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Abstract: The use of materials with anisotropic mechanical properties (e.g., composites) has
increased in many engineering domains such as civil, aeronautical and aerospace industries.
Thus, the accurate assessment of the phenomena that may lead to failure of anisotropic bodies
is essential for designing safe structures. In particular, for problems regarding the material
fracture, the description of the stress fields near the crack tips is crucial to verify the crack
stability. Within this context, the present study aims the development of a numerical model to
analyse fracture problems in anisotropic materials. The linear-elastic fracture mechanics (LEFM)
theory is considered and the stress intensity factors (SIFs) are computed with the M-integral
approach. This approach is based on the conservative J-integral and applies the asymptotic fields
of the LEFM to perform the mode decomposition in mixed-mode problems. The mechanical
behaviour is obtained numerically by the dual boundary element method (DBEM), in which both
singular and hypersingular formulations are used. The DBEM is an efficient numerical method
to simulate the mechanical behaviour of cracked bodies, particularly due to the non-
requirement of an approximation for the domain responses. This feature allows the accurate
representation of the elastic fields along the structure, including in regions next to the crack tips.
In this study, the singular integrands in the DBEM anisotropic formulation are evaluated with
the singularity subtraction method, whereas the third-degree polynomial transformation is used
to improve the accuracy of the near-singular integrals. Two numerical examples are presented
to show the efficiency of the proposed model to evaluate the SIFs for crack tips in two-
dimensional anisotropic domains. The results are in good agreement with the responses
available in the reference works.

Keywords: linear elastic fracture mechanics; anisotropic materials; stress intensity factors; M-
integral; dual boundary element method.
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1 INTRODUCTION

Anisotropic materials are characterized by a directional dependence of their
mechanical properties. The sources of anisotropy are related to internal structure of the
material as, e.g., the inherent anisotropy of the crystals or the preferential arrangement of
reinforcements/fibres. At a microscale, such materials are usually heterogeneous.
However, at a macroscale, they can be treated as a continuous model with anisotropic
properties. The anisotropic materials plays a major role in many engineering fields,
especially since the advent of high technology composites in the 1960s.

Due to their practical importance, the knowledge of the mechanical behavior of
anisotropic materials is of great interest to obtain safe and efficient applications. The
works of Lekhnitskii (1963) and Stroh (1958) had remarkable importance for describing
the linear-elastic response of these materials. Concerning the fracture phenomena, Sih et
al. (1965) determined the asymptotic fields of stresses and displacements in the vicinity
of a crack tip immersed in an anisotropic material with one plane of elastic symmetry.
Later, Hoenig (1982) extended this study for a material with general anisotropy. Both
works were based on the linear-elastic fracture mechanics (LEFM) theory and showed
that singular stress fields near the tip can be completely described by the stress intensity
factors (SIFs).

Because of the complexity involving the fracture of anisotropic materials, the
analytical solutions for this kind of problem are limited, and the ones available usually
consider infinite domains. Consequently, the response of such problem can only be
achieved by coupling the mechanical models of fracture mechanics with numerical
methods. The finite element method (FEM) and some of its variations, such as the
extended FEM (XFEM), are the most popular methods for solving fracture problems in
anisotropic domains. Some applications of these techniques can be observed in the works
of Asadpoure et al. (2006), Banks-Sills et al. (2005), Chu and Hong (1990) and Su and
Sun (2003). However, these domain-based methods face some drawbacks for the
approximation of the mechanical fields near the crack tip, which compromises the fracture
analysis. Alternatively, the boundary element method (BEM) is an efficient numerical
technique for modelling this complex mechanical problem. The BEM allows the
reduction of the dimension of the problem to be solved since the approximations are
restricted to the boundary. Consequently, this boundary-based method is able to offer
precise responses for the internal fields, even in singular regions as at the vicinity of crack
tips, which leads to the accurate evaluation of the SIFs. Applications of the BEM in
anisotropic fracture problems are found in the works of Garcia et al. (2004), Hattori
(2017), Sollero and Aliabadi (1995) and Tan and Gao (1992).

Several methodologies have been proposed to extract the SIFs in mixed-mode
fracture problems in anisotropic materials, such as the displacement extrapolation method
and the M-integral approach. These techniques are usually based on the asymptotic fields
near the crack tip and/or energy approaches. Among them, the M-integral strategy
proposed by Wang et al. (1980) stands out. This approach is based on the conservative J-
integral proposed by Rice (1968) and applies the asymptotic fields to perform the mode
decomposition process.
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In the work reported here, a numerical strategy for evaluating the SIFs of crack tips
lying within two-dimensional anisotropic domains is presented. The dual BEM (DBEM)
formulation (Sollero and Aliabadi, 1995) is used for modelling the mechanical behaviour.
Besides, the SIFs of mixed-mode problems are evaluated through the M-integral strategy.
Two numerical applications are shown to illustrate the accuracy of the proposed BEM
model.

2 ANISOTROPIC ELASTICITY

For fully anisotropic linear-elastic domains, the state of strain g, can be related to
state of stress o, through the following constitutive equation expressed in VVoigt notation:
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The matrix on the right-hand side of Eq. (1) is symmetric, as well as the strain and
stress tensors, and represents the elastic compliance tensor C = ¢,. In general, the
components of this tensor are defined by 21 elastic constants: the Young s moduli £
referenced to material axes z; the shear moduli G . along the planes z, z, ; the Poisson’s
ratios v, ; the first-kind mutual influence coeffZ icients 7. ih the second kind mutual
influence coeffrcrents 1, .+ and the Chentsov’s coefficients’ X

Particularly, when dealing with two-dimensional problems (analysis restricted to the
plane z,z,), Eq. (1) can be simplified to:

81 c1 1 012 016 1
62 = 621 C22 CQG 02 (2)
266 061 CG2 CG() 0-6

where the following index transformation was adopted:
111 2 22 6 < 12 or 21 (3)
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For a plane stress state, the coefficients ¢, in Eq. (2) are determined from the elastic
constants as presented in Eg. (1). On the other hand, if a plane strain problem is analysed,
the components ¢, of the elastic compliance tensor in Eq. (2) must be changed to the
following values:

* Cigcjg ..
c.=c ——, 1,7 =126 4)

ij ij
C
33

From the solution of the differential equation governing the linear-elastic plane
problem with the Airy’s stress function approach, Lekhnitskii (1963) defined the
following characteristic equation:

011“4 - 2016'u3 T (2012 + 666)M2 20,11+ ¢y =0 ()

As shown by Lekhnitskii (1963), the roots of Eq. (5) are complex or purely imaginary
and they correspond to the material complex parameters.

For the fracture analyses performed in this paper, the coordinate system must be
defined according to the crack tip orientation (Figure 1). Therefore, the stress and strain
states as well as the compliance tensor must also be related to this local reference frame.
For this new orientation, Eq. (2) can be rewritten in a compact form as:

Z.

[

1

Figure 1. Rotation from the global to the local coordinate system.

=o'} ©)
where the tensors are now expressed in the local coordinate system (shown in Figure 1)
and are obtained as follows:

E-lA" o ™
{o'} =[B){} 8)
(o= (2] " [c][#]” ©)

in which [R] is the rotation matrix given by:
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Sov
R

[RJ: s & —2cs (20)

where ¢ = cosp, s = sinp and ¢ is the rotation angle.

Moreover, the complex material parameters can also be rewritten with reference to
the new coordinate system by:

, M, Cosp —sing
" p,sing + cosg

(11)

3 DUAL BOUNDARY ELEMENT METHOD

In the DBEM formulation, two boundary integral equations (BIES) are applied to
give rise to a non-singular system of algebraic equations. The first, known as the
displacement boundary integral equation (DBIE), allows the evaluation of the
displacements at a particular boundary point s (source point) from the displacements and
tractions at the points f (field points) along the boundary as follows:

C,(su () + C, (5 5) + [ Byls, fu(f)dr = [ U (s, f)p ()T (12)

where u, and p, represent the displacement and traction components, respectively. C IS
the free term and is equal to (S 2 if s is at a smooth boundary, in which § is ‘the
Kronecker delta. s represents a potentlal point at the same position of s but beionglng
to another surface. This situation occurs, for example, for corresponding points at
opposite crack surfaces. When s does not have any corresponding point, the second term
in Eq. (12) is nil. Finally, U7 and R stand for the displacements and tractions
fundamental solutions, respectlvely For anisotropic domains and two-dimensional
problems, Cruse and Swedlow (1971) obtained the fundamental solutions based on the
Lekhnitskii (1963) formalism.

If only the DBIE is considered in the boundary element formulation to solve crack
problems, a degenerate algebraic system of equation is obtained. This occurs since the
same equation is generated for the corresponding points s and s at the crack surfaces.
To overcome this deficiency, a second BIE, denoted as the traction boundary integral
equation (TBIE), can be used. Assuming the point s positioned at a smooth boundary,
the tractions at this point can be evaluated from the TBIE as follows:

SP6) = 5,4 1 5) [ 83,5, D (AT = ) [ D] S, (£)ar (13)

where n,_are the components of the outward normal versor. D and S~ g are fundamental
solutlons resulting from the U and P derivatives and were also derived by Cruse and
Swedlow (1971).
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Equations (12) and (13) contain improper integrals since the fundamental solutions
are singular as the distance between s and f approaches zero. Therefore, the integral
kernels must be evaluated in the sense of Cauchy pr|nC|paI value (kernels containing P
and D )or Hadamard finite part (kernel containing S )

The algebraic system of equations provided by the DBEM can be assembled with
Egs. (12) and (13) by applying the collocation method. In this process, the boundary T"
is subdivided into isoparametric elements, in which Lagrange polynomials are used for
approximating both the geometry and the mechanical fields. The DBIE is used for
collocation on nodes placed at the external boundary and at the upper crack surface,
whereas the TBIE is used for collocation on nodes positioned at the lower crack surface.
Thus, these nodes become the source point s of their respective boundary integral
equation.

The existence of the Hadamard finite part in the TBIE requires the continuity of the
displacement derivatives at the collocation points, which is guaranteed with
discontinuous elements. In such elements, the collocation points do not coincide with the
end nodes but are positioned inside the element. Therefore, this type of element is used
along the crack surfaces. Moreover, such elements are used to ensure boundary
smoothness at collocation points and to enforce boundary conditions discontinuity
between adjacent elements.

The numerical integration of the discretized forms of Egs. (12) and (13) is performed
with the standard Gauss-Legendre quadrature when the integrated element is far from the
source point. Otherwise, the Telles’ third-degree polynomial transformation (Telles,
1987) is used for integrating quasi-singular elements. To integrate the singular elements,
i.e. the element that contains the source point, the scheme based on the singularity-
subtraction method presented by Cordeiro and Leonel (2016) is applied. A linear equation
is obtained for each collocation point after the integrals involved are numerically
evaluated. Then, the resulting system of equations is expressed in the matrix notation as
follows:

Hu = Gp (14)
where H and G are 2n x 2n matrices containing the influence coefficients, u and p

are 2n vectors with the displacements and tractions at the boundary, respectively, and n
is the amount of collocation points into the boundary mesh.

A solution for the mechanical problem is obtained from Eq. (14) after the known
boundary conditions are imposed. After the mechanical response at the boundary is
evaluated, the displacements and stresses at an internal points can be determined from a
post-processing stage by applying the following Somigliana identities:

u(9)= [ U p, (DT = [ P)(s, fu,(H)dT (15)

= [ D (s, p, (AT = [ S}, (s, Fu,(F)dT (16)
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4 LINEAR ELASTIC FRACTURE MECHANICS

Regarding anisotropic materials, Sih et al. (1965) developed the mechanical fields
near the crack tip for the Griffith crack problems by means of the Lekhnitskii (1963)
formalism. It was found that the stress components present a singularity of the order p~*’
and they are fully defined by the SIFs, just like the isotropic case. For plane problems,
the stress components are given as follows:

1 mpy, [ p,  p IR
Oh =77 R % ﬁ_j + K, R — FZ_? (7)
27Tp :ul :u2 2 1 p’l Hz 2 1
ST Y| N | WCRE N | Y (N S | N | (18)
V2mp | o=, )\ H, H o=, )\ Hy  H,
1 e, (101 1\,
o, = 1K R||——2—||— ——||+ K,R —+ 2t (19)
" \[271',0 | ! :UJI - IU'Q H1 H2 o 'ul - 'UJ2 H2 Hl

where K, and K, are, respectively, the mode I and mode Il SIFs, p. are the material
complex parameters with positive imaginary part, ’}{H denotes the real part operator
and:

H = \/COSH + p, sin (20)

The displacement components near the crack tip for anisotropic materials are also
related to the SIFs and are given by the following expressions:

H — H H —pH
u1: 2_/) K]m ’ulpz 2 'qul 1 +K[[m p2 2 pl 1 (21)
7T Hy =y Hy =
H H H —qgH
U, = 2_/) ij 4,1, — 4,11, KUER 4,11, — 4,11, (22)
& Hy = Hy =
in which:
b, = Curuf + ¢y —Chy (23)
q; = Gk + Cool; — Cyog (24)

As shown by the asymptotic expansions for the stress and displacements components,
the SIFs represent the local behaviour of the elastic fields at the vicinity of the crack tip.
However, for linear elastic materials, they can be related to the energy release rate of the
body, which is a global parameter. For plane problems, the total energy release rate G is
given by the superposition of the energy release rate of each mode of fracture, resulting
in:
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G=0, +G, (25)

Sih et al. (1965) showed that for anisotropic materials the relations between the
energy release rate for each mode of fracture and the SIFs are expressed as follows:

2
G, = g il (Ml ’ u2> RILY (26)
2 4, 1,
Gy =3[ (1 )+ K Ky, (27)
where J H denotes the imaginary part operator.

The substitution of Eq. (26) and Eq. (27) into Eq. (25) leads to:

G = ﬁnKIQ + 0,K, K, + 522K121 (28)

in which:

g, =-lngllatt (29)
2| e,

_ %~ 30
522_?"[“1—’_“2] (30)
By = — 23—+ 223, (31)

2|, 2

Rice (1968) showed that for linear-elastic materials the path-independent J-integral
is equivalent to the energy release rate. This integral is evaluated along a path I
enclosing the crack tip and is expressed by:

J= [ (wn,—pu,)dr (32)

where W is the strain energy density given by o U /2 p, are the tractions along the
integration path given by o, N U, are dlsplacement components along I’ ; and n_ are
the components of the outward normal versor to the path.

In the proposed model, the path L, is assumed as circular and centred at the crack
tip. Such path starts in the collocation pomt of the BEM mesh at one crack surface and
finishes at the symmetric collocation point at the opposite surface as illustrated in
Figure 2. The integration path must be entirely positioned inside the material and cannot
cross any other crack tip. To satisfy such conditions, a simple automatic scheme is used
to adjust the length of the path radius, which accounts for the intersection distances.
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P' i

e Collocation point o Internal point

Figure 2. Path used for evaluating the J-integral.

To numerically evaluate the J-integral, a set of internal points is symmetrically
positioned at the crack axis along L. These points define the elements that discretize the
integration path. The dlsplacements and stresses of the internal points are obtained into a
post-processing phase by using the discretized forms of Egs. (15) and (16), respectively.
Then, the displacement vector and the state of stress for each internal point are rotated
considering the crack tip local coordinate system.

Recalling the equality between J and G for linear-elastic materials, Eq. (28) and
Eq. (32) can be used to evaluate the SIFs for pure-mode fracture problems, i.e., for
problems in which one of the SIFs is nil. However, for mixed-mode problems, a mode
decoupling strategy must be applied first. Here, the M-integral technique (Wang et al.,
1980) is used to perform the mode decomposition. This approach is based on the
definition of a conservative integral for two equilibrium states of a linear-elastic body.
By defining a state (0) obtained from the superposition of two equilibrium states, denoted
as (1) and (2), the following relations between the mechanical fields can be written:

0 — O 2
o, =0, +o; (33)
u” = ul" + u (34)
0) — @ 2)
K, =K,/ +K,; (35)

The substitution of Eq. (33) and Eqg. (34) into the J-integral expression (Eg. (32))
written for the problem (0) leads to the following:

0 _ J; (0;1) + 05].2 )2<u] + U27 ) n, — (U;_w + Uff))(uf? + u(21>)n dT (36)

After some algebraic manipulation, the following relation is obtained:

JO = j@o +J(2) +M(1’2> (37)
in which J% indicates the J-integral for the problem (k) and is given by:
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RONO:

S y— N

(k) _
S = 2 1 T N

dr (38)

I,
J

with no summation on %.

The term M™% in Eq. (37) is defined as the M-integral, which represents an
interaction integral between the two equilibrium states (1) and (2). It is given by:

M2 — f
r

J

a;.l)ug) -+ af?)ui K

i ®,,2) 2),,1)
5 n, — (UU u) oy )nl, ar (39)

The J-integral of the state (0) can be related SIFs of states (1) and (2) by using
Eqg. (28) and Eq. (35) since J = G . The resulting expression is given by:

7O =B, (K + K2) 46, (K + K2 ) (K0 + K2)+ 8, (K0 + K2) (@0)

Equation (40) can be organized as follows:

I = 0 2 R 4 (KRG ) 20 KR )
in which:
7=, (1 1) ) 1 @

represents the J - K relation for the state (k).

By comparing Eqg. (37) and Eq. (41), the M-integral can also be written in terms of
the interaction between the SIFs of the states (1) and (2) as follows:

M0 — 2511K;1) ) 4 512( + K (2) g 1)) +26, K;})Kg) (43)

Equation (39) together with Eq.(43) allow the determination of the SIFs values of a
mixed-mode anisotropic fracture problem when the problems (1) and (2) are properly
chosen. For this purpose, the state (1) is taken as the analysed problem, for which the
values of K, and K, are desired. The state (2) is chosen as an auxiliary solution, with
known mechanical fields.

The first auxiliary solution, denoted here by the superscript a, is taken as a cracked
body subjected to a pure mode | loading. Therefore:

K9=1 and K% =0 (44)
17

1

By combining Eqg. (39) and Eq. (43) and by applying the conditions of Eq. (44), the
following relation is obtained:

(l)
o,u —|—O’ u’
2B11KI +ﬁ12KH = fr — 9 n _( ij zl +U )nz dl’ (45)
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in which the fields without the superscript are related to the investigated problem and are
obtained from the DBEM analysis. The components a " and «'” correspond to the
asymptotic stress and displacement fields determined, respectlvely from Eqgs. (17)-(19)
and Eqs.(21)-(22) after the conditions of Eq. (44) are imposed.

Similarly, the second auxiliary solution, denoted here by the superscript b, is chosen
as the problem of a cracked body subjected to a pure mode Il loading. This case is
represented by the following conditions:

K”=0 and K =1 (46)
For this situation, the combination of Eq. (39) and Eqg. (43) after the conditions of
Eq. (46) are imposed leads to the following:

ZJ 1]

+cr u
5 n1 (Uu —I—a u )nZ dar’ 47)

6121( +2ﬁ22 big _L/;

J

where a ) and u ) are the components of stress and displacement obtained, respectively,
from Eqs @an- (19) and Egs.(21)-(22) after the conditions of Eq. (47) are prescribed.

After the numerical integration of the right-hand sides of Eq. (45) and Eq. (47), which
results, respectively, in M and M™", the following system of equations is obtained:

2 K Mo
B By {KI } _ |M(1.b)J (48)

/612 2522

The solution of Eq. (48) gives the SIFs values for the investigated mixed-mode
anisotropic fracture problem.

5 NUMERICAL EXAMPLES

5.1 Anisotropic plate with an edge crack

A graphite-epoxy plate containing an edge crack was analysed in this example
(Figure 3). The height and the width of the structure were such that h/w = 2 and the
crack length was @ = w. The top of the plate was subjected to a uniform shear load r,
whereas the displacements of the bottom edge were fixed. The SIFs for the crack tip were
evaluated with the M-integral approach for material orientations ~ ranging from —90° to
90° in steps of 10°. To perform the numerical analysis, each crack surface was discretized
into 14 discontinuous and quadratic elements, whereas 36 quadratic elements were used
for the external boundary.
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E, =144,8 GPa

a E, = 11,7 GPa
2h| p—— p, = 9,66 GPa
v, =021
Plane Stress State
2w

Figure 3. Graphite-epoxy plate containing an edge crack.

Figure 4 shows the variations of the modes | and Il SIFs, normalized by 7/7a ,
obtained by the proposed BEM model. A great influence of the material orientation v on
the SIFs was noted. Moreover, the responses provided by Chu and Hong (1990), Ghorashi
et al. (2011) and Tan and Gao (1992) are also depicted in Figure 4. Good agreement
between the results obtained here and the reference values was observed, with a better
approximation to the values found by Tan and Gao (1992). This demonstrates the
accuracy of the proposed model to extract the SIFs values in anisotropic domains for
different material orientations.

13
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Chu and Hong (1990) —<— Tan and Gao (1992) —*— Ghorashi et al. (2011) —6— BEM model

Figure 4. Normalized SIFs for the edge crack in an anisotropic plate.
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5.2  Anisotropic plate with a slanted crack

Figure 5 shows a glass-epoxy plate containing a central crack and submitted to a
uniform loading. The dimensions of the structure are such that 2/w = 2 and the crack
length is defined as 2a = 0,4w . The slope of the crack is assumed constant and equal to
0 = 45°. In this example, different values for the material orientation ~ were considered
and the SIFs values for the crack tips were evaluated for each configuration. To perform
the numerical analysis with the DBEM, 36 quadratic elements were used to discretize the
external boundary and 10 discontinuous quadratic elements were applied at each crack
surface.

E = 48,26 GPa
E,, =17,24 GPa
u,, = 6,89 GPa
v, = 0,29
Plane Stress State

2h

2w

A
A 4

v

bl

g

Figure 5. Glass-epoxy plate containing a slanted crack.

Figure 6 presents the computed values of K, and K , normalized by o~ra , for
different material orientations. The amplitudes of variation of the SIFs values were not as
high as the previous example since the difference between the elastic properties of the
material principal directions were smaller. Figure 6 also presents the numerical solutions
provided by Sollero and Aliabadi (1995), Garcia et al. (2004) and Hattori et al. (2017).
The behaviour of the SIFs values obtained by the proposed BEM model are in good
agreement with the reference solutions, in particular with the solutions found in Garcia et
al. (2004). This shows that the BEM model can be successfully applied in the analysis of
cracked anisotropic domains, including problems with slanted cracks.



« XISIMMEC

A

b Simpésio de Mecanica Computacional s
FES
avimes 29 de Outubro a 1° de Novembro de 2018
UFES - Campus Goiabeiras - Vitoria, ES

0,54

0,53 A

0,52 4

Nomalized SIFs

0,51 4

0,5

0 20 40 60 80 100 120 140 160 180

7 (©)
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Figure 6. Normalized mode-1 SIF for the slanted crack in an anisotropic plate.

6 CONCLUDING REMARKS

A DBEM model able to perform the mechanical analysis of two-dimensional cracked
anisotropic domains was presented in this study. The LEFM fundamentals were
considered and the M-integral technique was applied to extract the SIFs for mixed-mode
problems. Two numerical examples were presented and the responses obtained by
proposed model were in good agreement with those found in the literature.

The numerical formulation can be further extended to analyse the crack growth in
anisotropic domains, and this is work in progress. To achieve this goal, a mode interaction
theory must be used to verify the crack tip stability and to define the propagation angle.

ACKNOWLEDGEMENTS

Sponsorship of this research project by the S&o Paulo State Foundation for Research
(FAPESP), project number 2016/23649-0, is greatly appreciated.

REFERENCES

Asadpoure, A., Mohammadi, S., Vafai, A., 2006. Crack analysis in orthotropic media
using the extended finite element method. Thin-walled Structures, v.44,n.9, p.1031-
1038.

Banks-Sills, L.et al., 2005. Methods for calculating stress intensity factors in anisotropic
materials: Part I—z=0 is a symmetric plane. Engineering Fracture Mechanics, V.72,
n.15, p.2328-2358.



« XULSIMMEC

e
b Simpésio de Mecanica Computacional LIl]
FES
avimes 29 de Outubro a 1° de Novembro de 2018
UFES - Campus Goiabeiras - Vitoria, ES

Chu, S.J., Hong, C.S., 1990. Application of the integral to mixed mode crack problems
for anisotropic composite laminates. Eng. Fract. Mech., v.35, n.6, p.1093-1103.

Cordeiro, S.G.F., Leonel, E.D., 2016. Método da subtracdo de singularidade aplicado as
equac0es integrais dos problemas elastoestaticos anisotrépicos. In: Anais do XII
Simposio de Mecanica Computacional, v.1, p.542-550.

Cruse T.A., Swedlow J.L., 1971. Interactive program for analysis and design problems
in advanced composites technology. Carnegie-Mellon Univ, Pittsburgh, PA, Dept. of
Mechanical Engineering.

Garcia, F., Séez, A., Dominguez, J., 2004. Traction boundary elements for cracks in
anisotropic solids. Engineering Analysis with Boundary Elements, v.28, n.6, p.667-676.

Ghorashi, S.S., Mohammadi, S., Sabbagh-Yazdi, S-R., 2011. Orthotropic enriched
element free Galerkin method for fracture analysis of composites. Engineering Fracture
Mechanics, v.78, n.9, p.1906-1927.

Hattori, G., Alatawi, I. A., Trevelyan, J., 2016. An extended boundary element method
formulation for the direct calculation of the stress intensity factors in fully anisotropic
materials. International Journal for Numerical Methods in Engineering, v.109, n.7,
p.965-981.

Hoenig, A., 1982. Near-tip behavior of a crack in a plane anisotropic elastic body.
Engineering Fracture Mechanics, v.16, n.3, p.393-403.

Lekhnitskii, S.G., 1963. Theory of elasticity of an anisotropic body. San Francisco:
Holden-Day.

Rice, J.R., 1968. A path independent integral and the approximate analysis of strain
concentration by notches and cracks. J. App. Mech., v.35, n.2, p.379-386.

Sih, G.C., Paris, P.C., Irwin, G.R., 1965. On cracks in rectilinearly anisotropic bodies.
International Journal of Fracture Mechanics, v.1, n.3, p.189-203.

Sollero, P., Aliabadi, M.H., 1995. Anisotropic analysis of cracks in composite laminates
using the dual boundary element method. Composite Structures, v.31, n.3, p.229-233.

Stroh, A.N., 1958. Dislocations and Cracks in Anisotropic Elasticity. Philosophical
Magazine, v.3, n.30, p.625-646.

Su, R.K.L., Sun, H.Y., 2003. Numerical solutions of two-dimensional anisotropic crack
problems. International Journal of Solids and Structures, v.40, n.18, p.4615-4635.

Tan, C.L., Gao, Y.L., 1992. Boundary integral equation fracture mechanics analysis of
plane orthotropic bodies. International Journal of Fracture, v. 53, n. 4, p.343-365.

Telles, J.C.F., 1987. A self-adaptive co-ordinate transformation for efficient numerical
evaluation of general boundary element integrals. International Journal for Numerical
Methods in Engineering, v.24, n.5, p.959-973.

Wang, S.S., Yau, J.F., Corten, H.T., 1980. A mixed-mode crack analysis of rectilinear
anisotropic solids using conservation laws of elasticity. /nternational Journal of
Fracture, v.16, n.3, p.247-259.



