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Abstract

We propose a no-arbitrage framework related to stochastic discount factors (or
pricing kernels) that takes seriously the consequences of no-arbitrage in asset pric-
ing. First, we derive a no-arbitrage one-factor model for the logarithm of asset
returns, where the single factor is the logarithm of a valid stochastic discount fac-
tor, containing all the pervasive elements of (log) asset returns. Second, based on
this one-factor model, we derive a consistent estimator of a valid SDF in a panel-
data framework, when the number of assets and of time periods increase without
bounds. Identification of a valid SDF is based on economic theory — no-arbitrage,
the asset-pricing equation. The asymptotic character of this no-arbitrage SDF esti-
mator is opposed to standard small-sample alternatives where it is hard to interpret
empirical results since these often change when different groups of assets are used
in estimation. In theory, asymptotic estimates are immune to this problem.

Based on a consistent estimator for a valid SDF, we first investigate which type of
utility function best fits U.S. data among popular preference specifications in the lit-
erature: the constant-relative-risk-aversion (CRRA) coefficient utility function; the
external habit utility function; and the Kreps-Porteus specification. Second, using
estimation results, we present a no-arbitrage simulation study assessing how close
our consistent SDF estimator is to actual SDF for medium-size panel-data samples.
Finally, we estimate a multi-effect linear regression model that allows for parameter
heterogeneity in the intercept and in its slope that is consistent with our derived
one-factor model. Using regression results we assess how well this heterogeneous

one-factor model fits the cross-section and time-series data of assets returns.
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1 Introduction

In this paper, we propose a no-arbitrage framework related to stochastic discount factors
(or pricing kernels) that takes seriously the consequences of the Asset-Pricing Equation
established by Harrison and Kreps (1979), Hansen and Richard (1987), and Hansen and
Jagannathan (1991, 1997). There, conditional on current information, asset prices today
are a function of their expected future discounted payoffs using a stochastic discount
factor (SDF).

If the Asset-Pricing Equation is valid for all assets at all times, it can serve as a basis
to construct a whole new framework with the following ingredients. First, based on a
no-arbitrage identification assumption, we derive a one-factor model for the logarithm
of asset returns, where the single factor is the logarithm of a valid stochastic discount
factor. Following the SDF literature, we interpret the factor as containing all the perva-
sive elements of (log) asset returns, allowing a pervasive-idiosyncratic decomposition of
these returns, where the intercept and slope parameters contain heterogeneous responses
(heterogeneous level and factor loadings). Second, based on this one-factor model, we
derive a consistent estimator of a valid SDF in a panel-data framework, where the num-
ber of assets and of time periods increase without bounds. The asymptotic character of
this SDF' estimator differs from SDFs estimated using small samples, where it is hard
to interpret empirical results since these often change when different groups of assets are
employed in estimation. From a theoretical perspective, asymptotic estimates are immune
to this problem, which increases their potential application in empirical studies. This is
especially true in the big data era.

The core idea behind our consistent SDF estimator can be explained employing a
simplified version of the asset-pricing equation as in Hansen and Singleton (1983): given
no-arbitrage, and using a joint log-Normal specification for returns and a valid stochastic
discount factor, we note that there exists a log-linear factor model for the (log of) returns,
where the factor is a valid (log) SDF, which only varies across time, whereas returns and
other elements in the factor model vary across time and assets. Then, we exploit the cross-

sectional variation of returns to propose an asymptotically biased estimate of a valid SDF'.



To remove the asymptotic bias, we rely on economic theory — once again employing the
Asset-Pricing Equation — exploiting its time-series variation to construct a no-arbitrage
estimator of a valid SDF. The latter constitutes our major identification assumption. Our
consistent estimator of a valid SDF is a simple function of the arithmetic and geometric
averages of asset returns alone and does not depend on any parametric function used to
characterize preferences. On the Appendix, we show that our approach can be replicated
using a general Taylor Expansion of the Asset-Pricing Equation, deriving a one-factor
model for the logarithm of returns that does not impose conditional joint log-Normality
for returns and a valid SDF.

A benefit of our approach is that we are able to study intertemporal asset pricing
without the need to characterize preferences or to use consumption data, in a setting
similar to that of Hansen and Jagannathan (1991, 1997). This yields several advantages
of our SDF estimator over possible alternatives. First, since it does not depend on any
parametric assumptions about preferences, there is no risk of misspecification in choos-
ing an inappropriate functional form for SDF estimation. Moreover, our estimator can
be used to test directly different parametric-preference specifications commonly used in
finance and macroeconomics. Second, since it does not depend on consumption data,
our estimator does not inherit the smoothness observed in previous consumption-based
estimates, which generated important puzzles in finance and in macroeconomics, such as
the equity-premium puzzle, excess sensitivity (excess smoothness) in consumption, etc.;
see Flavin (1981), Hansen and Singleton (1982, 1983, 1984) Mehra and Prescott (1985),
and Campbell and Deaton (1989).

Our approach is related to research done in different fields. From econometrics, it
is related to the common-feature literature after Engle and Kozicki (1993), since the
SDF can be viewed as a common feature (factor) of asset returns. Indeed, we attempt
to bridge the gap between a large literature on serial-correlation common features ap-
plied to macroeconomics, e.g., Vahid and Engle (1993, 1997), Engle and Issler (1995),
Issler and Vahid (2001, 2006), Hecq, Palm and Urbain (2006), Issler and Lima (2009),
Athanasopoulos et al. (2011), and the financial econometrics literature related to the SDF



approach, best represented by the work of Garcia, and Renault (2001), Rosenberg and
Engle (2002), Bansal and Yaron (2004), Hansen and Scheinkman (2009), Pukthuanthong
and Roll (2015), Christensen (2017), and Almeida, Ardison, and Garcia (2020). It is also
related respectively to work on common factors in macroeconomics and in finance; see
Stock and Watson (2002), Forni et al. (2000, 2005), Bai and Ng (2002, 2004), and Bai
(2009), as examples of the former, and a large literature in finance based on the work of
Fama and French (1992, 1993, 1996, 2015), Lettau and Ludvigson (2001), Sentana (2004),
Sentana, Calzolari, and Fiorentini (2008), Harvey, Liu, and Zhu (2016), Campello, Galvao
and Juhl (2019), Kozak, Nagel, and Santosh (2019) and Giglio, Kelly, and Xiu (2021) as
examples of the latter. From macroeconomics, it is also related to panel-data studies
testing optimal behavior in consumption, e.g., Runkle (1991), Attanasio and Browning
(1995), Attanasio and Weber (1995), and Gomes and Issler (2017).

Empirically, based on a consistent estimator for a valid SDF, we first investigate which
type of utility function best fits U.S. data among popular preference specifications used in
the literature: the constant-relative-risk-aversion (CRRA) coefficient utility function; the
external habit utility function; and the Kreps-Porteus specification proposed by Epstein
and Zin (1991). Second, using estimation results, we present a no-arbitrage simulation
study assessing how close our consistent SDF estimator is to actual SDF for medium-size
panel-data samples. Finally, we estimate a multi-effect linear regression model that allows
for parameter heterogeneity in the intercept and in its slope that is consistent with our
derived one-factor model. Using regression results we assess how well this heterogeneous
one-factor model fits the cross-section and time-series realizations of assets returns.

In our first application, with quarterly data, ultimately using thousands of assets
available to the average U.S. investor, our estimator of the SDF is close to unity most
of the time, with an equivalent average real annual discount factor of 0.96. When we
examined the appropriateness of different functional forms to represent preferences (Power
Utility, External Habit and Kreps-Porteus), we concluded that none of these standard
preference representations are rejected by the data. However, since the External-Habit

and the Kreps-Porteus specifications encompass the Power Utility specification, and we



have not rejected a role for habit in the first, and for the return of the optimal portfolio
in the second, we conclude that these two are our preferred specifications. It should be
noted that these results are aligned with the current dominant view in the macro-finance
literature: Campbell and Cochrane (1999) propose the external habit model to solve
well-known puzzles in finance, whereas Epstein and Zin’s model, separating risk aversion
and intertemporal substitution, is a preferred specification in the asset-pricing literature
following the work of Bansal and Yaron (2004).

In our second application, we generate data using a no-arbitrage dynamic (consump-
tion) capital asset-pricing model and employ it to investigate how close our proposed
estimate is to the actual SDF across simulations. The model is mid-size in terms of ob-
servations in the time-series (100) and the cross-sectional (1,000) dimensions. It entails
heterogeneity in the first and second moments of asset returns, despite a predominant
role for the common component represented by the SDF, which can generate sizable cross
correlations among returns, depending on the value of the relative risk-aversion coeffi-
cient. On average, the proposed estimator is very close to the actual SDF, despite the
fact that we employ a relatively small sample vis-a-vis the asymptotic framework. This
result survives robustness-analysis exercises on several dimensions.

In our third application, we try to approximate the asymptotic environment with
monthly U.S. time-series return data from 1980:1 through 2020:12 (7" = 492 observations),
collected for N = 102,698 assets, grouped in the following four categories: mutual funds
(68, 085), stocks (29, 627), real-estate investment trusts REITs (1,000), and government
bonds (3,986). Our estimate of M; has an average of 0.9958 on a monthly basis, which
amounts to 0.9504 on an equivalent yearly basis. We employed the mized-effect panel-data
model (also known as the mized linear model) to assess the fit of our one-factor model
to the data using our estimate of the SDF. This model takes into account individual
heterogeneity in regression coefficients in estimation. Despite the fact that our sample
includes the 1987 Black Monday episode, the burst of the Dotcom Bubble, the Great
Recession, and the recent Covid-19 pandemic, the results show a good in-sample fit for

our panel of returns, where fitted and actual values are aligned close to the 45 degree line,



with the exception of a few outliers associated with those episodes.

The next Section presents basic theoretical results, our estimation techniques, and a
discussion of our main result. Section 3 shows the results of empirical tests in macro-
economics and finance using our estimator: estimating preference parameters using the
Consumption-based Capital Asset-Pricing Model (CCAPM), a Monte-Carlo simulation
study comparing the actual SDF with our consistent estimator for mid-size panel sam-
ples, and finally and evaluation of how well our factor models fits in-sample a large panel
data of asset returns. Section 4 concludes. A Technical Appendix contains our main
results re-stated without the use of stringent assumptions used in the simplified version

of the one-factor model.

2 Economic Theory and an SDF Estimator

2.1 The Core Idea

Harrison and Kreps (1979), Hansen and Richard (1987), and Hansen and Jagannathan
(1991) describe a general framework to asset pricing, associated with the stochastic dis-

count factor (SDF), which relies on the Asset-Pricing Equation’:

Et—l {Mtl'i,t} = pi,t—la 1= 17 2a s 7N7 or, (1)

Et—l {MtRi,t} - ]., ’L - ].,2,...7N, (2)

where () denotes the conditional expectation given the information available at time

t, M; is a stochastic discount factor, p;; denotes the price of the i-th asset at time ¢, z;,

Tig

denotes the payoff of the i-th asset in ¢, R;; =

P denotes the gross return of the i-th
asset in ¢, and N is the number of assets in the economy.

The existence of a SDF M; that prices assets in (1) is obtained under very mild
conditions. In particular, there is no need to assume a complete set of security markets.

Uniqueness of M;, however, requires the existence of complete markets. If markets are

See also Rubinstein (1976) and Ross (1978).



incomplete, i.e., if they do not span the entire set of contingencies, there will be an infinite
number of stochastic discount factors M, pricing all traded securities. Despite that, there
will still exist a unique discount factor M;*, which is an element of the payoff space, pricing
all traded securities. Moreover, any discount factor M; can be decomposed as the sum of
M} and an error term orthogonal to payoffs, i.e., M; = M} + vy, where E; (v4x;;) = 0.
The important fact here is that the pricing implications of any M, are the same as those
of M}, also known as the mimicking portfolio.

We now state the basic assumptions needed to construct our approach and our con-

sistent estimator of M;:

Assumption 1 (Absence of Arbitrage Opportunities): We assume the absence of
arbitrage opportunities in asset pricing, c.f., Ross (1976). This must hold for all
t=1,2..T.

Assumption 2 (Joint Weak Stationarity and Ergodicity): Let
R; = (Ry4, Roy, ... RMt)/ be an N x 1 vector stacking all asset returns in the economy
and consider the scalar process {ln (M)} and the vector process {In(R;)}. We
assume that {In (M)} and {In (R;)} are jointly covariance-stationary processes with

finite first and second moments across assets (7). We also assume that {ln (M)},

{In (Ry)}, and {In (M;R;)} are ergodic processes.

Assumption 1 is a necessary and sufficient condition for the Pricing Equation (2) to
hold. Equation (2) is essentially equivalent to the “law of one price” — where securities
with identical payoffs in all states of the world must have the same price.

The absence of arbitrage opportunities has also two other important implications.
The first is there exists at least one stochastic discount factor M, for which M, > 0;
see Hansen and Jagannathan (1997). This is due to the fact that, when we consider
the existence derivatives on traded assets, arbitrage opportunities will arise if M; < 0.
Positivity of M, is required here because we will take logs of M,;. The second implication
is that the absence of arbitrage requires that a weak law-of-large numbers (WLLN) holds

in the cross-sectional dimension for the level of gross returns R;; (Ross (1976, p. 342)).
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This controls the degree of cross-sectional dependence in the data and constitutes the
basis of the arbitrage pricing theory (APT).?

Assumption 2 controls the degree of time-series dependence in the data. Joint covariance-
stationarity for {In (M;)} and {In (R;)} implies that each of these processes is covariance
stationary and linear combinations of the form {aIn (M;)Ix + bln (R;)} are also covari-
ance stationary for any two finite arbitrary constants a and b. We are particularly in-
terested in a = b = 1, which would yield covariance-stationarity for {In (M;R;)} as well.
Assumption 2 disciplines the data being used to form SDF estimators and there is little
one can do in a world where covariance-stationarity and ergodicity do not hold.

Here, we seek a linear logarithmic representation for M; and Ry, in the simplest way
possible in order to convey the core idea of this paper. To do so, we follow the basic
assumptions in Hansen and Singleton (1983) to prove our main result. However, in the
Appendix, we show that this result holds under a much less restrictive set of assumptions.
Hansen and Singleton assume joint conditional log-Normality for In (A/;) and In (R;) and
homoskedasticity (across time) for conditional variances. This allows to solve explicitly
equation (2) to obtain:

1, ,
Tmz—mt—éai +€it, 1=1,2,---,N, (3)
where 7;; = In(Ri4), my = In (M), and (my +1iy) — Beoy (my +134) = €ip ~ N (0,02).
Although in the time dimension ¢;; is a martingale difference, i.e., B,y (e;;) = 0, it
can have strong cross-sectional dependence. Of course, we could expand the formula for
0} =02, 4+ 02 +2COV(my,7i,), where o2, is the variance of m; and o7, is the variance of
i+, but at this point we wish to keep the notation simple enough to convey our core idea.

Since (3) holds for all 7, but m; does not vary across i, one is tempted to cross-

sectionally aggregate it as follows:

1 X 11 & 1 &
NZTi,t:—mt—§NZU?+NZ€i,ta (4)
=1 =1 =1

2In that sense, as the number of assets in R, increases, we should avoid piling up assets related
essentially to the same risk factors, such as a stock and several derivatives attached to it.
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. . . . . N o .
to obtain a consistent estimator of m;, which will be based on % > iy rig. However, it is

unclear whether or not: N
1
N Z Eit L 0. (5)
i=1

Recall that,
cir=(my+rie) =By (mi+rie) = (me — By (my))+(riy — Beoq (1i4)) = €+ ity (6)

where €{" and p, , are innovations to m; and r;;, respectively. There is an explicit part of
€i4 that depends on m; alone, €}, which does not vary across 7. The other part, p, ,, also

depends on €;". Consider now:

In order to have:

N N
El_l}l’i% ;ai,t = 0, we need, ng—lglo% ; tir = —&",
which seems at first as a knife-edge case.

Indeed, this is not true. And the reason is simple, m; is a latent factor. As the
pioneering work of Lawley and Maxwell (1971) forcefully shows, there is an inherent
indeterminacy problem to identify factors and their respective loadings. To be able to
identify m;, we are allowed to choose the scale for m; itself, and therefore to its innovation
g;". Instead of dealing with the innovations &/ and p,,, we can look directly at the role
of £;; in (3). What may prevent the law-of-large numbers to hold in the cross-sectional
dimension is the existence of a pervasive element in €; ;. Based on asset-pricing theory, all
the pervasive factors for returns are in m;. So, as long as we can make ¢;; devoid of my,

we could apply the law-of-large numbers. Consider now an OLS-projection of ¢;,; onto
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my — B (my) to obtain:

COV (Ei,ta mt)

€ir = 0; (my — E(my)) + Eitr where 0; = VAR (m,)

, (8)

which delivers a pervasive-idiosyncratic decomposition of €; ;, where &, , is the idiosyncratic
part and §; (m; — E (m;)) is the pervasive part associated with the stochastic discount
factor.® If we combine (3) with (8), we obtain an affine beta-model for the log of asset

returns, r;;, where there is a single factor — the log of a valid SDF, m:

1
rii = — (202 + 0,E (m )> + Bimi + &, 4 i=1,2,---,N, where, (9)

and its error term ¢, is idiosyncratic by construction. Moreover, whereas (3) is not a
proper beta model, since all assets have the same beta-coefficient for the factor my, in (9)
the loadings for m; vary with ¢ — a standard feature of the whole literature in finance. So,
this is a proper factor model with a single factor. However, it does not apply to returns,
but to their logarithms.

A cross-sectional average of (9) yields:

pthzs” (10

N—oo

which gives:

plin Z“t = <£ﬂoﬁzﬁ)mt—éi&ﬁza —<J&E£;—Zé>

= 5mt — 02 (11)

3Since €;¢ is a martingale-difference:
0="E—1(gi4) = 0ilBy—1 (my — B (my)) + By1 (&)

which guarantees that §; , has a zero unconditional mean, using the law of iterated expectations.

11



aslong as —o0 < lim (1452, 02+ & S8, 6B (my) ) = 07 < oo and —o0 < lim £ 32V, 6, =

B < 0o0. Hence, % Zfil r;+ will consistently estimate m, apart from two bounded constant
terms: o2 and 3. In the log-linear beta model (9), the former is an intercept bias term
and the latter is a slope bias term.

We now discuss identification of m; and of M; from equation (11). One key element
of the identification strategy in this paper is that we will use economic theory to be able
to identify M;. Indeed, we want to keep our estimator as a no-arbitrage estimator of M,.
Then, the only possible tool at hand to recover any of these bias terms is to employ the
asset-pricing equation itself, i.e., equation (2): we have just one restriction to identify two
parameters and need an extra restriction, consistent with equation (2).

One critical issue for identification is that the asset-pricing equation applies to the level
of a valid SDF, M, = exp (m;), but (11) offers a consistent estimator for an affine function
of its logarithm, m,. This is not a problem: the exponential function is continuous, so
we can resort to the Continuous Mapping Theorem. Multiply (9) by minus one, take its

cross-sectional average, and obtain:

N

1 1 & 11 & 1 & 1 &
N Zﬁyt =- (NZBZ> my + oN ZU? + NZ@E (me) — Nzgm (12)
=1 =1 =1 =1

i=1
As N — oo, apply the Continuous Mapping Theorem to obtain:
N

plim H R, N =exp <;) X Mt_B. (13)

N=ooiy

z|~

Trying to match the right-hand side of (13) to the asset-pricing equation (2), it is
important to note that the asset-pricing equation only applies to M, with unit power. So,
a natural starting point to identify o2 is to assume that:

N

N
1 = : : . —
J\P_rgoﬁ ;:1 B;=p0=-1, implying, EEI?OER” = exp <02> X M;. (14)

z|-

Indeed (14) is the critical identification assumption used in this paper. It is consistent

12



with the Asset-Pricing Equation since it allows us to further employ it to identify o2 as
our next step — given that now the right-hand side of the implied equation in (14) shows

M; with unit power. So, we label it a no-arbitrage identification assumption.

Assumption 3 (No-Arbitrage Identification): We assume that (14) holds, i.e., that

. N -
]\}gr(l)o% Y Bi=8=—1
Under Assumption 3, as N — oo, we obtain:

N

— _1 —
RtG = H R, N L exp (02) x M, (15)
i=1

=G . . . . .
where R, is the geometric average of reciprocals of returns with equal weights 1/N.

Note that Assumption 3 implies that A}im % Zf\il d; = 0, therefore:
N N N

(11 &, 11 e,

R (m IS DI <mt>> “dmay oot

We are now left with the task of obtaining a consistent estimate for exp (;) to

consistently estimate M;. Multiply equation (2) by exp (E) to get:

E;_q {exp (P) MtRi,t} = exp (ﬁ) , 1=1,2,...,N. (16)

Take now the unconditional expectation of (16), use the law-of-iterated expectations,

and average across ¢ = 1,2, ..., N, to get:

o (7) = 1 08 o (7) s} - 5o (@) 2} a0

i=1

Now, recall that (15) offers Ef as a consistent estimator for exp (?) x M. If we

replace the latter with the former, as 7' — 0o, we can then obtain a consistent estimator

13



for exp (?) as follows:

—

N T
1 1 1 —G-5A
= — R N RZ = — R R ; 18
oo (7) - 3 (Il y o) - 370 08
where R =5 ZZ | Ri+ is the arithmetic average of returns.

Note that the estimator of exp (?) is the sample counterpart of the right-hand-side
of (17) in the time dimension, when we replaced exp < ) M, with its consistent estimator
Rt . Finally, taking into account the results in (15) and in (18), we are able to propose a

consistent estimator for M, as the ratio:

=G

Mt — .
T —=G=A
:lF 2j=1 Rj Rj

This is a simple function of the arithmetic average of returns, ﬁtA , and the geometric
average of the reciprocal of returns, RtG , both using equal weights 1/N.

One important technical issue is that we need to let N — oo first, before letting
T — oo. This happens because we have substituted exp ( ) M, in (17) by its consistent
estimator Rt before constructing (18) using the time dimension. We now state our main

result.

Proposition 1 Using the setup of Hansen and Singleton (1983) and Assumptions 1-3,
the following holds:
=G

R,
plim
(N,T—00)seq. TZJ 1R R

Mt7

for all t, where (N, T — 00)seq denotes the sequential asymptotic approach proposed by
Phillips and Moon (1999), when we let first N — oo, and then let T — oo.

It is important to note that ]\//Tt is a function of N and 7. The denominator explicitly

. C e e —A
shows that it depends on 7' and dependence on N is implicit since R, and R, are
respectively geometric and arithmetic averages in the cross-sectional dimension. The

only reason why we do not explicitly state its dependence on N and 7' is to avoid a

14



cumbersome notation for M;.

2.2 Discussing Identification

The Asset-Pricing Equation is a non-linear function of a valid SDF and of individual
returns. But, we have shown above how to derive an exact log-linear relationship between
returns and a valid SDF, which allows for a natural one-factor affine model linking 7; 4,
1 =1,2,--- and my;. Our SDF estimator is constructed using large-sample techniques
under no-arbitrage, with N — oo first, and then T" — oo, since it relies on the existence
of the Asset-Pricing Equation (2) to generate (9) and then imposes (14) to employ once
again (2) to identify 02 and them M,. The latter is a no-arbitrage assumption because
equation (2) only holds with a unit power for M,;. In our setup, the natural choice to
identify and estimate of exp (?) is to use the additional assumption that 8 = —1.
Technically speaking, 02 and [ are not separately identifiable, setting 5 = —1 identifies
both under no-arbitrage.

Recall that our proposed affine beta-model is as follows:

1
Tit = — (50'12 + 51E (mt)> +ﬂimt+€i,ta 1= 17 27 T 7N7 Wherev 62 = _1+51 (19)
In the context of equation (19), from the seminal work of Lawley and Maxwell (1971),

the indeterminacy problem for factor models can be explained by the following equation:
Eimt = <Ei’f_1> (kM) = Bymy, (20)

i.e., a factor and its respective loadings are indentifiable only up to multiplication by

1

non-zero finite scalars k= and s, which make equation (20) hold. Clearly, x determines

the scale of m; and also the mean of [3,. Suppose, for example, that:
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then, we can set kK = —\, which will make ]\;l—rgo% Zfil B, = M(=\)"" = —1, allowing
(19) to hold for 3,m; with J\}Enoo% SN B =1

A solution for this same problem is also present in principal-component analysis — a
traditional method for identifying factors and factor loadings; see, e.g., Stock and Watson
(2002). Denote by &, = E{[r; — E (r;)] [r; — E(r;)]'} the variance-covariance matrix of
logged returns, where r; is an N x 1 vector of returns. The first principal component is
identified as the first factor. It is chosen to be a linear combination o' (r; — E (r;)) with
maximal variance /Y.« As is well-known, the problem has no unique solution, since we
can make o'Y,.« as large as we want by multiplying « by a constant scale ¢ > 1. Indeed,
we are facing the same scale problem present in equation (20). In a fixed N setting, the
solution is to constrain the variance of the first principal component by imposing that «
has unit norm, i.e., that o/a = 1.

Our identification strategy <Nh_rgo % Z@]L B; = —1) imposes:

| XN
im — > 5, = 21
Nooo N Z_; %=0, (21)

i.e., in the limit, the projection coefficients of ¢, ; onto m; —IE (m,) must cancel out exactly.
From a different angle, compute the innovations r;; — E;_1 (1;;) in the beta-model (9)

to obtain:

Wiy = Bigd" + &
which makes:

N—o0

N
1 = m
plim - 2_; Hig = Pei’. (22)

Using our decomposition in (6), we can also perform an OLS projection of y,,; onto

e}, as follows:
COV (:U/z',tv 5?1)
VAR (ef")

m
Wit = Ti€f + Cigs where 7; =

where the 7;6;" term captures the pervasive portion of y,,, and (;, captures the idiosyn-
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cratic portion. This implies that:

N—oo

N
.1 m
thﬁ ; My = TE¢ (23)

where —oo < 1\;520% SN 7 =17 < o0, and 11\)71—1?0% SV Ciy = 0.

It is instructive to compare (22) and (23): our identification assumption imposes
B =71 = —1 to deliver the exact scale for e}" — and thus the scale for m,, and the power
for M; — to be able to apply the Asset-Pricing Equation to identify exp <?> and then
M;. As argued above, solving a scale problem is intrinsic to factor-model analysis — a
choice must be made. We chose to use economic theory (no-arbitrage, the asset-pricing

equation) to identify 3, exp (?) and then M.

Under our identification assumption, we obtain the following:

N
.1 —
my = —plim— E Tit— 0%,

i=1

where the following variance restriction holds in the time dimension:

N=oo i=1

N
, 1
plimVAR (N > m) = VAR (m,).

These results map m; into the negative of the return of an equally weighted market-

portfolio, which validates a limiting beta of —1.

2.3 Properties of the M; Estimator

The first property of our estimator of M;, labelled ]\/4\,5, is that it is in the no-arbitrage class
of SDF estimators, since it is based on the asset-pricing equation and uses it to identify
M;. Moreover, it is completely non-parametric and a function of asset-return data alone.
Whatsoever, no assumptions about preferences have been made in identification.
Second, because ]\//.Tt is a consistent estimator, it is interesting to discuss to what

it converges to. Here, we must distinguish between complete and incomplete markets
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for securities. In the complete markets case, there is a unique positive SDF pricing all
assets, which is identical to the mimicking portfolio M;. Since our estimator is always
positive, ]\//Tt converges to this unique pricing kernel. Under incomplete markets, no-
arbitrage implies that there exists at least one SDF M, such that M; > 0. There may
be more than one M, as well. If there is only one positive SDF, then ]\//_Tt converges to
it. If there are more than one, then ]\//Tt converges to a convex combination of those
positive SDFs. In any case, since all of them have identical pricing properties, the pricing
properties of ]\/4\,5 will approach those of all of these positive valid SDF's.

Third, from a different angle, it is straightforward to verify that our estimator was

constructed to obey:

plim > 2N MRy, = plim o LS Ry,
(N’T*)oo)seq N i=1 T t=1 (N’T*)oo)squ N =1 T t=1 % Z?:l R] R]
i i RR;

= 1 = —G=A

(N7T_)OO)seq. T t=1 % ‘?—1 R] R]

T
1 RERA

= plim— : =1, (24)

t
T4 15T papa
T—oot Y20 7T ijl Ry R;

where R# and RY are the probability limits of }_%tG and ﬁf, respectively, when we let
N — o0.

Note that the result in (24) is a natural property arising from the moment restrictions
entailed by the Asset-Pricing Equation (2), when populational means are replaced by
sample means. In finite samples, it does not price correctly any specific asset. However,
on average, it will price correctly all the assets in the economy. Moreover, in the limit,
the average pricing errors will be nil due to (24). The latter is a very attractive property.

We now check whether or not our proposed factor model (9) prices securities cor-
rectly. Our key assumption for the simplified pricing model is that In (M;R;;)|Zi—1 ~
N (B (riy +my);0?), where Z, ; is the information set used by the agent based on

information up to period ¢ — 1. From the properties of the log-Normal distribution, we
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obtain:

1
1 = Et—l (MtRi,t) = exXp {Et—l (ri,t —|— mt) —I— 50'12} . (25)

From (9), recalling that 5, = —1 + 9;, we get:

1
Tig + My = _5(7? +0i (my — B (my)) + gzt

Therefore:

1
P (Ti,t +my) = _50? + 0iB 1 (my — B (my)) + By (gzt) . (26)

Recall now that ¢;,; is a Martingale Difference, i.e., that E,_; (¢;;) = 0. Since we have
decomposed it as:

€it =0; (my — B (my)) + fz’,ta

we arrive at:

0= Etfl (5i,t) = 5@'Et71 (mt —E (mt)) + ]Etfl (éi,t) . (27)

Combining (26) and (27), we get:

1
By (rie +my) = —50127

but from (25),

1 1
1 =E; 1 (MyR;;) = exp {—50? + 50?} =exp{0}. (28)

So, indeed, (9) is a proper asset-pricing model.

2.4 Comparisons with the Literature

Several early studies in the literature estimated the SDF indirectly as a function of con-
sumption data from the National Income and Product Accounts (NIPA), using a para-

metric function to represent preferences; see Hansen and Singleton (1982, 1983, 1984),
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Brown and Gibbons (1985) and Epstein and Zin (1991). As noted by Rosenberg and
Engle (2002), there are several sources of measurement error for NIPA consumption data
that can pose a significant problem for this type of estimate. Even if this were not the
case, there is always the risk that an incorrect choice of parametric function used to repre-
sent preferences will contaminate the final SDF estimate. By construction, our approach
avoid these problems since it is not based on a choice for preferences.

This paper is related to the work of Hansen and Jagannathan (1991, 1997), who point
out that early studies imposed potentially stringent limits on the class of admissible asset-
pricing models. They avoid dealing with a direct estimate of a valid SDF, but note that
an admissible SDF has its behavior (and, in particular, its variance) bounded by two
restrictions. The first is the Pricing Equation (2) and the second is the fact that M; > 0.
They exploit the fact that it is always possible to project M onto the space of returns,
which makes it straightforward to express M*, the mimicking portfolio, only as a function
of observable returns and the price of a risk-free asset.

Start with:

E (R.M,) =, (29)

where Ry = (R14, Ray, .. RN,t)’ isan N x1 vector, with E (R;) = p, and E [(Rt —p) (R — p)'] =
YR, and ¢ is an NV x 1 vector stacking ones. Although we do not observe M;, Hansen and
Jagannathan propose a least-squares projection of M; onto (R; — i) and a constant as
follows:

My =a+ Ri—p) B+, (30)

where E (M;) = «. Pre-multiplying (30) by (R; — u) and taking expectations allows
solving for f3:

5:Eﬁl(b_ﬂa>a

which identifies 3 as long as we identify a.

If one observes the price of a risk-free asset, ¢;, then one can identify « as:
E (Mt> =E (Qt) = @,

20



and construct a minimum-variance estimator M, as:
* !
M; =a+ Ry —p) B,

since it is the least-squares projection of M; onto (R; — p) — a linear function of asset
returns alone — something that has inspired our approach.

Of course, for any sample of returns, we will estimate a different M}, but, in principle,
we can let N — oo to obtain a single asymptotic estimator as we propose in this paper. If
the number of assets is large, since X is an N x N matrix, its inversion will be problematic
for large samples — making it hard to estimate /3 in this context.

We now ask whether we could use the same principles used to construct our SDF
estimator to circumvent the problem of dealing with a large number of assets in the
approach of Hansen and Jagannathan. Recall that, in constructing our estimator M; we
have first taken averages in the cross-sectional dimension. Here, this could be applied as
well to circumvent the large-sample inversion problem for ¥g. Hence, our solution is to
reduce the dimensionality of R; by recognizing that the Asset-Pricing Equation implies a

single factor for for R, for large N. Pre-multiply (29) by +/, to obtain:
E (}_%fMt> ~1,

which prices the equally-weighted portfolio of all assets — a scalar. Project M, onto

<Ef -E (}_33;4)) and a constant as follows:
M, =a+ (Ef -E (Ef)) Ba+ui,

As before, we can identify «a as E (¢;) = o, and (4 as:

1—]E(_R;4>04

VAR (sz‘)

Ba=

By using the returns of the equally-weighted portfolio, Ef, we avoid the invertibility
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problem alluded above, since, as N — oo, EtA will still have time-series variation and
VAR (ﬁf) will be well defined. Hence, 3 , is identified and we can construct an asymptotic

version of M, as follows:
M =a+ (Ef _E (R;“)) B (31)

This illustrates the potential gains in constructing an asymptotic estimator for M; by
using the cross-sectional average of returns, something that can only be achieved in a
panel-data framework.

One may ask what is lost when we cross-sectionally aggregate returns. To answer this
question, consider the well-known factor model proposed by Stock and Watson (2002)
applied to R; in a context of large N, T

Rt = U + AFt + e, (32)

where the N assets of the economy are governed by r < N common factors, E (R;) = p,
the factor loading matrix A = ();;) is of dimension N X 7, the vector of zero-mean
factors F, is of dimension r x 1, and the error term e; is cross-sectionally independent and

temporally i.i.d. Pre-multiply (32) by %' to obtain:
A A . 1 1 &
B -B(R) =Y (NZAU-) Fat > e
=1 i=1 i=1

We can now examine what happens when we let N — oco. Given the properties of
e; in the cross-sectional dimension, % Zf\il ei 2 0. Stock and Watson also assume that

A'A — I, so the limit of & SV Ay, call it A, is well defined as N — co. Therefore,

1=

plim (7' - B (R,')) = R ~ B (R}") - ;Aijt

N—o0

contains a single factor which is a linear combination of the r original factors in (32).

However, we have eliminated the idiosyncratic components of returns by cross-sectionally
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aggregating them for large N. In the end, our regressor for large N will be a linear
function of the factors in the beta model for returns Ry, but this is exactly the proper
characterization of SDF's in a factor-model setup.

Under some conditions, our estimator of M, is related to the return to aggregate

capital. For algebraic convenience, we use the log-utility assumption for preferences —

where M, ; = ﬂcf: — as well as the assumption of no production in the economy. Since
J

asset prices are the expected present discounted value of the dividend flow and, under no

production, dividends are equal to consumption in every period, the price of the portfolio

representing aggregate capital p; is:

_ = Ci 5
:E v i = .
Dt t {; B Ct+i0t+ } 1= BCt

=1

Hence, the return to aggregate capital R, ; is given by:

B — Pt Bap+ (1 —Blay a1
t+1 — — - - - )
" Dt Ba Bey My

which is the reciprocal of a valid SDF.

Indeed, Gomes and Issler (2017) exploit this property discussing the optimality of
aggregate consumption, showing no signs of asset-pricing puzzles when pricing R;. This
reinforces the role that the an aggregate portfolio can have in asset pricing, something

that ought to deserve more attention of the finance literature.

3 Empirical Applications in Macroeconomics and Fi-

nance

3.1 From Asset Prices to Preferences

An important question that can be addressed with our estimator of M; is how to test
and validate specific preference representations. Here we focus on three different prefer-

ence specifications for SDFs: the CRRA specification (Power Utility), which has a long
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tradition in the finance and macroeconomic literatures, the external-habit specification
of Abel (1990), and the Kreps and Porteus (1978) specification used in Epstein and Zin

(1991), which are respectively,

CRRA o\
M; =0l — (34)
Ct—1
-y k(vy=1)
MEH _ Ct Ct—1 a5
g ( (35)

wr=[ ()] G)

where ¢; denotes consumption, B, is the return on the optimal portfolio, /3 is the discount
factor?, ~ is the relative risk-aversion coefficient, and « is the time-separation parameter
in the habit-formation specification.

As is well-known, MF is a geometric weighted average of MCTF4 and (Zﬁ—:;) If
k = 0, we are back to the CRRA specification. In the Kreps-Porteus specification the
elasticity of intertemporal substitution in consumption is given by 1/(1—p) and o = 1—+y
determines the agent’s behavior towards risk. If we denote 6 = 1777, it is clear that MXT is
a geometric weighted average of MCTRA and (é), with weights # and 1 — 6, respectively.

If 6 = 1, we are also back to the CRRA specification.

For consistent estimates, we can always write:
my = T/n\t — Mts (37)

where 7, is the approximation error between m, and its consistent estimate m;.
The properties of 1, will depend on the properties of M; and R;;. In general, it will be
serially dependent and heterogeneous. Using (37) and the expressions in (34), (35) and

4Not to be confused with the beta coefficients of our factor model (9), 8

%)
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(36), we arrive at:

m; =In B — yAln ¢, + nHi4, (38)
m; =Inf —yAlnc, + k(v — 1) Alnc,y +nF¥, (39)
m; =0 —0yAlne, — (1 —0)In B, + nk”, (40)

The most appealing way of estimating (38), (39) and (40), simultaneously testing for
over-identifying restrictions, is to use the generalized method of moments (GMM). Lagged
values of returns, consumption and income growth, and also of the logged consumption-
to-income ratio can be used as instruments in this case. Since (38) is nested into (39), we
can also perform a redundancy test for Aln¢; 7 in (38). The same applies regarding (38)
and (40), since the latter collapses to the former when In B; is redundant.

In our first empirical exercise, we apply our techniques to returns available to the
average U.S. investor, who has increasingly become more interested in global assets over
time. Real returns were computed using the consumer price index in the U.S. Our data
base covers U.S.$ real returns on G7-country stock indices and short-term government
bonds, where exchange-rate data were used to transform returns denominated in foreign
currencies into U.S.$. In addition to G7 returns on stocks and bonds, we also use U.S.$
real returns on gold, U.S. real estate, bonds on AAA U.S. corporations, and on the SP
500. The U.S. government bond is chosen to be the 90-day T-Bill, considered by many to
be a “riskless asset.” The data were extracted from different sources: NIPA data for the
U.S. (Personal Consumption Expenditures of Nondurable and Services and GNP), with
seasonal adjustment, were extracted from the FRED database, kept by St. Louis FED.
We also extracted from FRED the Moody’s Aaa Corporate Bond Yield. All G7 return
data for stocks, as well as exchange rates for all G7 countries, were extracted from the
OECD database. The U.S. Treasury Bill Rate, as well as the Treasury-bill rates for G7
countries, were extracted from the International Financial Statistics (IFS) data base of
the IMF. From Bloomberg, we extracted the price of Gold, the NYSE Index, and the
SP500 Index. finally, the FTSE Nareit U.S. Real Estate Index was extracted from the
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homepage of the National Association of Real Estate Investment Trusts (Nareit).

Our sample period starts in 1977:QQ2 and ends in 2019:Q2, at the quarterly frequency,
comprising 7' = 169 time periods. Overall, we averaged the real U.S.$ returns on these
18 portfolios or assets’, which are, in turn, each one a function of thousands of assets.
These are predominantly U.S. based, but we also cover a wide spectrum of investment
opportunities across the globe. This is an important element of our choice of assets, since
diversification allows reducing the degree of correlation of returns across assets.

In estimating equations (38) and (39) by GMM, we must use additional series. Real
per-capita consumption growth was computed using private consumption of non-durable
goods and services in constant U.S.$. Since there is no constructed deflator for non-
durables and services, we constructed a measure of Fisher’s Ideal Price Index to deflate
nominal consumption. This deflator was used throughout to deflate returns as well. We
also used real per-capita GNP (y;) as a measure of income — an instrument in running
some of these regressions.

Figure 1 below shows our estimator of the SDF — ]\/4\,5 — for the period 1977:Q2 to
2019:Q2. It is close to unity most of the time and bounded by the interval [0.85, 1.25].
The sample mean of ]\/4: is 0.99 on a quarterly basis, implying an annual discount factor
of 0.96, a very reasonable estimate, especially considering that our sample includes the

great recession.

>The complete list of the 18 portfolio- or asset-returns, all measured in U.S.$ real terms, is: returns
on the NYSE, Canadian Stock market, French Stock market, West Germany Stock market, Italian Stock
market, Japanese Stock market, U.K. Stock market, 90-day T-Bill, Short-Term Canadian Government
Bond, Short-Term French Government Bond, Short-Term West Germany Government Bond, Short-Term
Italian Government Bond, Short-Term Japanese Government Bond, Short-Term U.K. Government Bond.
As well as on the return of all publicly traded REITs — Real-Estate Investment Trusts in the U.S.; on
Bonds of AAA U.S. Corporations, Gold, and on the SP 500.
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Figure 1: Estimate of the Stochastic Discount Factor for G7 Countries.

Tables 1, 2, and 3 present GMM estimation of equations (38), (39) and (40), re-

spectively. We used as a basic instrument list two lags of all real returns employed in

computing ]\Z, two lags of In (Cil), two lags of In (yfﬁl), and one lag of In (%) This
basic list was altered in order to verify the robustness of empirical results. We also include
OLS estimates to serve as benchmarks in all three tables.

Table 1 reports results obtained using a Power-Utility specification for preferences.
The first thing to notice is that there is no evidence of rejection in over-identifying re-
strictions tests in any GMM regression we have run. Moreover, all of them showed sensible
estimates for the discount factor and the risk-aversion coefficient: B is very close to 0.997
for all obtained estimates and estimates for v are all in the interval [1.15, 1.40] — all very
significant at usual levels. Our preferred regression is the last one in Table 1, where all

instruments are used in estimation. There, /B = 0.997 and 7 = 1.360, both significant at

usual levels.

Table 2 reports results obtained when (external) habit formation is considered in pref-
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Power-Utility Function Estimates
my; =InfB —yAlnc, — ntERA
Instrument Set g y OIR Test
(SE) (SE) (P-Value)
OLS Estimate 1.000388 1.811034 -
(0,004184) (0.486580)
Tit—1,Tit—2, Vi =1,2,...N, 0.997380  1.403094  (0.993129)
(0.002501) (0.256690)
Tit—1,Tit—2, Vi =1,2,...N, 0.995964  1.153144  (0.996510)
Alnec,q,Alnc_y (0.002154) (0.198670)
Tit—1,Tit—2, Vi =1,2,...N, 0.996595 1.241693  (0.995987)
Alny 1, Alny_o (0.002418) (0.242484)
Tit—1,Tit—2, Vi =1,2,...N, Alnc¢;_q1, | 0.997099 1.360465  (0.998300)
Alnc_o, Alny;_ 1, Alny;_» (0.002206) (0.204433)

Table 1: Power Utility Function — GMM Estimates

erences. Results are very different to those obtained with power utility. First, estimates of
~ jump from the interval [1.15, 1.40] to the interval [3.59, 4.25], all statistically significant.
Second, the estimates of x are all in the interval [0.889, 1.000] and all statistically signifi-
cant as well. In this case, the external-habit specification should be preferred vis-a-vis the
Power Utility specification. As before, we find no evidence of rejection in over-identifying

restrictions tests in any regression we have run.

Results using the Kreps-Porteus specification are reported in Table 3. To implement
its estimation, a first step is to find a proxy to the optimal portfolio. We followed Epstein
and Zin (1991) in choosing the NYSE index for that role. Estimates for the discount factor
[ are all higher than unity, and statistically different than unity on almost all counts. The
optimal portfolio term coefficient, 6, has an estimate in the interval [0.514, 0.582], but it
is neither statistically equal to zero nor statistically equal to unity at usual significance
levels. Despite the odd result regarding [ estimates, the Kreps-Porteus specification

should be preferred vis-a-vis the Power Utility specification. Again, there is no evidence

of rejection in over-identifying restrictions tests in any GMM regression we have run.
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External-Habit Utility-Function Estimates
my=IngB —yAlnc + k(y— 1)Alnc_y — nPH
Instrument Set 6] v K OIR Test
(SE) (SE) (SE) (P-Value)
OLS Estimate 0.997260  3.307682  0.858723 -
(0.004241) (0.710761) (0.210985)
Tit—1,Tit—2, Vi =1,2,..N, 0.996853  3.737319  0.888717  (0.990324)
(0.002517)  (0.685271) (0.089653)
Tit—1,Tig—2, Vi =1,2,...N, 0.994999  3.588043  0.999759  (0.992727)
Alncg_q,Alne o (0.002367) (0.677137) (0.092894)
Tit—1,Tig—2, Vi =1,2,...N, 0.996288  3.707508  0.932906  (0.994561)
Alny 1, Alny,_ o (0.002446) (0.661173) (0.088334)
Tit—1,Tit—2, Vi=1,2,..N, Aln¢,_q, | 0.997110  4.246917  0.895911  (0.996886)
Alncio, Alny,_1, Alny_o (0.002346) (0.659643) (0.068874)

Table 2: External Habit Utility Function — GMM Estimates

Since the External-Habit and the Kreps-Porteus specifications encompass the power
utility specification, and we have rejected Hy : K = 0 for the former, and have rejected
Hy : 0 =1 for the latter, we conclude that these two are our preferred specifications. It
should be noted that Campbell and Cochrane (1999) propose the external habit model to
solve well-known puzzles in finance, whereas the Epstein and Zin’s specification separating
risk aversion and intertemporal substitution is currently a preferred specification in the

finance literature. In that sense, our empirical results so far are aligned with the dominant

view in the macro-finance literature.

3.2 Simulation Study

Pukthuanthong and Roll (2015) propose an interesting simulation study, based on what
they call an agnostic view of stochastic discount factors (SDFs), consistent with our
approach, since it is based on the Asset-Pricing Equation. First, they generate a gross

riskless rate, R{, and a SDF at time ¢t =1,2,--- T, as:

2
Ty

1
M, = — - £
t R{eXP(Ht 2)7

29



Kreps-Porteus Utility-Function Estimates
my=0Inf —0yAlnc, — (1 — 0)In By — nk”
Instrument Set 6] v 0 OIR Test
(SE) (SE) (SE) (P-Value)
OLS Estimate 1.003671  2.212549  0.643915
(0.004609) (0.532732) (0.027097)
Tit—1,Tit—2, Vi =1,2,..N, 1.008285  2.743907  0.514460  (0.983547)
(0.002686) (0.363743) (0.030306)
Tit—1,Tig—2, Vi =1,2,...N, 1.004015  2.195702  0.581821  (0.994278)
Alncg_q,Alne o (0.002152) (0.278868) (0.022761)
Tit—1,Tig—2, Vi =1,2,...N, 1.004394  2.210713  0.578335  (0.994313)
Alny 1, Alny,_ o (0.002213) (0.265318) (0.025315)
Tit—1,Tit—2, Vi =1,2,..N, Aln¢,_y, | 1.005907  2.521649  0.565332  (0.997809)
Alncio, Alny,_1, Alny_o (0.002263) (0.286836) (0.020057)

Table 3: Kreps-Porteus Utility Function — GMM Estimates

where p, ~ i.i.d.N (0, Ui). Second, they generate gross un-scaled returns using:

~ gz
Riy = ¢pexp Ci,t 5 )

where ¢ is the expected gross return for asset i, assumed the same across assets, and

Cig ~ 1.0.d.N (0,02), where Ug does not vary across ¢ as well. Final scaled returns are

oy
exp (Ui,t - 7) )

where v;; ~ i.i.d.N (0,02), which implies that the Asset-Pricing Equation holds uncon-

computed as: N
Ry
72y MiRiy

Riy

ditionally in the time dimension for every asset 7, i.e.,

E = 1.

1 T
7> MiRi
t=1

Here, we implement a broader simulation study, which includes the joint dynamics of
gross returns and of the SDF. In searching for a dynamic model which would be tractable,
we decided to employ the (consumption) capital-asset-pricing model (CCAPM) setup
of Hansen and Singleton (1983), where they assume that In (M;R;) has a conditional

multivariate Normal distribution with homoskedastic variance in the time dimension,
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e, In(MyR; )| Zi—1 ~ N (Ey_q (ris +my);07), where we can further decompose o7 =

o2 + o2 + 2COV(my,r;4), where o2, is the variance of m; and o2 is the variance of r; .
(2 ) 7 I

They also assume the Power-Utility specification for the utility function, u (¢;), which

-
C

-hﬂ ::6 (ZT£I> )
tf

where 7 is the relative risk-aversion coefficient and f is the discount factor. As discussed

yields:

above, these assumptions give us a log-linear system on 7;; and Aln(¢;),i=1,...,N, as
follows:
2
ri,t—vAln(ct):—ln(ﬁ)—%%—&?i,t, i=1,...,N. (41)

Hansen and Singleton show that the dynamic representation of the data follows a
vector autoregression VAR (p) process with contemporaneous relationships and the same
reduced-rank constraints exploited by Engle and Kozicki (1993), Vahid and Engle (1993),
and Engle and Issler (1995), in the common-feature literature. Indeed, if we denote by
X; = (ris7o4, + ,Tng, Aln(cp)) an (N + 1) x 1 vector containing all logged gross returns
and the instantaneous growth rate of consumption, it is straightforward to show that X,

obeys a structural VAR (p) model with Gaussian errors, as follows:

0 0
AyX; =co+ X1+ Xig+ -+ Xi—p + Vi,

aq a9 Qp
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where v; ~ N (0,X,), and:

1 0 — ~m(8) - %
0 1 0 —v —In(B)— %
AO - : ) Co= : )
00 1 —y —In(B) — %
TAc
0 0 (N+1)x(N+1) Hac™ ™2
€1t 0O 0 0 O 0
Eo 00 0 0 0
0
v, = , and = j=1,
a;
ENt O 0 0 O 0
J J J J
Ehay “% N INHL ) (v (v

where pi,,. is the constant in the last equation of the VAR, i.e., the equation for Aln (¢;),

and o3, its conditional variance.
Here, Aln (¢;) represents the common feature (factor), which obeys its own dynamics,

transmitted to the rest of the system, (114,724, ,7 N7t)', by the reduced-rank structure in

0

,J=1,...,p, and the contemporaneous relationships r;; —yAln (¢;), embedded

aj
in Ag. Given the properties of logged gross returns and the instantaneous growth rate
of consumption, since Ag is a non-singular matrix, a standard reduced-form stationary

VAR (p) model for X; is given by:

X; = Ajlco+ Ayt X+ AG? X g4 ---
a1 a2
+A61 thp + Aalvt, or, (42)
ap
Xy = ¢c+Bi X1 +B Xy o+ -+ B X, + 1. (43)
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0
where ¢ = Aalco, B, = Agl , it =1,...,p, and n, = Aalvt. It is important
Q;

to note that 3, allows for heterogeneity in the variances of the terms in v;, which is
explicitly taken into account in the definition of cy. Moreover, even if 3, is a diag-
onal matrix, the reduced form variance-covariance matrix will not be diagonal, since
Enmi] = (AS 1) )Y (Aa 1)/. This can imply considerable cross-correlation for asset re-
turns, stemming from the presence of the common component yAIn (¢;) in the returns of
different assets.

Given an initial condition X, for X; in (43), set as E[X;], and a sufficient burning
period for the dynamic system to operate, it is straightforward to simulate data for X,
that will satisfy the Asset-Pricing Equation (2) by construction. As a consequence, it will
also obey the log-linear one-factor model derived above, i.e., equation (9).

To simplify matters in our simulation, we employed a VAR (p) of order one, i.e.,
p = 1, using parameters consistent with those obtained in GMM estimation in Table 1
— that uses data at the quarterly frequency. The estimate for § was converted to the
monthly frequency as § = 0.999, whereas v = 1.30 was kept the same. We have set
E[Aln(¢)] = 0.0021 at the monthly frequency, which yields an annual growth rate of
2.55%. We chose VAR(AIn (¢;)) = 1.78E — 5.

After a burning period of 30 months, we simulate the system with N = 1,000 assets,
and 7' = 100 monthly observations. In our preferred setting, the autoregressive coefficient

for consumption growth is set to 0.3, i.e., ak 41 = 0.3, whereas the other coefficients in

the last line of are all relatively small, selected to be close to 1-7. Our preferred
ai

average (annual) volatility of the 1,000 assets was set to 20%. We simulated the system
100 times.

In order to perform a robustness check to our results, we have also varied a},, to
be aj,; = 0.1 and ajp; = 0.5 in different sets of simulations. Although our preferred
average (annual) volatility of the 1,000 assets was set to 20%, we have also changed that
for different simulations sets to be 15%, and 30%, where the latter allows for a lot of

heterogeneity in (log) returns.
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Figure 2 presents the average across simulations of the actual SDF in the CCAPM,

RE
———t— for which
1 7 S5G5A
AT RR,

we have used samples of N = 1,000 and 7" = 100 for each simulation. Average simulated

Ct—1

77 —_~
M, =0 < - ) , and our proposed estimate in this paper, M; =
and estimated values are extremely close, especially taking into account the tight SDF

scale in the vertical axis for all the plots presented next in Figures 2, 3 and 4. The first

shows our benchmark case, with a},; = 0.3.
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0.9345
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Figure 2: Average Simulated Stochastic Discount Factor of CCAPM (Blue) and
Average Estimate in This Paper (Green). Number of Simulations = 100.

Figures 3 and 4 below also show simulation results for alternative settings, where the
only change was on the autoregressive coefficient for consumption growth, from 0.3 to

either 0.1 or 0.5. In them, we see very little difference between the average actual SDF,

Y
——" . The onl
1 T S5G5A- y
T 21 By R

striking difference across these figures is the degree of persistence observed in both actual

—y o
M, = (= , and the average across simulations of M, =
Ct—1

and estimated SDF.
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Figure 3: Average Simulated Stochastic Discount Factor of CCAPM (Blue) and
Average Estimate in This Paper (Green). Number of Simulations = 100.
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Figure 4: Average Simulated Stochastic Discount Factor of CCAPM (Blue) and
Average Estimate in This Paper (Green). Number of Simulations = 100.

3.3 Factor Model Evaluation: A Panel-Data Analysis

In constructing our estimator of the SDF, we try to approximate the asymptotic environ-

ment with monthly U.S. time-series return data from 1980:1 through 2020:12 (7" = 492
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observations), collected for N = 102,698 assets, grouped in the following four categories:
mutual funds (68, 085), stocks (29, 627), real-estate REITs (1,000), and government bonds
(3,986).

All return data used in this exercise came from either from CRSP or Bloomberg.
Mutual-Fund return data comes from the CRSP Mutual Fund Database, which reports
open-ended mutual-fund returns using survivor-bias-free data. Bias can arise, for example,
when a older fund splits into other share classes, each new share class being permitted
to inherit the entire return/performance history of the older fund. Stock return data
comes from the CRSP U.S. Stock and CRSP U.S. Indices, which collect returns from
NYSE, AMEX, NASDAQ, and, more recently, NYSE Arca. Real-Estate return data
comes from the CRSP/Ziman Real Estate Data Series. It collects return data on real-
estate investment trusts (REITSs) that have traded on the NYSE, AMEX and NASDAQ
exchanges. Finally, government-bond return data comes from CRSP Monthly Treasury
U.S. Database, which collects monthly returns of U.S. Treasury bonds with different
maturities, and also from Bloomberg.

The first step to perform our exercise is to compute ]\/4\,5 It becomes clear immediately
that we do not have a random sample of returns in the cross sectional dimension, since
from the total number of N = 102, 698 assets, 66% came from the Mutual-Fund category,
29% came from the Stocks category, 4% came from the Treasury-Bond category and only
1% came from the Real-Estate REITs category. However, based on the “Wealth and
Asset Ownership” tables of 2004, provided by the U.S. Census Bureau, the approximate
weights that each of these four categories should receive are as follows: Mutual Funds
(10%), Stocks (10%), Government Bonds (20%), and Real Estate (60%)S. Therefore,
we treated our sample as a stratified sample, weighting their respective returns using
these approximate weights for each of the four asset categories (mutual funds, stocks, real
estate, and government bonds). Hence, for each category, we first computed a version

— -G
of M; = ﬁ for each category, later aggregating results using category weights.
T £vj=1"% Y

6These tables can be downloaded from http://www.census.gov/hhes/www/wealth/2004 _tables.html.
These weights we propose using come from Table 1, which has the “Median Value of Assets for Households,
by Type of Asset Owned and Selected Characteristics.”
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As a robustness check, we changed these weights (from 5 up to 20 percentage points for
individual categories), computing again ]\//ft However, this produced virtually no change
on reported results.

Using the baseline weights, our estimate of M; has a mean of 0.9958 on a monthly

basis, or 0.9504 on a yearly basis. The plot of ]\/4\,5 follows below in Figure 5.

1.3 A

1.2 A

1.1 A

0.9 1

Figure 5: Stochastic Discount Factor Panel-Data Estimate

The affine beta-model for the log of asset returns, ;;, with the single factor m,, and

idiosyncratic error term &, ,, is as follows:

1
7”1'7t:—(50'?—5iE(mt>>"‘ﬂimt"'_giﬂh i:1,2,"',N, t:].,2,"',T. (44)

Since the total number of time observations is T = 492, and the total number of assets
is N = 102,698, we have too many parameters to estimate if we want to account for cross-
sectional heterogeneity in the intercept and the slope of the affine model. Searching for a
tractable model to estimate, we considered the mized-effect panel-data model (also known
as the mized linear model) that takes into account individual heterogeneity in regression

coefficients; see Cameron and Trivedi (2010) for a basic introduction in a panel-data
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context:

1
rig = — (50? + 0,E (mt)> + Bimy + &4y where (45)

1
—o7 + 6B (my) = 503 + 6o (my) + 14, p; ~ N (0,07)

Bi == ﬁg‘i‘l/i, V@'NN(O,O'?/).

Following the mized-effect panel-data literature, we estimated (45) by maximum likelihood
assuming a (zero-mean) Gaussian random-effect specification for p; and v,;. Results are

presented in Table 4, below.

rie = — (307 + 6,8 (my)) + B;me + Ein
307 + 6B (my) = 505 + 6B (me) + 113, p; ~ N (0,07)
51260+Vi: l/iNN(O:O-?/)

Weights on By 306 + 0ol (my) o’ o2 Hy: By =—1
(T,S,RE,MF) (SE) (SE) (SE) (SE) (P-Value)

(0.20, 0.15, 0.60, 0.05) | -1.010296 0.0028611 0.0020201  0.8895272 0.33218
(0.0178636)  (0.0000582)  (0.0001047) (0.020098)  (0.56438)

Note: Robust standard errors in parentheses.

Table 4: Mized-effect Model Estimation

In Table 4, 5, — the mean of 3, —is —1.01 and it is statistically equal to —1 in testing.
This suggests that 6oE (m,) ~ 0, and therefore that 303 + 6o (m;) ~ 102. Recall that we
have used 3 = 3, = —1 as our main identification assumption. Indeed, if our panel had
a balanced sample, we should have obtained exactly —1." The mean of 107 + §,E (m,) is
also estimated with high precision and the same is true for the estimates of o and of o2.

We perform a sensitivity analysis of the results in Table 4 by varying the weights given
to different classes of assets in calculating the SDF consistent estimate. These changes
in weights range from 5 up to 20 percentage points for individual categories. Results
are presented in Table 5. There is very little change in results — either quantitatively or

qualitatively, which is reassuring.

"This is true if we observe m;, which is not the case, since it is a latent variable. Indeed, we have
a consistent estimator of it using a large sample. So, we are facing a well-known generated-regressor
problem, which is mitigated since the sample we employ in estimation is large. Indeed, in this case, we
can think of the test of 5, = —1 as a specification test.
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Next, we investigate whether or not the one-factor SDF affine model fits well the panel-
data distribution of asset returns. For all the assets in the four categories, Mutual Funds,
Stocks, Government Bonds, and Real Estate, we recover their individual intercepts and
slopes and then forecast in sample the set of observed returns for all time periods. Indeed,
we have used the best-linear-unbiased predictor (BLUP) for 7;; under the assumptions of
the mixed-effect model (45).

Results are presented in Figure 6, below. Despite the fact that our sample includes
the 1987 Black Monday episode, the burst of the Dotcom Bubble, the Great Recession,
and the Covid-19 pandemic, the results show a good in-sample fit for our panel of returns,
where fitted and actual values are aligned close to the 45 degree line, with the exception

of a few outliers associated with those episodes.

1] 2 4
1 1 1

-2

Fredicted (log) Returns (4 classes of Assets)

-4

- 0 2
Actual (log) Returns (4 classes of Assets)

Figure 6: Predicted versus Actual Returns for all Asset Categories

and Time Periods
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ri = — (307 + &K (my)) + By + it
307 + 6B (my) = 508 + 00E (me) + s, p1; ~ N (0,02)
Bi=Bo+vi, vi~N(0,07)

Weights on By 103+ 60E (my) Ho: By =—1
Treasuries Stocks REITS Mutual Funds (SE) (SE) (P-Value)

0.1 0.15 0.6 0.15 -1.09208 0.005573 0.14791
(0.239042)  (0.00147) (0.70054)

0.1 0.15 0.7 0.05 -1.16708 0.006201 0.65127
(0.21726) (0.000903) (0.41966)

0.1 0.2 0.6 0.1 -1.12406 0.006099 0.32606
(0.21726)  (0.001317) (0.56799)

0.15 0.1 0.6 0.15 -1.02994 0.005175 0.01007
(0.29832)  (0.00147) (0.92005)

0.15 0.1 0.7 0.05 -1.10497 0.005811 0.13949
(0.28106)  (0.000959) (0.70879)

0.15 0.2 0.5 0.15 -1.01882 0.00558 0.0046
(0.27748)  (0.001678) (0.94594)

0.15 0.2 0.6 0.05 -1.09386 0.006214 0.12409
(0.26644)  (0.00122) (0.72464)

0.2 0.1 0.6 0.1 -0.99979 0.005301 0.00000

(0.34218)  (0.001318) (0.9995)

0.2 0.15 0.5 0.15 -0.95667 0.005176 0.01736
(0.34218)  (0.001612) (0.89518)

0.2 0.15 0.6 0.05 -1.03172 0.005815 0.00922
(0.33046)  (0.001219) (0.92352)

0.2 0.2 0.5 0.1 -0.98866 0.005706 0.00125
(0.32025)  (0.001546) (0.97176)

0.25 0.1 0.5 0.15 -0.89456 0.004777 0.07849
(0.37637)  (0.001579) (0.77935)

0.25 0.1 0.6 0.05 -0.96962 0.005421 0.0061
(0.38898)  (0.001267) (0.93775)

0.25 0.15 0.5 0.1 -0.92653 0.005302 0.03932
(0.37051)  (0.001503) (0.84281)

0.25 0.2 0.5 0.05 -0.9585 0.005826 0.01287
(0.36587) (0.001519) (0.90969)

Note: Robust standard errors in parentheses. Variance estimates omitted for the sake of
space.

Table 5: Mized-effect Model Estimation — Sensitivity Analysis
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4 Conclusion

In this paper, we propose a no-arbitrage approach to asset pricing with the following
ingredients. First, based on no-arbitrage, we derive a one-factor model for the logarithm
of asset returns, where the single factor is the logarithm of a valid stochastic discount
factor. We interpret the factor as containing all the pervasive elements of (log) asset
returns, allowing a pervasive-idiosyncratic decomposition of these returns. Second, based
on this one-factor model, we derive a consistent estimator of a valid SDF in a panel-data
framework, when the number of assets and of time periods increase without bounds. The
asymptotic character of this SDF estimator is opposed to standard small-sample alterna-
tives where it is hard to interpret empirical results since these often change when different
groups of assets are used in estimation. From a theoretical perspective, asymptotic esti-
mates are immune to this problem. This increases its potential application in empirical
studies, especially in the big data era.

Our consistent estimator of a valid stochastic discount factor (SDF) exploits the cross-
sectional variation of returns to propose an asymptotically biased estimate of a valid
SDF. Our key identifications assumption is used to eliminate the bias and guarantees
that the proposed estimator is within the no-arbitrage class. Our SDF estimator depends
exclusively on appropriate averages of asset returns (geometric and arithmetic), which
makes its computation a simple and direct exercise. Because it does not depend on any
assumptions on preferences, or on consumption data, we are able to use our SDF estimator
to test directly different preference specifications which are commonly used in finance and
in macroeconomics.

The techniques discussed in this paper were applied to three issues in macroeconomics
and finance. In the first application, we used quarterly data of U.S.$ real returns from
1977:Q2 to 2019:Q2, comprising 7' = 169 time periods and thousands of assets world-
wide, to examine whether popular preference specifications used in macroeconomics and
finance fit the data. Our SDF estimator — ]\/4\15 — is close to unity most of the time and
bounded by the interval [0.85,1.25], with an equivalent average quarterly discount factor

of 0.99. When we examined the appropriateness of different functional forms to represent
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preferences (Power Utility, External Habit and Kreps-Porteus), we concluded that none
of these standard preference representations are rejected by the data. However, after test-
ing for exclusion restrictions, we conclude that the External-Habit and the Kreps-Porteus
specifications are our preferred specifications, which concurs with the current dominant
view in the macro-finance literature.

In our second application, a mid-size simulation exercise is implemented with a no-
arbitrage dynamic (consumption) capital asset-pricing model using 100 time-series obser-
vations and and 1,000 cross-sectional observations. It entails heterogeneity in the first
and second moments of asset returns. Results show that, on average, our consistent SDF
estimator is very close to the actual SDF, despite the fact that we employ a small sample
relative to the asymptotic framework.

In our third application, we try to approximate the asymptotic environment with
monthly U.S. time-series return data from 1980:1 through 2020:12 (7' = 492 observations),
collected for N = 102, 698 assets. Our estimate of M, has an average of 0.99 on a monthly
basis. We employed the mized-effect panel-data model to assess the fit of our one-factor
model to the data. Despite the fact that our sample includes the 1987 Black Monday
episode, the burst of the Dotcom Bubble, the Great Recession, and the recent Covid-19
pandemic, the empirical results show a good in-sample fit for our panel of returns, where

fitted and actual values are aligned close to the 45 degree line.
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A Appendix: A General Consistency Proof for our
SDF Estimator

To construct a consistent estimator for M; under general assumptions, we consider a
second-order Taylor Expansion of the exponential function around z, with increment h,
as follows:

h2er+)\(h)~h
2 )
where A(h) : R — (0,1). (47)

ex—l—h — 7 —f—h@x +

It is important to stress that (46) is an exact relationship and not an approximation.
This is due to the nature of the function A(h) : R — (0,1), which maps into the open
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unit interval. Thus, the last term is evaluated between x and = + h, making (46) to hold
ezactly.

For the expansion of a generic function, A\(-) would depend on = and h. However, the
exponential function has a special property: dividing (46) by e” yields:

B2A(R)-h
eh:1+h+€T, (48)

showing that (48) does not depend on x. Therefore, we get a closed-form solution for A(-)
as function of h alone:

lxln[w], h+0

ARy =4 * w2
1/3, h =0,

where A(-) maps from the real line into (0, 1). To connect (48) with the Pricing Equation
(2), we let h = In(MR;;) in (48) to obtain:

(In(M;R; ;)] eXW(MiRie) In(MiRi.)

MtRi,t =1 + lIl(MtRm) + 9 5

(49)

which shows that the behavior of M, R, will be governed solely by that of In(M;R; ;).
It is useful to define the random variable collecting the higher order term of (49):

Zit = % x [In(M;R;,)]? eMn(MeFie) (M Rio)

Taking the conditional expectation of both sides of (49) gives:

By (MiRit) = 1+E; 1 (In(MR;4)) + Ei—q (2:4), or, (50)
0 = Et—l (MtRi,t) —1= Et—l (ln(MtR@t)) + ]Eft_l (Ziﬂg) s (51)

where (51) is a direct consequence of the Asset-Pricing Equation (2), since its left-hand
side cancels out yielding;:

Et—l (Zi,t) = _Et—l {ln(MtRivt)} . (52)

This first shows that the expectation of the higher-order terms, E; ; (z;;), will be
solely a function of E,_; {In(M;R;;)} if the Pricing Equation holds. Second, z;; > 0 for
all (¢,t). Therefore, By (2;4) = 7?,t\t—1 > 0, and we denote it as 7?7t|t_1 to stress the fact
that it is non-negative.

/
Let 7?\t—1 = (7315“71,7;“#1 ""77?V,t|t71> and &; = (14,624, - en) stack respec-

tively the conditional means 7?t|t71 and the one-step forecast errors €;¢. Then, from the
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definition of &; we have:

hl(Mth) = Et_l{hl(Mth)} + &4
= —"/?\tq + & (53)

Denoting by r; = In (R;), which elements are denoted by r;; = In(R;;), and by m; =
In (M;), (53) yields the following system of equations:

Tig = =My — Yigo1 + ity i=1,2,...,N. (54)

The system in equation (54) generalizes the result in equation (3), where Gaussianity
was imposed for the sake of simplicity. The first main difference here is that the term
'Y?,t\tq is not a constant and it has serial correlation. The second main difference is that
ei+ is not Gaussian. The system (54) shows that the (log of the) SDF is a common feature,
in the sense of Engle and Kozicki (1993), of all (logged) asset returns®.

The sources of cross-sectional variation in every equation of the system (54) are ¢;;
and fy?’t‘ ,_1- However, as we show next, the terms 7?¢| ., are a linear function of the
lagged ¢, +, tying the cross-sectional variation in (54) ultimately to ¢; ;.

From Assumption 2, {In (M;)} and {In (R;)} are joint covariance-stationary processes
with finite first and second moments. This yields covariance-stationarity for {In (M;R;)}
as well. We then apply Wold’s Theorem to write the individual Wold representations as:

ln(MtRm) = MMy + Tz‘,t = /J’i + Z bi,jgz’,t—j; 7= 1, 2, e ,N, (55)
7=0

where, for all i, b g =1, |u;] < o0, > 70
(52), in light of (55), leads to:

=0 b; J < 00, and €;; is a white-noise process. Using

Vi = Blzi) = —E{In(MRi)} = —pu;, (56)

which is well defined and time-invariant under Assumption 2. Taking conditional expec-
tations E;_; (-) of (55), allows computing:

’V?,ﬂt,l = (Zzt) =B {hl(Mtth = —% Zb jEit—js i=1,2,...,N,
leading to the following system, once we consider (54):

Tig = —My — 712 + gi,t - Z bi,jgi,t—ja 1= 1a 27 I N. (57)

J=1

8For any two economic series, a common feature exists if it is present in both of them and can be
removed by linear combination. Hansen and Singleton (1983) were the first authors to exploit this
property of (logged) asset returns in the context of a VAR model. The concept of common features was
proposed 10 years later by Engle and Kozicki (1993).
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Equation (57) generalizes equation (3), where now the error term, ;; —> >~ bi j€i s,
has serial correlation, capturing the dynamic nature of 72 -1 - As before, we will proceed
performing an OLS projection of:

6,‘7,5 — Z bi,jgi,t—j7 1= ]_, 27 ey N, (58)
j=1

onto m; — E(m;) in order to obtain a diversifiable error term in the cross-sectional dimen-
sion. As shown below, despite the dynamic nature of (58), the OLS projection will make
it an idiosyncratic error term. To advance, we need to introduce some notation to be able
to deal with multivariate wold representations in the context of joint weak-stationarity.

From joint weak-stationarity of X; = (my, 714,794, - ,rNﬂg)', we get a vector wold
representation as follows:

my E(m;) gﬁj
Tz E(Tl,t) (e%S) :U“Lt—j
rae | o= | Bl [+ 70, | ke | (59)
: : j=0 :
TN E(ry) KN t—j
with \IIO = IN+1, and,
_ I
e €
[h,4 P t—j Q, for j =0
E Ho ¢ Mo t—j = ) (60)
: : 0, for j #0
|\ Mg HNt—j

which we can rewrite conveniently as a system of individual wold representations:

my = B(m)+ Z cjgy”j, with ¢g =1, and, (61)
j=0

iy = E(Tu) -+ Z dm,ui,tfj, with d@o = ]_7 1= 17 2, s ,N. (62)
j=0

To be able to arrive at the individual wold representations in (61) and (62) from (59),
we have to re-scale the lagged terms on the right-hand side of (59). Indeed, for every
equation in (59), these terms are linear combinations of lagged (5;”, gy Hogs ™ N,t)/.
To obtain the convenient form of (61) and (62) in terms of their respective one-step
innovations (5;”, Hags Hogs " s 1 N,t)/’ one has to re-scale error terms as follows: the ;s
are re-scaled in terms of €}" as " = ==, ,, and the y, ;s are re-scaled in terms of y,,

Oy
o O, . .
as iy = 5tk where 0, 0, and o.m are the standard deviations of f,,, j,, and

e, respectively. To maintain the equality in (59), we have to adjust the moving-average
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coefficients in the matrices ¥;, [ = 1,2,---, using, respectively, the reciprocals of the
scales used above.
It is important to stress that, due to the nature of (60), the following covariance
structure for the errors €, j1;, ;, and i, ; applies:
on, fork=iand;j=0
Yyems for j=0
E [Erﬂi,pj] = and E [pdi’tpdk’tfj} =9 Vpp fork#iandj=0,
0, forj #0
0, forj#0
(63)
where 7, .m a,nd Viipuy, 8T€ CIOSS covariances between &7 and p, , and p,, and p, ,, respec-

tively, while a ~is the variance of i -
/

With the setup in (61), (62), and (63), given joint stationarity of X; = (my, 714,724, -+ , TN t)
we can rewrite (58) for every i = 1,2,--- | N, as follows:

Eit — Z bij€it—j = Mm + 5t chgt —j Zd G t—j
j=1
= :U’zt + <€t Z i€t Z i i p—j — Mz,t + 5?) + (Mi,t + 5?)

= 2(piy+e) — Z CiE; — Z dijlig—;
=0 =0
= 2(py + ") — (my —B(my)) = (riy — B(rig)) .

It is important to emphasize that, although ¢;; — Z;L b; jei+—; has an infinite lag
structure, perhaps suggesting that we need to control for an infinite number of factors
(or of lags of m,), we were able to rewrite it as function of m, alone: both (m; — E(m,))
and (r;; — B(r;)) are functions of m, alone, which is also the case of (p;, + £}"), which
is certainly a function of m;, but is orthogonal to its lags. Hence controlling for pervasive
factors only requires to compute the OLS projection of €i,t—2ﬁ1 b; j€it—j onto my—E(m;).
This is very important, since it fits exactly the same procedure done in Section 2.1 —
equation ().

Using (63), first, we compute:

m. ( - ib)] ol O ] P par g |

= 2(7y,em + VAR(e")) — VAR (m;) — COV (my, 1) -

COV

Based on this result, we can compute the OLS projection coefficient of &;; —> 7%, b; j&i s
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onto m; — E (m,) as:

COV (mt, Eit = Do bi,jgi,t—j)

52’ m
’ VAR (mt)
. 2 (’yuiem + VAR (5?1)) — VAR (mt) — COV (mt, 7‘2‘775)
B VAR (my) ’
and finally write the whole projection for every i = 1,2,--- | N, as:

Eit — Z bi,jgi,t—j = 5z‘,m (mt - E (mt)) + fz‘,ta
j=1

where now &, has serial correlation but is devoid of any pervasive effects since it is
orthogonal to m; — E (m,). It also has a zero unconditional mean.
As before, we can now rewrite (57) as a factor model:

iz = — (’)/12 + 5i,mE (mt)) + ﬁimt + 57;7“ 1= 1, 2, NN ,N, Where,
B, = Gim—1, (64)

for which:

N—o0

XN
pth ; §ir = 0.

Since the setup in (64) is identical to that of (9), we can repeat all the steps in Section
2.1 leading to Proposition 1. Hence, we can re-state our main result here.’

Theorem 2 Under Assumptions 1-3, as N,T — oo, with N diverging first and T di-
verging later, the realization of the SDF at time t, denoted by M,;, can be consistently
estimated using:

—G
o~ Rt
M, = m7
T Zle R,
J:

— 1 — N
where Rf = Hf\;l R, and R? = % > R;; are respectively the geometric average of the
i=1
reciprocal of all asset returns and the arithmetic average of all asset returns.

It is important to note that ]\Z is a function of N and 7'. The denominator explicitly
shows that it depends on 7' and dependence on N is implicit since Ef and E:l are
respectively geometric and arithmetic averages in the cross-sectional dimension. The
only reason why we do not explicitly state its dependence on N and T is to avoid a
cumbersome notation for M;.

9Note, however, that the role previsously played by 02 /2 is now played by 72, but otherwise all else
is the same.
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