the spike and slab components. The param-
eters used for both figures are as follows: Ag = 0.lfor the penalty and Ao = 0.9 for the
transition weight plot, ¢; = 0.96, and A\1/(1—¢?) = 25 for the penalty and \1/(1—¢3) = 10
for the transition weight. These values were chosen solely for visualization purposes to
provide a practical visualization of the penalty function’s behavior. Additionally, = 0.9
reflects the marginal importance weight.

It can be observed that a small Ay concentrates the distribution mass around zero,
effectively shrinking the coefficients to values close to zero. This highlights the impor-
tance of finding a suitable balance between Ag and A1 to ensure adequate sparsity while
simultaneously allowing the parameters to vary over time. Such flexibility is essential for
capturing data patterns dynamically.

It is also noteworthy that the transition weight #(3) in this specification assigns higher
probabilities as |§| increases, effectively reducing shrinkage for larger coefficients. Con-
versely, smaller values of |3| are more strongly shrunk toward zero.
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Figure 2: Gaussian-Gaussian Transition Weight

The sensitivity of the parameters is illustrated in Figure 2. The variance parameter
Ao influences the magnitude of the coefficients that can be included in the model. Ad-
ditionally,  acts as a global shrinkage strength parameter, while A;, the slab variance,
determines the probability of slab inclusion.

3.3 Laplace-Gaussian Specification

The Gaussian slab is defined according to (18), while the Laplace spike is given by the
following expression:

U Moy =20 10 (18)

where 91 (8¢ | Ao) represents the Laplace distribution with scale parameter Ag, applied
to the regression coefficient B;. The behavior of ¢ under a Laplace distribution changes
to a Laplace Autoregressive process, which tends to concentrate the next value close to
the last due to the density of the Laplace distribution. Kalli and Griffin (2014) discuss its
implications.

As demonstrated by Rockova and McAlinn (2019) and Rockova (2018) (see Figure 3),
the Laplace spike offers the advantage of shrinking parameters directly to zero without re-
quiring any threshold. This property is particularly desirable for computational efficiency,
as it enables focusing solely on the active parameters, which form a smaller subset for
estimation. As shown by Rockovd and McAlinn (2019) the prospective and retrospective
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Figure 3: Laplace Gaussian Penalty

penalties depend on the mixing weight 6y = 6(8) in (put equation number here). How-



ever, Laplace tails will begin to dominate for largepfznough |5|, where the probability 6(5)
will start to drop (for |3| greater than § = (Ao + 2C/A)A, where A = A\1/(1 — ¢?) and

C =log[(1— )/ MXo/2v27mA]). Nevertheless, the turning point § can be made sufficiently
large by increasing and reducing Ag. This behavior can be seen in Figure 4.

©=0.9, A1 =10*(1-¢}), A free Ao=0.9, A1 =10%(1-¢3), O free ©=0.9, A0 =0.9, A; free

Figure 4: Laplace Gaussian Transition Weight

As shown by Rockova and McAlinn (2019) the behavior of the prospective and ret-
rospective penalties in the Laplace spike case, is ultimately tied to the mixing weight
f: = 0(5). It can be seen that the Laplace tails will begin to dominate the probabilities
for large enough |3|, where the probability 6(5) will begin to drop for |3| greater than

5= (o + V20/A)A

Where A = A\ /(1 — ¢3) and C = log[(1 — )/ Xo/2v/2rA]). However, we can make
the turning point J large enough with larger values  and smaller values \g, as indicated
in Figure 4.

3.4 Laplace-Laplace Specification

The Laplace slab, show in (19), and Laplace spike specification, called Spike-and-Slab
LASSO by Rockova (2018), is a framework where the spike is assigned a smaller variance
compared to the slab to induce sparsity. Additionally, the Laplace slab generates a con-
centration of mass around p¢, which implies that it tends to keep the parameter more
stable near its previous value than the gaussian slab. This characteristic is particularly
useful in scenarios where one aims to minimize excessive changes in the parameter values,
leaning towards a structural model specification.

If we want to shrink u¢, which determines the structure of S¢, towards its past value,
we can specify it as a Laplace slab. The Laplace slab distribution can be defined as:

N _
V1 (Be | pe, A1) = 716 e da (19)

While both the Gaussian and Laplace slabs lead to a conditional posterior mean that
shrinks towards the last value, the conditional posterior mode will shrink exactly to the
past value in the case of the Laplace slab (but not for the Gaussian) Roc¢kova and McAlinn
(2019).

Rockova (2018) provide a detailed discussion on the Spike-and-Slab LASSO and demon-
strate that the difference in variance between the two components of the mixture generates
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