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Abstract

We study the maturity risk of contingent claims based on convex risk measures
combined with utility functions, allowing the solution of an optimal hedging problem
equivalent to the dual of a decision under variational preferences. Our analysis starts
from the construction of the Profit-and-Loss of the hedged contract over time, defined as
the financial result of the difference between a self-financing portfolio and the derivative
price, quantifying the residual risk that cannot be eliminated even under the optimal
strategy. The proposed approach formalizes this by including a temporal dimension in
addition to its spatial nature; we analyze the properties, its induced acceptance set, and
obtain its dual representation. For numerical estimation, we solve the optimal hedging
problem and introduce a version of the stochastic maximum principle applied to risk
measures. We conduct a numerical analysis for the construction of the maturity risk

surfaces by magnitude, moneyness, and time.
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1 Introduction

Risk measures in mathematical finance assess a position in terms of acceptability. In
Artzner et al| [1999|, coherent risk measures are given an axiomatic formulation and are
represented through acceptance sets, so risk is read in primal terms as the minimal capital
injection that renders the position acceptable. This links the concept directly to capital
requirements rather than to statistical summaries. Follmer and Schied| [2002] extended the
framework beyond coherence by relaxing sub-additivity and homogeneity properties, which
leads to a broader class of convex risk measures while preserving the monetary interpretation.

A limitation of these risk measures discussed above is their spatial nature. When used in
this acceptability framework, they assess losses at a fixed time and do not describe how risk
behaves as time evolves. This issue becomes explicit in the analysis of Mahmoud [2016], who
points out that the temporal dimension of risk is largely absent from standard formulations
and requires separate treatment to be made explicit. In his approach, this temporal dimen-
sion is provided exogenously through transformations that map entire paths into random
times.

In this context, Maturity Risk (M R) has emerged as a new object of interest. It is defined
in this paper through an optimization problem under a composed risk measures, in which a
convex risk measure is applied after a utility transformation. The input is the cumulative
profit and loss generated by hedging a contingent claim over a remaining horizon, with
evaluation being performed at the terminal date. MR is then understand as the residual
exposure that remains after trade has been employed in the best admissible way, thereby
quantifying what cannot be eliminated through hedging. It consequently measures the risk
that remains linked to the claim after the optimal strategy is taken into account.

The evaluation criteria adhere to the framework of Righi| [2024] and are constructed
using risk measures that meet monotonicity, convexity, and continuity in the weak topology.
Under these properties, the hedging problem is similar to a formulation in terms of variational
preferences Maccheroni et al.| [2006], with the equivalence given by dual representation. Time
enters the structure via the stochastic evolution of the underlying process, which causes

variations in profit and loss along the horizon. In contrast to strictly static formulations,



this technique incorporates temporal variation through trading dynamics while the risk assess
stays terminal.

Hence, as far as we are concern, M R is an open concept in quantitative risk management.
Also, it can be naturally formulated in incomplete markets, where perfect replication may
fail and price are intervalar |Jouini and Kallal [1995], Cetin et al|[2004]. One can think of
this setting as one in which the market does not deliver a single valuation rule, so ordering
contracts only by price becomes ambiguous. This criterion provides a reliable alternative
by ranking contingent claims by the residual exposure left after admissible trading, which is
precisely the component that interval prices do not resolve.

Within this context, the main challenge is to identify the basic attributes of M R: prop-
erties, acceptance set and dual representation. Once these aspects are established, the ex-
amination shifts to how M R varies with time and moneyness, resulting in its depiction as
a surface. A short note here is that the surface is not postulated exogenously, but rather
induced by an optimum hedging problem that occurs as the solution to a stochastic control
optimization problem. In particular, the stochastic maximum principle (SMP) is adapted
to risk measures to solve. We drawn a numerical experiment for a European call contract
to examine how the risk behaves. The goal of the numerical analysis is not to evaluate
trading performance or actual profitability, but to better understand the structural aspects
of the terminal risk provided by the continuous-time formulation. The simulations allow us
to study how the magnitude and form of M R respond to changes in volatility dynamics,
jump intensity, or variance persistence, as well as how the risk functional chosen affects a
reference exposure.

We compare M R across different specifications of composed risk measures and stochastic
dynamics. Six composed criteria are considered, obtained by combining Expected Loss (EL),
Entropic Risk Measure (ENT), and Expected Shortfall (ES) with linear, exponential, and
Weibull-type utilities. The comparison is conducted under three stochastic models for the
underlying asset, namely Geometric Brownian Motion (GBM), Heston Stochastic Volatility
and Merton Jump-Diffusion leading to eighteen models.

A first strand of literature investigates hedging and pricing under convex and coherent

risk criteria, using acceptability, capital requirements, and convex duality to identify fea-



sible methods and valuation bounds in imperfect markets. Shortfall-risk minimization and
acceptability-based pricing offer operational hedging rules and interval prices after a crite-
rion is established [Follmer and Leukert| [1999], |Carr et al.| [2001]. Risk-indifference pricing
connects convex risk measurements to utility-based valuation Xu| [2006]|, whereas coherent
pricing frameworks aggregate preferences using convolution approaches |Cherny and Madan
[2006]. Although these systems provide consistent pricing and hedging mechanisms, their
emphasis is on valuation criteria or feasibility constraints, and the analysis is largely static,
focusing on terminal outcomes.

A second line relates hedging concerns to stochastic control and robustness. Convex
risk evaluation is related to control problems through inf-convolution and Hamilton-Jacobi-
Bellman equations Toussaint and Sircar| [2011], while robust formulations penalize departures
from a reference model to account for volatility uncertainty Herrmann et al. [2016]. Recent
advances combine learning and data-driven approaches, combining robust control with neu-
ral SDEs to increase calibration and computing performance |Gierjatowicz et al. [2020]).
Carbonneau and Godin| [2023]) use reinforcement learning to implement Equal Risk Pric-
ing under non-translation-invariant criteria. In some cases, hedging is handled as a control
problem with a fixed evaluation method, and the emphasis is on robustness or numerical
tractability:.

A third body of research addresses hedging through advanced numerical techniques, par-
ticularly deep BSDE solvers applied to quadratic or model-based criteria such as mean-
variance and local risk reduction Shi et al|[2023], |Gnoatto et al.|[2024]. These methods
considerably increase the computational scope of optimum hedging in high-dimensional en-
vironments. However, across these various threads, the exposure left over after optimal
hedging is not isolated as an item of independent interest, nor is it described by acceptance
sets or evaluated as a function of time and contract parameters. This gap inspires the current
study, which treats residual exposure caused by hedging as a risk measure in and of itself,
and investigates it systematically within a comprehensive risk framework.

From this perspective, a more direct comparison is made with the GAN-based deep
hedging of Limmer and Horvath! [2024]. Both frameworks optimize composed risk measures

within a variational-preferences viewpoint, but they do so in different ways. He targets the



numerical learning of hedging strategies at the process level via adversarial training, avoiding
the explicit solution of forward—backward systems and analytical optimality constraints.
Accordingly, the GAN-based method emphasizes numerical robustness and scalability for
optimal hedging under composed criteria, while our focus is on the construction of the M R
and on isolating the temporal persistence of residual exposure, which is not addressed in
Limmer and Horvath| [2024].

Building on the broader literature that treats hedging as a mechanism for reducing, but
typically not eliminating, uncertainty, Rockafellar and Royset| [2015] formalize residual risk
as the risk that remains after optimal mitigation based on available information, providing
a particularly clean convex-analytic and dual characterization. Our idea is aligned with
this “risk-after-hedge” perspective, but moves the focus to a time-to-maturity dimension. A
complementary strand highlights that the horizon at which risk is measured is economically
nontrivial: Brigo and Nordio [2010] argue that liquidity turns the liquidation horizon into
a random quantity, so tail risk should be assessed over an uncertain holding period rather
than a fixed window, and |Colldeforns-Papiol and Ortiz-Gracial [2018| frames this point in
the context of Basel’s post-crisis emphasis on tail-risk metrics and horizons that may exceed
benchmark values. While we introduces time as an intrinsic dimension of the object of
analysis, their work varies by utilizing VaR/ES to operationalize the horizon influence over
random holding periods.

The contributions of this paper are fourfold. First, we define M R as a time-indexed risk
metric that makes the temporal dimension explicit by quantifying the residual exposure from
any intermediate date to maturity after optimal trading, and we characterize the associated
acceptance sets. Second, we study key properties of M R within an acceptability frame-
work and dual representation. Third, we formulate and solve the optimal hedging problem
under risk-based criteria via an SMP tailored to composed risk measures, establishing well-
posedness and optimality of the control. Fourth, we present a numerical study of MR as
a surface over time and moneyness, comparing eighteen specifications across risk measures,
utility functions, and stochastic dynamics to assess robustness and model dependence.

The paper is organized as follows. Section [2 introduces the mathematical framework,

presenting the market setting and the class of composed risk measures used throughout



the analysis. Section (3| defines M R, studies its main properties including the relation with
acceptance sets and dual representations. Section [d]present a way to find the optimal hedging
strategy through stochastic control, specifically by deriving the SMP. Section [6] describes the
numerical methods and reports the results analyzing M R characteristics. All figures related

to the numerical experiments are collected in the Appendix for readability.

2 Background

The market is described by a filtered probability space (2, F, (F)iejo.11, P), with T € R,
and T < oo, where ) is the set of states of the world, F is a o-algebra on €, (F)icpo,r) is a
filtration and PP is a probability measure on (2, F). We impose the usual conditions for (F;)
to be right-continuous (F; = (-, F¢) and P-complete (i.e., Fy contains all P-null sets). We
interpret (F;) as the information available up to time ¢, increasing with ¢ (so F; C Fp for
t<t).

Let S := (S¢)icjo,r] denote the vector-valued price process of n underlying assets, adapted
to (Fi)ep,r) and such that S, € L*(Q,F;, P;R") for each ¢. For each fixed w € , the
map t — Sy(w) describes the temporal price trajectory in the state w, while for each fixed
t € [0, 7], the map w — S;(w) is a random variable in (2, F;, P). We work in L*(Q, F;,P) to
guarantee the square-integrability of prices and to interpret differentials such as dS; as the
infinitesimal variation of S at time ¢, whose explicit form depends on the chosen process.
Moreover, a contingent claim written on these assets is specified by its terminal payoff Hy €
L?(Q, Fr,P;R), and, when a time-indexed representation is needed, by Hp := Hy + fOT dHy,
Hy > 0 is the initial price of the claim (constant) and (H;)¢co,r is an adapted process whose
increments dH; depend on the dynamics adopted for S.

The hedging problem requires the definition of a control strategy h := (h¢):cjo,7], Where
hy € R™ denotes the vector of units held in the n risky assets at time t. We say that h is
predictable (with respect to (F)scpo,n) if, for every ¢ > 0, hy is F;_—measurable, where F;_ :=
0( Uuer ]:u>; equivalently, h is measurable with respect to the predictable o—algebra. The
set of admissible strategies, denoted by H, must satisfy predictability and L?-integrability



conditions. Formally, admissibility is defined as

T
H = {h=(h)ecpor ‘ h is predictable and E[/ |he|* dt] < o0 }. (1)
0

We also equip the space of admissible strategies H with the norm induced by the inner

product,
T
(hy, ho)y = E[/ th,thz,t dt} , hi,he €H,
0

and the induced norm ||A||y = E[fOT h dt] 12

The set of achievable wealth V; consists of all square-integrable random variables that

can be generated by a self-financing trading strategy h € H. Formally,
t
vtzz{vteL2<Q,E,P)\Vt:%+/hs-dss,heH,VoeR}, (2)
0

where Vj denotes the initial cost.

We define the profit-and-loss (P&L) process associated with h and the claim H as the
adapted process L' := (L)1) given by L} := V, — H,. Using the dynamics of the
wealth and of the claim, the infinitesimal variation of the P&L can be written as dL} :=
hy - dS; — dHy, t € [0,T], which makes explicit that the instantaneous variation depends on
the triplet (S, H, h). Under our standing assumptions that S and H are square-integrable
semimartingales and h € H is predictable and square-integrable, all the stochastic integrals
above are well defined in L?(€), F;,P)2, and L is itself a square-integrable adapted process.

By construction,

L=V} — Hy
T

- (%Jr/OThtdSt)—(HOJr/O dHt>

T
= L0+/ dLl.
0

where Lo = Vy — H,.

Assumption 1 (Canonical form of the P&L). For every admissible strategy h € H, the



profit-and-loss process L admits the decomposition
dL} = b(t, Sy, Hy, he) dt +n(t, Se, Hy, he) T dW + &(t, Sy, Hy, he) AN, (3)

where W is an m-dimensional Brownian motion and NN is a Poisson process. The coefficients
may depend on additional latent factors, for example, v that accounts for stochastic volatility

or J for the jump component when required.

Given L is constant, it does not affect the choice of an optimal strategy in the problems
considered below. Therefore, we may ignore this deterministic shift and focus on the random
component of the terminal P&L. Considering the previously described market, we proceed

with definitions regarding the conditions under which we will operate.

Definition 1 (Market completeness). We say that the market is complete if every contingent
claim Hr is replicable by some admissible self-financing strateqy h € H. In our framework,
this means that

LL=0 P-as.

We also say that the market is incomplete if this property fails, that is, if there is no h € H

for every contingent claim Hrp.

Since we work in incomplete markets, the terminal P&L L% differs from zero. Conse-
quently, it is relevant to analyze the structural properties of the admissible strategy set H,
as this set determines the attainable terminal wealth and the P&L generated by trading,
providing the necessary conditions for optimization and stability of h € H developed in the

sequel.

Proposition 1. Recall that
T
H = {h = (he)repm ‘h is predictable and E[/ || dt} < oo}
0

endowed with the norm ||h||y. Then H is convex and closed.



Proof. Convexity follows directly from the definition. Let hy, hy € H and A € [0, 1], and set
h := Ahy + (1 — A)hg. Since hy and hy are predictable, so is h. Moreover,

el = [ Moy + (1= Nhoa|” < 202 a2+ (1= N2|heal?) < 2([hea|? + [heal?),

and hence

E[/OT|ht|2dt} gm[/jmtdﬁdt} +2E[/OT|ht’2|2dt} < 0,

sohe™H.
To show closedness, let (h"),eny C H be such that |h" — h| — 0 as n — oo for some

process h. Then, by the triangle inequality,
|h| < |h—h"|+|h"|, neN.
Taking the limit superior as n — 0o, we obtain
|h| < limsup |h — A"| + limsup |h"| < oo,

n—oo n—oo

because |h" — h| — 0 and each A" € H. Thus,

]E[/OT|ht|2dt} < 0,

so h is square-integrable. Since predictability is preserved under limits in this norm (we
may choose a predictable version of h), it follows that h is predictable and belongs to H.

Therefore H is convex and closed. O

Proposition 2. Consider the set of achievable wealth
t
V= (Vi € L2 Fr.P) | w=%+/ he-dS,, heH, yeR}.
0

Then:



(i) V; is a linear subspace of L*(Q2, Fy,P), i.e., for any Vi1, Via € V; and a,b € R,
aVi1 +bVia € V.

(ii) Vi is stable under deterministic shifts: if V, € Vy and ¢ € R, then V; + c € V.

In particular, V; can be viewed as the space of square—integrable payoffs that are achievable
by self-financing strategies. In a complete market one has Vr = L*(Q, Fr,P), whereas in an

incomplete market Vr is a proper linear subspace of L*(Q, Fr,P).

Proof. (i) Let V;1,Vi2 € V;. By definition, there exist Vp1, Vo2 € R and hy, hy € H such
that
t t
Via=Vart [ haedS Via=Vaa+ [ hia-ds.
0 0

For arbitrary a,b € R, define
Vo :=aVp1 + bVp 2, hs := ahgy + bhsa, s € 0,t].

Predictability and square—integrability are preserved under linear combinations, hence h €

‘H. Moreover,
t t
aVii +bVig =aVpi + Voo + / (ahs,l + bhs,z) -dSs =V +/ hg - dSs.
0 0

Thus, aV, 1 + bV;2 € V;, which shows that V; is a linear subspace of L*(Q, F;, P).
(ii) Let V; € V; and ¢ € R. Then there exist V5 € R and h € H such that

t
Vt—Vo—i-/ hs - dSs.
0
Set XN/O := Vb + ¢ and keep the same strategy h. Then
. t
Vite=To+ [ ho-ds.
0

so Vi + ¢ € V; by definition. This proves stability under deterministic shifts.
Finally, in a complete market every L?(Q, Fr, P)-payoff is attainable, hence Vr = L*(Q2, Fr, P),

10



while in an incomplete market Vr is a proper linear subspace of L?(Q, Fr, P). O

Assumption 2 (Closed attainable wealth space). We assume that the set of achievable

wealth V; is a closed linear subspace of L*(Q, F;, P).

The results on admissible strategies H and achievable wealth V), clarify which trading rules
are allowed and which terminal payoffs can be reached by self-financing trading strategies.
All optimization problems to be further formulated are written in terms of the terminal
P&L, and this set is a translate of V; in L?(2, 73, P). To ensure that optimal strategies exist
and are well defined, we adopt the Assumption [2| which is consistent with our models where

prices are square—integrable semimartingales and the stochastic integral satisfies an isometry

property [Wksendal [2003].

Remark 1. Note that our defined structure does not imply any condition, such as no-arbitrage

or NFLVR, but only describes the analytical regularity of the strategy class.

Moreover, Proposition [2| ensures that the set V; is a linear subspace of L?(Q, F;,P), thus
for every h € H, the set £; := {LI" : h € H} can also be viewed as a subspace of L?(£, F;, P).
Giving £; with the inner product inherited from L?(), F;, P),

(V1,Va)y, =E[Vi, Vaul, Vig, Vor €V,

<L}f> Lg)& = E[L}ll,t L}QL,t]v L}ll,ta Lg,t € Ly,

and the associated norm ||V||y, := E[fot Vi|? ds] V2 Lz, := E[fot |Lh|? ds] "2 With these
choices, L; is a Hilbert space.

Now, we fix t € [0, T and consider the risk evaluation of square-integrable F;—measurable
random variables. Accordingly, the space L*(Q, F;,P) is taken as the underlying domain,
and X and Y denote generic elements of this space, which is endowed with its natural duality
structure, identifying continuous linear functionals via the pairing X +— E[XY]. The weak
topology o (L?, L?) is considered, and Q denotes the set of probability measures Q on (£, F;)
that are equivalent to P and whose Radon-Nikodym densities % belong to it. Q is viewed

as a convex subset of L*(Q, F;, P).
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Definition 2. A convex risk measure is a function p : L*(Q, F;,P) — R that satisfies the
following properties for all X,Y € L*(Q, F;,P):
i. Monotonicity: If X <Y almost surely, then p(X) > p(Y).
ii. Translation invariance: For allm € R, p(X +m) = p(X) —m.
iii. Convexity: For all A € [0,1], p(AX + (1 = N)Y) < Ap(X) + (1 = A)p(Y).
. Lower semicontinuity in the weak topology: If X, — X in o(L? L?), when n —

oo, then p(X) < liminf, . p(X,).

In the reflexive space L?(Q, F;,P), weak lower semicontinuity with respect to o(L?, L?)
is equivalent to the usual Fatou property for convex risk measures, and this regularity is
precisely what guaranties the existence of a robust dual representation. Combining The-
orems 2.11 and 3.1 in |[Kaina and Riischendorf [2009] yields the dual representation in the
general setting of LP for 1 < p < oo, and holds for p = 2.

p(X) = sup {Eq[~X] — ,(Q) }, (4)
QeQ
with penalty function
p(Q) = sup {Eq[—X] - p(X)}, (5)

where Q := {@ ~P: 9 e L?(Q,fT,P)}.
In order to define compound risk measures, we first introduce the notion of a utility

function.

Definition 3. A function u : R — R is called a utility function if it satisfies the following
properties:

1. Continuity: u is continuous on R.

ii. Monotonicity: u is non-decreasing, i.e., u'(x) > 0 for all z € R,

iii. Concavity: u is concave, i.e., u"(x) <0 for all x € R.

Although utility functions are often normalized in the literature (for instance by imposing
conditions such as u(0) = 0), these normalizations play no role in our analysis and do

not affect the formulation of the optimization problem, so we do not impose them here.
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Besides this, we consider the convex conjugate of the function —u by u*(q) = sup,cp{—qz —
u(z)}, gqgeR.

Following the theoretical framework in Righi| [2024], we now define a composed risk
measure obtained by combining a convex risk measure from definition [2|and a utility function
from definition |3 The resulting composed risk measure is given by p,(X) := p(u(X)), for all
X € L*(Q, F;,P), and inherits monotonicity, convexity, and continuity in the weak topology
o(L?, L?).

Moreover, the composed risk measure p, admits a dual representation of the form

pu(X) = sup {Eg[—X] -, (Q)}, X € L*(Q, Fr, P), (6)

and the associated penalty function is

ap,(Q) = sup {Eq[-X] — p(u(X))}, (7)

XelL?

with Q = {Q ~P: % e L*(Q, .7-},]?)}. So, minimizing the composed risk p, is equivalent

to maximizing the associated variational-preferences functional.
Assumption 3 (Non-degeneracy). There exists Q € Q such that a,, (Q) < oco.

Assumption [3] implies that the effective domain of the penalty is non-empty. Conse-
quently, the dual representation of p, is non-degenerate and satisfies p,(X) > —oo for all
X € L*(Q, F;,P), ruling out the trivial case. This plays the same role as the no-irrelevance
condition (e.g., P(0) > —oo) used in the hedging setup of Righi| [2024]. Based on this, we
end the section after defining the hedging problem.

Definition 4 (Hedging problem). For a given contingent claim with terminal payoff Hr,
the hedging problem consists in finding an admissible strategy h* € H such that

h* € argminhe?—l pu(Lg“>7 (8>

where L = V' — Hy denotes the terminal profit-and-loss generated by the self-financing

strateqy h.

13



3 Proposed Approach

Throughout this section, we formalize the notion of M R and study the triple: properties,
acceptance set and duality representation. This construction is inspired on the framework of
Follmer and Schied| [2016]. Since the focus is on the residual exposure carried from a given
time ¢ until maturity, rather than on instantaneous or recursive risk control, the relevant
random variables, as H varies, are the residual P&L L} (H) := f(tﬂ dL"(H) € Lt(H) with
the convention LT, T"(H) = dL%(H). For each fixed ¢ € [0, T, the mapping h > L{'(H) is

affine.

Definition 5 (Maturity Risk). Let p, : L*(Q, F;,’) — R be a composed risk measure. For
each t € [0,T], the Maturity Risk is defined by

o h I h
MR(t, H) := inf p(Lyp(H)) — inf pu(L7r(H)).

The second term plays the role of a normalization. It isolates the purely temporal compo-
nent of residual risk by removing the irreducible terminal exposure common to all strategies.
As a consequence, M R;(H) measures the additional risk borne by maintaining the position

from time ¢ until maturity.

Definition 6 (Insensitivity to gains). A composed risk measure p, : L*(Q, F;,P) — R is
said to be insensitive to gains if for all X,Y € L*(Q, F;,P) such that Y > 0 and Y = 0

almost surely on the scenarios that determine the risk of X, it holds that

Pu(X +Y) = pu(X).

Insensitivity to gains formalizes the idea that p, reacts only to outcomes that are relevant
for risk assessment. Positive payoffs occurring outside the risk-relevant scenarios—i.e., those
that do not contribute to the evaluation of p,(X)—have no impact on the measured risk.
As a consequence, intermediate gains that do not affect the tail or adverse region identified

by p, cannot be exploited to artificially reduce the assessed risk.
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Assumption 4 (Finite admissible risk). For every ¢t € [0,T], there exists at least one
admissible strategy h € H such that LET(H ) € L, satisfies pu(LzT(H )) < 400, and similarly
pul L7 (H)) < +o0.

Theorem 1 (Properties of M R). Let p, : L*(Q2, F;,P) — R and consider MR : L*(Q, F;,P) —
R, then the following properties hold:
i. MR(t,H) is well-defined and is finite for all t € [0,T].
. The mapping H — MR(t, H) is continuous with respect to the weak-topology o(L?, L*?).
iii. Normalization at maturity: MR(T,H) = 0.
w. Monotonicity in the PEL: For L} (Hy), L} ;(Hs) € L*(Q, F;, P) such that L} (Hy) >
L} (Hs), for all h e H. If

inf pu( L7r(H2)) = inf pu( Ly (H1)) < inf pulLir(Ha)) = inf pu(Lip(Hy)),

then
MR(t,H,) < MR(t, Hy).

v. Monotonicity in the horizon: If p, satisfies insensitivity to gains, then for all
0<t<t <T,
MRy(H)> MRy (H).

vi. Convexity: Let L} (Hy), L} (Hs) € L*(Q, F,P), for all h € H, and X € [0,1]. If
infreq pu is affine at T, then

MR(t, AH, + (1 — N\)Hy) < AMR(t, Hy) + (1 — \)MR(t, H).
Assume in addition that u : R — R is affine and that p : L*(Q, F;,P) — R is a coherent

risk measure. Then, p, is coherent and M R(t, H) satisfies:

vit. Cash-itnvariance: for all m € R,

MR(t,H +m) = MR(t, H).

15



viii. Sub-additivity: for L} ,(Hy), L p(Hy) € L*(Q, F, P),
MR(t,H, + Hy) < MR(t,H,) + MR(t, H).
1x. Positive homogeneity: for all A > 0,
MR(t,\H) = A\MR(t,H).

Proof. i. Fix t € [0,T] and H € L*(Q, Fp,P). For any h € H, L}p(H) € L; C
L*(Q, Fi,P), so pu(L}(H)) is well defined and, by Assumptions (3| and , satisfies
infreq pu(Lp(H)) > —o00 and infrey pu(Lip(H)) < +00. The same reasoning applies
to infreqy pu(LY 1 (H)), which shows that both infima in the definition of M R(t, H) are
finite real numbers; hence, M R(t, H) is well defined and finite.

ii. Let H, — H in o(L?, L?). By Assumption , the infimum in the definition of M R(t, H)
is attained, so h* is the optimal strategy. Then

MR(t, H,) < p L (H,)) ~ pul L (H,)) — pu Lip(H)) = pu L (H)) = MR(t, H),

since H — L"(H) is affine and p, is weakly continuous. Conversely, let h* be optimal

for H,. By weak continuity of p,,

MR(t, H) < liminf <pu(LZ?§,,(H)) - ,ou(Li}?T(H))> — liminf MR(¢, H,,).

n—oo n—oo

Hence M R(t,H,) — MR(t,H).
iii. From the definition of M R, we obtain

MR(T,H) = inf pu(L7(H)) — inf pu(Ler(H)) = 0.

16



iv. From monotonicity of p,, we have that

LZT(Hl) > LZT(HQ) = pu(LtT(Hl)) tT HZ))

pul Ly
= 1nf pu( ) < nf pu( tT(HQ)).

Given the theorem hypothesis of bounded variation at maturity,

il;Llf pu(L%T(HQ)) - i%f Pu(L%,T(Hﬂ) < i%f pu(LZT(H2>) - i%f pu(LZT<H1))
(=) inf pu(Ly7(H)) — inf p( Ly p(Hy)) < inf po( Ly (Ho)) — inf pu( L7 (Hy))

v. Since p, is convex, we can write
. h h . h : h
inf pu(ALyr(Hi) + (1= N Lig(Ha)) < A inf pu(Lip(H)) + (1= A) jnf po(Liz(Ha)),

Here, the assumption that p, is affine at time 7' ensures there is no penalization of

mixture, so the cost is additive at maturity. Thus,
~ h _ h o\ h ) h
Ag{ pU()‘LT,T<H1) +(1 )‘)LT,T(HZ)) )\ég{ Pu(LT,T(Hl)) +(1-2) ég;f{ Pu(LT,T(H2))>
(=) MR(t, H,+ (1 - \NH,) = inf puALEp(Hy) + (1 — AL} 1 (Hs))
— }}g[ Pu(ALg,T(Hl) +(1— )‘>L§l“,T(H2))
. h : h
< A(jnf pu(LEr(FL) = inf pu L (F1) )

(1= 0 inf pu L)) = inf pu(Lhr ()

= AMR(t,Hy) + (1 = N)MR(t, H).
vi. Fix 0 <t <t <T. For any admissible strategy h € H, the P&L decomposition gives

Lyz(H) = Lty (H) + Lig(H),  Liy(H) > 0.
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By the insensitivity to gains property, adding a non-negative payoff that does not affect

the risk-relevant scenarios cannot reduce the risk measure. Hence,
pu Ll (H)) = p L p(H)),  VheH.

By monotonicity of p,, it follows that

plLir(H)) = inf pu(Ly r(H)),  VheH.
Taking the infimum over h € H yields

inf pu(Lyp(H)) > inf pu( L 7 (H)).
Subtracting the common normalization term infyey pu( LY, 7(H)), we obtain
MR(t,H) > MR(t',H).
vii. Here, we use the cash-additivity property of p, obtained by an u affine,

MR(t, H +m) = inf p,(LIp(H) +m) — inf p (L% (H) +m
heH ’ heH ’
= juf, (p(ala(01) = m) = o (i) = )
= (jnt pl () =m) = (it (B 1D) =)
= inf pu(Lip(H)) = inf pu( Ly (H))

— MR(t, H).
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viii. Directly from sub-additivity, we get

MR(t, Hi + Hp) = gg%pu(Lz];T<Hl) + Lip(Hy)) — inf pu(Lg“,T(Hl) + L 7 (Hs))
< mf ( (LtT(Hl)) (L?T Hy) )) - 1nf Pu( TT(Hl) + LTT<H2))

) — int (u( B () + pul L (1)
)

< mf

(ot
- ot
"G

pulLir(Hz))
+ pul L (H2))
inf (Lo (H)) + inf (Lo () )
< (i) + gl )

- (}%f{ pul Lz (H1)) + inf Pu(L:]%,T(Hﬂ))
_ (ﬁgﬁc pu Liz(H))) — inf pu(Lg“,T(HO))

- (}12}; pulLir(H)) — inf Pu(L%T(Hﬁ))

= MR(t, Hy) + MR(t, Hs).
ix. Also, from definition of the property,

MR(t, \H) = inf p(ALi(H)) = inf puALg(H))
= inf (Ml Lir(H))) = inf (Apul Lo (H)))
= A inf pLip(H)) = X inf pu( Ly (H))
= \(jnf pul Ll (H)) = inf pu( Lo (H)))

= AMR(t, H).

[]

The properties above hold for a fixed horizon ¢t. There is no reason to expect sub-
additivity or positive homogeneity to be preserved when comparing maturity risks across
different horizons, M R(t, H) and M R(t', H) are defined on different spaces and the residual
profit L} (H), L}, (H) itself depends on ¢ and t' respectively.
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Remark 2. The monotonicity in the horizon of M R is not an intrinsic property, but depends
on the features of the chosen risk measure. In particular, it holds only when the evalua-
tion criterion is insensitive gains, as is the case with tail-based risk measures, and may fail
when measures react to gains outside risk-relevant scenarios. This highlights that temporal
ordering is determined by the evaluation function rather than market dynamics alone. Fur-
thermore, M R is not a dynamic risk measure in the sense of time consistency or recursivity;
instead, it provides a static quantification of the irreducible exposure left after all admissible

hedging strategies have been applied.

We now associate M R with a collection of acceptance sets. The goal is not to reinterpret
the risk measure, but rather to determine which positions are acceptable after considering
admissible hedging strategies. Acceptability is thus determined endogenously by the market

and available trading opportunities.

Definition 7 (Acceptance sets). Let MR : L*(Q, F;,P) — R. For each level ¢ € R, the
induced acceptance set associated with M R(t, H) is defined as

Alt, ) nim = {H € L2(Q, F,,P) : MR(t, H) < c}. 9)

The set A(t, ¢) := A(t, ¢) yr includes all claims that can be traded from time ¢ to maturity
and whose risk, measured relative to the terminal benchmark, does not exceed the level ¢
when hedged. In this sense, acceptability is governed by both the risk criterion and the

market structure.

Theorem 2 (Properties of the acceptance sets). Consider MR : L*(Q, F;,P) — R and let

A(t, c) be the associated acceptance set. Then, the following properties are satisfied:

i. Non-emptiness and closedness: There exists ¢y € R such that A(t,co) # @. For
any ¢ € R, A(t, c) is weakly closed.
ii. Monotonicity: MR(t,H;) < MR(t,Hs), for all Hy > Hs, if and only if Hy €
A(t,c) = H; € A(t,c).
iii. Temporal inclusion: MR(t,H) > MR(t',H), for any 0 <t <t < T, if and only if
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A(t, c) respects temporal inclusion, that is,

A(t,c) C At ), 0<t<t <T.

iw. MR can be recovered from A

MRA(t,H) =inf{ceR: H € A(t,c)}. (10)

v. Convexity: MR is convex if and only if A(t,c) is a convex set.

vi. Positive homogeneity and sub-additivity: MR is positively homogeneous if and
only if A(t,0) is a cone. In particular, MR is sub-additive if and only if A(t,c) is
convex cone for all ¢ € R.

vii. If A(t,c) is convex, then M R 4 is convex.

vigi. If A(t,0) is a cone, then MR 4 is positively homogeneous. In particular, if A(t,0) is a
convex cone, then MR 4 is sub-additive.

ir. A(t,c)mr, is equal to A(t,c) .

Proof. 1. By finiteness of M R(t,-), there exists Hy such that M R(t, Hy) < +00. Setting
co = MR(t, Hy), Hy € A(t, o), thus A(t,co) # @.
Let H, € A(t,c) with H,, — H in o(L? L?). By weak continuity of M R(¢,-), MR(t, H) =
lim, oo MR(t, H,) < ¢, thus H € A(t, c¢). Therefore, A(t, ¢) is weakly closed.

ii. Assume H, > Hy = MR(t, H)) < MR(t, Hz). If Hy € A(t,c), MR(t, Hy) < MR(t, H) <
¢ = Hye At,c).

Conversely, suppose Hy € A(t,c) = H; € A(t,c) for all ¢ € R. Taking ¢ := M R(t, Hs),
Hy € A(t,c) = H; € A(t,c) = MR(t,H,) < MR(t, Hy).

iii. If MR(t,H) > MR(t',H) for 0 <t <t < T, then H € A(t,c) = H € A(t,c).
Conversely, if A(t,c) € A(t',c) for all ¢ € R when 0 < ¢t < ¢/ < T, then for ¢ :=
MR(t, H), we have H € A(t,c) = MR(t', H) < MR(t, H).

iv. H € A(t,c) <= MR(t,H) < c. Hence,

{ceR: He A(t,e)} ={ceR: MR(t,H) <c} =[MR(t,H),+00),
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and

MR(t,H)=inf{ce R: H € A(t,c)} = MR(t,H).

v. Assume M R(t,-) is convex. Fix ¢ € R and let Hy, Hy € A(t,c). For A € [0, 1],
MR(t, \H, + (1 — N Hy) < AMR(t, Hy) + (1 — NMR(t, H) < c,

hence A\Hy + (1 — \)Hy € A(t, ¢).
Conversely, assume A(t,¢) is convex for all ¢. Fix Hy, Hy and A € [0,1]. For ¢ > 0,

choose
Hy € A(t,c1), & < MR(t,Hy) + e, Hy € A(t,c), o < MR(t,Hy) +e.
Set ¢ := Aep + (1 — N)co. Then Hy, Hy € A(t, ¢) and, by convexity,
MH, + (1= N Hy € A(t,¢) = MR(t,MH, + (1 — N Hy) < c.

Letting € | 0 yields convexity of M R(t, -).
vi. If M R(t,-) is positively homogeneous and H € A(t,0),

MR(t, \H) = AMR(t, H) <0, A >0,

thus AH € A(t,0), i.e. A(t,0) is a cone. If M R is sub-additive, it is convex, and .A(¢, 0)
is a convex cone.

Conversely, if A(t,0) is a cone,
MRA(t,NH) = inf{c: NH € A(t,c)} = \MR(t, H).

Also, sub-additivity follows from convexity.

vii. Consider A(t, c) is convex for all ¢ € R. Fix Hy, Hy and A € [0, 1]. For € > 0, choose

H, € A(t,cl), c < MRA<t,H1) + ¢, H, € A(t,CQ), cy < MRA(t,HQ) + €.
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Set ¢ = Ac1 + (1 — A)ca. Then Hy, Hy € A(t, ¢) and
)\Hl + (1 — )\)HQ € A(t,C) = MRA(t, )\Hl + (1 - )\)HQ) S C.

Letting ¢ | 0 yields convexity.
viil. Given A(¢,0) is a cone. Fix H and A > 0. Let ¢ > MR4(t,H). Then H € A(t,c) and

MR(t,\H) < e = AH € A(t,\¢c) = MRA(t,\H) < Ac.
Taking the infimum over ¢ > MR (t, H),
MRA(t, \H) < AMR4(t, H).
Conversely, let d > M R4(t, \H). Then A\H € A(t,d) and, for A > 0,
MR(t,H) <

— MRA(t,H) <~ = AMRA(t,H) < d.

>
>

Taking the infimum over d,

MR(t, \H) = A\M R(t, H).

If A(t,0) is convex, fix Hy, Hy and € > 0. Choose

Hl GA(t,Cl), C1 SMRA(t,H1>+5, H2 EA(t,Cg), Co SMRA(t,HQ)‘i‘(f

Then,
H,+ H, € A(t,Cl + CQ) = MRA<t, H + HQ) <c + e

Letting € | 0 yields sub-additivity.
ix. Let H € A(t,c)mr,. Then MR4(t,H) < c and there exists (H,) C A(t,c) such
thatH, — H in o(L? L?). Since A(t, c) is weakly closed, H € A(t,c).

Conversely, if H € A(t,c), there exists (H,) C A(t,c) such that H,, — H. By weak
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continuity of MR4(t, ), MR4(t,H) = lim,_,oo MRA(t,H,) < ¢, so H € A(t,c)mnr,,-

Therefore, A(t, ¢c)ur, = Alt,c).
O

Theorem 3 (Dual representation of MR). Assume MR(t,-) : L*(Q, F;,P) — R. Then,

when u is non-affine, non-affine utility u, M R(t, H) admits the dual representation

MR(tH) = sw {B[HQ-B(1.Q)},  8.Q) = sw  {E[HQI-MR(,H)}. (1)

Q>0 HeL2(Q,F:,P)

In the case where u is affine, cash-invariance implies that

MR(t,H) = — = inf_ MR(t,H). 12
Rt H) = =pt,0) = _ inf _ MR H) (12)

Proof. Fix t. Since MR(t,-) : L*(Q, F;,’) — R is convex and weakly continuous, the

Fenchel-Moreau theorem yields

MR(t, H) = sgp{E[HQ] -8t Q)},  BtQ) = Sgp{E[HQ] — MR(t, H)}.

Monotonicity of M R implies (¢, Q) = +0o whenever P(Q) < 0) > 0, hence the supremum
may be restricted to @) > 0.

If u is affine, then M R(t, H +m) = M R(t, H) for all m € R. Substituting H + m in the
dual form gives

MR(L H) = sup{ELHQ] + mE[Q] — (1, @)} vm,

which forces E[Q] = 0 for every effective (). Together with @) > 0, this implies @ = 0 a.s.,

and therefore

MR(t,H) = —p(t,0)0=— sup {—-MR(t,H)} = inf  MR(t,H).

HeL2(Q,7:P) HeL?(Q,F:,P)

O

When u is affine, cash-invariance yields M R(t, H + m) = MR(t, H) for all constants

m. As a result, when a deterministic shift is applied to the reward, the value remains
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constant. For this reason, we identify payoffs by the relation H + m ~ H, which means
that two elements are in the same class if they differ only by a constant. Then M R(t, )
is well-defined on the collection of equivalence classes [H| = {H +m : m € R}, and it
depends only on [H], not on the specific representative H. In this interpretation, taking
inf yer20,7,p MR(t, H) means taking the infimum over these classes, that is, selecting the

class [H| that minimizes the residual risk when constants are ignored.

4 Optimization

By Definitions [4] and [5] the claim H is associated with a maturity risk M R(t), defined
through the minimization of the composed risk measure p, evaluated on the residual profit-
and-loss LQT over admissible strategies h € H. Accordingly, the optimization problem is for-
mulated on the space of attainable P&L outcomes, viewed as a subspace L£; C L?(Q, Fr,P),
and p, is considered through its restriction p, : £; — R.

From now on, we regard this minimization as a stochastic control problem and aim to
reconstruct the Stochastic Maximum Principle (SMP) for risk measures. Our formulation
follows [Peng| [1990]; for a general review of stochastic control see [Yong and Zhou [1999].
We denote by X; the state vector collecting the model factors driving the P&L, including
(S¢, Hy) and, when required by the model specification, stochastic volatility v; or jump J. The
control variable is the trading strategy A € H. In this formulation, the stochastic differential
equation in Assumption [I]is taken as the controlled state dynamics whose evolution depends

on h through the drift, diffusion and, when presented, jump coefficients.

[First-order variational equations| Consider a family of perturbations (h¢). given by h® =

h* + ev, where h* € H is an admissible control and a candidate optimal control, and v € H

is an arbitrary direction. Assume that the coefficients of the system are Lipschitz continuous

and sufficiently smooth in the state and control variables. Then the first-order variational
processes

XP - X

) ) Lh€ _ Lh*
Y, = lim t—, Ly = lim B S——
e—0 £ e—0 e
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exist and satisfy the linear first-order variational equations

AY; = Oppu(t, X" W) Yy dt + Oppu(t, X2 h¥) vy dt
+ 0,0 (t, X7 B2 Y, dW, + Opo (t, X b)) v, dW, (13)
+ 0, J(t, X W) YL dN, + 0, J(t, X B} v AN, Yy =0,
and
dZ; = 0,b(t, X[ h}) Yy dt + Opb(t, X[ hi) v, dt
+ 0un(t, X B Y dW, + Opn(t, X, b)) v, dW, (14)
+ 0.6t X hy) Y ANy + O0pé(t, X} By ) vedNy,  Zo = 0.

Proof. By the Lipschitz continuity of the coefficients in (z, h), there exists a constant K > 0
such that, for all ¢ and all (x1, hy), (22, hs),

|t w1, he) = p(t, @2, ha)| + |o (8, 21, ha) — o, @2, ho)| + [J(t, 1, he) — J (8, 22, ha)

< K(|zy — x| + |y — hal),

|b(t, x1, h1) — b(t, xo, ho)| + |n(t, 1, he) — n(t, za, ho)| + [E(E, 21, hy) — E(t, o, ho)
< K(|.Z'1 - 513'2’ + |h1 — hg’)

Let (X" L") and (X", L"") be the state processes associated with h® and h*, respec-
tively. Subtracting the integral forms of the corresponding SDEs and dividing by e, we

obtain for each ¢

s 1'"s

— s ) s) dS
£ 0 £
t th he) — Xh* h*
O-(S’ s ) 5) U(S’ s S) dWs

XM — XM b (s, XD URE) — (s, X e

+

£

/

t he pey _ h*
/ J(S7Xs 7hs> J(S7XS 7h8) dNS’
0

+

£

26



and

ds

€ €

t th he) — Xh* h*
+ / 7](8’ s S) 77(8, s ) s) dWS
0 g

t th he) — Xh* h*
+/ 5(87 s S) . 5(57 S ) s) dNS
0

L?E_L?* /t b(stgeahz)_b(S’Xsh*>hz>
0

Using hS = h’ + evy and applying the mean value theorem in (x, h), for each fixed (s,w)

we write

pls, X7 hS) — puls, XJ7 hg) = Oupa(s, X5, hE) (XY — X]7)
+ ah:u(sa Xj? Bi) (hi - h:)>

dividing by € and using hf — h% = cv, yields

XM hg) — XM hr o XX
/L(S, s s) ,LL(S, s s) — IIM(S,XSE,}LZ) s s
S £

+ ah/L(Sa X; Ba) Us,

§7°7s

with analogous expressions for the remaining coefficients o, J,0,1m,£. By the smoothness
assumptions, the partial derivatives are continuous and bounded. Therefore, for any se-
quence of intermediate points X¢, hS the composition of d,b(s, X", h¥) and 9,,b(s, X", h¥)
(including the other coefficients) are uniformly bounded in € and converge, as ¢ — 0 , to
the corresponding derivatives evaluated at (X", h*). Substituting these expressions into the
integral equations for the differentiated quotients

XP - XM

AX; = ———,
€

h® h*
Lt — Lt

AL := 8
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satisfies a linear system (AXf, ALS). For each t € [0, 7], the limits

. th _ Xh‘* th _ Lh*
Y, ;.= lim —%+—* Zy = lim —+——
e—0 g e—0 g

exist on the appropriate space. Passing to the limit in the linearized equation system leads

exactly to the stated first-order variational equations

dY; = O,u(t, X" B} Yy dt + Opp(t, X1 h}) v, dt
+ 0,0 (t, X B Y, dW, 4 Opo(t, X1 b)) v dW,
+ 0 J(t, X ) Y dNy + 0 J (6, X W) v dN,, Yy =0,

and

dZ, = 0,b(t, X[ h}) Yy dt + 0b(t, X! h}) v, dt
+ 0un(t, X BY) Y dW, + Opn(t, XTI, b)) v, AW,
+0.E(t, X ) Y AN, + 0€(t X{ hy) v dN,, Zo = 0.

]

Y, is the first—order response of the state X; to a directional perturbation v, while Z; is
the corresponding first—order variation of the P&L. Hence Y; depends only on v, whereas Z;
depends on both v and Y, reflecting the indirect influence of the control on L; through the

state.

Let p, : £; — R be a composed risk measure. Then, p, is Gateaux differentiable at L?,T
if:
i. u:R — Ris differentiable a.e. and v'(L{y)Z, VZ € Ly;
ii. pis Gateaux differentiable at the point u(L} ).

w h —pu h Lh A= Lh
Proof. Let Z € £, and consider the directional increment 2 Logte?)pulliz) _ Pttt sve) o t’T)).

5 5
“(L?,T+EZ)_U(L?,T)
€

By condition (i), — u/(L})Z in L, as e — 0. Hence, by condition (ii), p

is Gateaux differentiable at u(L}';), the above limit exists and is linear in Z. Thus, p, is
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Gateaux differentiable at LZT. ]

Assume that the mapping h — L% is also Gateaux differentiable at h* and p, : £; — R
is Gateaux differentiable at L. Then there exists a unique T € £, such that, for every
vEH,

pu(h")w] = Dpu (L7 )[[v] = (T, Tv)z, = E[T Tv]. (15)

Here, T'v := DLy (h*)[v] denotes the directional derivative of L% at h* in the direction v.

Proof. Assume that p, : £; — R is Gateaux differentiable at L% . Then, Dp, (L) : £; = R
is a continuous linear functional. Since £, is a Hilbert space with inner product (7, Zs) ., :=
E[Z,Z,], the Riesz representation theorem yields the existence of a unique T € £, such that,
for all Zr € L,

Dpu(Li)Zr) = (T, Zr) e, = B[ Zz). (16)

Assume next that the mapping h — L% is Gateaux differentiable at h*. Denote its
derivative by DLy (h*)[v] = 'v, where I' : H — L is linear and continuous. For v € H and

h® = h* + ev, the terminal value admits the expansion

L = L% +eTw+o(e), ole) — 0in L. (17)
£

Since p, is Gateaux differentiable at L&
pu(L) = pu(L}) + Dpu(Ly ) [LF — L] + o(e). (18)
Substituting the expansion of L% — L and using linearity and continuity of Dp, (L% ),
pu(Ly) = pu(Ly )+ Dpu (L} )[T0] + o(e). (19)

Dividing by ¢ and letting ¢ — 0, the directional derivative of the mapping h > p,(L%) at
h* in the direction v exists and satisfies

e BERT pu(L:}ﬁ)_pu(Ll}*)
L)) =t L) =

= Dpu (L7 )[T'v]. (20)
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Using the Riesz representation of Dp, (L%),
pu(h) 0] = (X, Tv)g, = E[TT0]. (21)

]

In simple terms, T assesses how the risk functional p, reacts to tiny changes in the termi-
nal payoff L T, while the operator I' shows how a perturbation of the strategy h propagates
into a variation of Ly. The adjoint operator I'* reverses the action and returns a termi-
nal sensitivity to the space of strategies. To achieve a local-in-time optimality requirement,
the terminal sensitivity must be expressed as a time integral, which necessitates the use of
adjoint processes. Since the functional p,(L%) depends only on the terminal value L%, the
adjoint associated with the state variable X" has zero terminal condition and is therefore
identically zero. Hence, it is sufficient to introduce a single non-trivial adjoint associated

with the equation of L".

Denote by (p, ¢, 7¢)tecpo,r) the triple of adapted processes solving

dpt = - (axb(tv Xth*v h';fk)pt + axlr](tu Xth*7 h:) qt + arg(ta ngl*7 h:) Tt) dt + qt th + Tt dNt;

(22)
where = € L£;. If (Y, Z) is the solutions of the variational system of equations associated

with h® € H, then, for every v € H,
T * * *
E[EZ;] = E / (ahb(t, X B pe + Oun(t, X RE) g+ OWE(t, X1, BY) rt> vedt. (23)
0

In particular, if the adjoint is required to represent the derivative of p, at h*, its terminal

condition can be chosen as pr ===17T.

Proof. Let v € H and let (Y, Z) be the first-order variations associated with the perturbation
h® = h* + v, as given by the variational system of equations. Fix = € £, and let (p,q,r) be

the adapted solution of the adjoint equation with terminal condition pr = =.

30



Consider the product process p;Z; on the interval [0, T]. By Ito’s formula, its differential
is given by

d(peZy) = pr dZy + Zy dpy + d|p, Z],

where d[p, Z]; denotes the quadratic covariation. Substituting the dynamics of Z; from the
variational equation and the dynamics of p; from the adjoint equation, we group the drift
terms. The terms involving Y; cancel due to the choice of the adjoint coefficients 0,b, 0,1

and 0,&. The remaining drift term is linear in the perturbation v; and reads
(ahb(t7 Xth*v h:) Dt + 8h77(t7 Xth*7 h;fk) qt + 8h§<t7 Xth*v h:) rt) Ut dt.

Integrating from 0 to 7" and taking expectations, the stochastic integral terms have zero

expectation by square-integrability. Since Z; = 0, we obtain
T * * *
ElprZs] =E / (Onb(t, X[ i) pe + Oun(t, X[, 1Y) qr + OR&(t, X[ hy) ) vy dt.
0

This establishes the duality relation with terminal condition pr = Z.

On the other hand, the directional derivative of the risk functional at h* satisfies p} (h*)[v] =
E[Y Zr]. If the adjoint is required to represent this derivative, then E[=2Z7] = E[Y Z7| for all Z; =
I'v. Since ]E[(E - ) Fv} =0 = I*Z =TI"Y. In particular, the adjoint terminal condi-
tion may be chosen as pr = Z = T, without loss of generality, since only ['*= enters the

optimality condition. O]

The Lemma [4 shows that the adjoint equation 22| with terminal condition chosen as
= =17, is in perfect duality with the variational system. The product p,Z; plays the role
of a "stochastic Lagrange bracket" that turns the terminal functional E[Y Z7] into a time

integral whose integrand is proportional to v;.

Theorem 4 (Stochastic Maximum Principle for p,). Assume that the mapping h — p, (L)
is convex and Gateauz differentiable at h*. Assume that the controlled state (X", L") is well

defined and that the coefficients are Lipschitz continuous and sufficiently smooth. Define the
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Hamiltonian

H(t’ x? h? p7 Q7 r) = pb(t7 x’ h) + q n(t7 x’ h) + T&(t7 x? h)' (24)
Let (p,q,r) be the adjoint process associated with (X", L") with terminal condition py = Y.
If h* is optimal, hence

OnH (t, X! h pe,qi,me) =0,  for a.e. t €10,T), P-a.s.. (25)

Proof. Fix v € H and consider the perturbation h® = h* + cv. By Propositions [ and [}
the mapping h + p,(L%) is Gateaux differentiable at h* and there exists T € £; such that
ph(h*)[v] = E[Y Zr], where Zr denotes the terminal first-order variation associated with
thedirection v.

Let (pe, @i, ri)icpo,r) be the adjoint process defined in Proposition With terminal condition
pr = Y. So, by the duality relation of Proposition [ for every v € H,

T
E[T Z;] = E / (8hb(t, X B pe+ On(t, X RE) qo + OnE(t, X1, hE) rt) v dt.
0

Combining the two identities gives us

Pu(h)v] = E

T
/ <8hb(t, X B pe+ Oun(t, X RE) g+ OnE(t, X1, hE) rt> ” dt] .
0

From the definition of the Hamiltonian, the integrand coincides with 0, H (t, X", h}, ps, qs, 7t) vy

Hence,

Pu(P)v] = E

T
/ 8hH(t, Xth*a h:apta qt, Tt) Vg dt]
0

Assume now that h* minimizes the convex functional h — p,(L%) over H. Hence,
Pl (h*)[v] > 0 and since the Géteaux derivative is linear in the direction, p! (h*)[—v] =

—pl,(h*)[v] = pl,(h*). We substitute this into the previous representation to obtain

E

T
/ ahH(t>Xth*7h:7pt7Qt,rt) Utdt] =0
0

(= )8hH(t,Xf*,hI,pt,qt,rt) =0, forae. te|0,T], P-as.
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5 Examples

Next, we showcase three models for the underlying asset price: the Merton Jump-
Diffusion model, the Heston Stochastic Volatility model, and Geometric Brownian Motion
(GBM). In these examples, we take into consideration a smooth payoff function H(t,S;)
(e.g., H(T,Sr) = max(Sr — K,0), K > 0, for a European call), which guarantees the
application of 1t6’s lemma and permits a canonical representation of the P& L dynamics in
accordance with Assumption [I The notation and general structure remain identical across
the three examples, with differences arising only from the characteristics of the underlying
stochastic process. For each model, the corresponding first—order optimality conditions are
derived directly within the example.

The composed risk measures are then created and used for all stochastic specifications.
The linked terminal condition is common to all three processes and only needs to be specified
once because the evaluation criterion is applied to the terminal P&L and is independent of
the asset dynamics. Three risk measures — Expected Loss (EL), Entropic Risk Measure
(ERM), and Expected Shortfall (ES) — as well as linear, exponential, and Weibull-type
utility functions are taken into account in the study. Because they don’t meet the necessary
requirements, compositions containing £'S with exponential or Weibull-type utilities are dis-
carded. E'L with linear utility is a special case among the remaining specifications, resulting
in a degenerate optimal control. In total, the combination of three stochastic models with

six composed risk measures gives rise to eighteen distinct problems.

Assumption 5 (Regularity of coefficients). The drift and diffusion coefficients are assumed
to be locally Lipschitz and to satisfy linear growth conditions. These assumptions ensure

the well-posedness of the forward Stochastic Differential Equations (SDEs).

Example 1 (GBM). Consider the one-dimensional case in which the underlying asset follows
a GBM,
dSt = /LSt dt + O'St th, (26)

with ¢ € R and o € R constants, and (W;)¢cpo,r) a standard Brownian motion. Applying
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Ito’s lemma to H(t, S;) yields

OH | OH 1,00 OH

Using dL? = hydS; — dH;, the P&L dynamics can be written directly in canonical form

as
h,GBM
dL; = |:(ht as)MSt (%{{ + l 253%521)] dt + (ht - %—g)ast dW,. (28)
A 1, W
bGBM(uSt,Ht,ht) nGBM (¢, Hy,hy)

and the derivatives of the coefficients with respect to the control are therefore given by

ahbGBM(t7 Sy, Hy, ht) = S,
ahT]GBM(t, St, Ht, ht) = O'St.

The associated Hamiltonian reads
H<t7 St, Hy, by, py, Qt) = bGBM(t; Sy, Hy, ht)pt + UGBM(ty Sy, Hy, ht) qt,

so that

8hH(t7 St7 Ht7 ht7pt7 qt) = MStpt + O'Stqt'

The first-order condition for an interior minimizer h* takes the form

0 = pSipy + oS, (29)

where (py, q;) solves the adjoint Backward SDE (BSDE) associated with the chosen composed
risk measure. Together with (S;, H, L"), this condition yields a coupled Forward-Backward
Stochastic Differential Equation (FBSDE) system. In particular, the adjoint process satisfies

0’H 1 0*H O*H
dp, = [ + (QSt + 87— )] P dt — gpt AWy, qr = _gptu

otosS 05?2 LR

(30)
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Example 2 (Heston Stochastic Volatility). Take the two-dimensional process (S, 1), intro-

duced in Heston1993, defined by

dS, = pSy dt + /v, Sy AW/ 1)
1
dvy = k(0 — 1) dt + o,\/vy AW/,

where 1 € R, k,0,0, € Ry, and (W7, W/) is a two-dimensional Brownian motion with
correlation dWdW}? = pdt, p € [~1,1]. The variance process v; follows a Cox-Ingersoll-
Ross (CIR) diffusion and remains strictly positive with probability one whenever the Feller
condition

2Kk0 > af

is satisfied.

Applying It6’s lemma to H(t,S;) yields

OH OH oH 1 O’H 1 O?’H
dH; = S, 0 — ~1,S? —021/ — |dt
a (atﬂ”as w0 =), T gnSige T ”taﬂ)
(32)
H
+ PO Sy o oo dt + \/ZS} dWS + ay\/z Wy
The P&L dynamics thus can be written directly in canonical form as
 Heston OH OH OH o’ H 9 H o’ H
dL,}f ,Hest = (ht,ufst + htﬁ(e — Vt) — E — ustﬁ — Ii(@ — Vt)E StZ 952 — %O’zl/tw - pUVVtStM) dt
bHeston (.S vy Hy hy)
+ (hf - %)@st dwW? + (htal, 0,21 )\/th AWy
(A ——
nHeston (¢ S, vy Hy hy) nHeston (¢ uy Hy hy)
(33)

with derivatives of the coefficients with respect to the control given by

ahbHeSton(t, Sy, vy, Hy, hy) = Sy + k(0 — 1),
Oy (¢, Sy, v, Hy, he) = /11 S,

ahngleston(t’ Vy, Ht, ht) = Opy+/Vt.
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The Hamiltonian is
H(ﬂ St, Ve, Hy, hy, py, g1, Tt) = bHesmn(ty St, vy, Hy, ht)pt‘f'??%{esmn(ta St, vy, Hy, ht) qt+n§e“°“(t, vy, Hy, ht) T,

so that

OnH (t, Sy, v, Hy, by, e, Gry Tt) = (MSt + k(0 — Vt))Pt + Ve St @ + oV T

Hence, the first-order condition for ~A* is obtained by setting this derivative equal to zero:

0= (uSt + H(Q - l/t))pt + \/V_tSt g + O-V\/Ftrta (34)

where (py, g;, 7¢) solves the adjoint BSDE, coupled with forward dynamics of (S, vy, Hy, L),
this yields a FBSDE system. The adjoint process satisfies

0*H 0*H 0*H

PH
. o 2
gi0s T Mgge TR0 - mges

dpy = VtSt %

1
2

11 o + SRR P
27 g5a2 TP g 52, | P
(35)
H 0*’H 0°H
—\/_< +Stas )qtdt+gy\/7tasa Ttdt—}—qtdI/Vf—{—Ttthy,

Example 3 (Merton Jump-Diffusion). Consider the Jump-Diffusion process, originally pro-

posed by Merton1976, whose dynamics are described by
dSt = ,USt dt + USt th + St_<<] — 1) dNt, (36)

where 1 € R, 0 > 0, (Wy)sejor) is a standard Brownian motion, and (NNy)cjo,r) is a Pois-
son process with intensity A > 0. The jump size J follows a lognormal distribution, with

log J ~ N (jy,0%), and the Brownian and jump components are independent. H(t,S;) can
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be characterized by

ot 95 27 7 g oS
+[H(tI8) - H(t, Si-)]dn.

2
dHt <6H MSta 1 2S28 > dt+USta—Hth
(37)

Substituting the above expression into the definition of the P&L, one obtains the canon-
ical decomposition
h,Jum
dLmm = [(ht W) S, — (%L + Lo°SP5H)| e

t 952

/

pJump (t,St JHy ,ht)
OH
+ (hy — )0 S, dW,
—_———
nTump (¢,Sy, Hy )

+ (S (J = 1) = [H(t, JS,-) = H(t,5,)] ) dN..

(38)

-
gJump (¢ Sy Hy ht)

From this representation, the sensitivity of the coefficients with respect to the control variable
is

Onb”™™ (t, Sy, Hy, he) = 1Sy,

o™ (t, Sy, Hy, hy) = oS,

O™ P (t, Sy, Hy, hy) = Sy (J — 1).

The corresponding Hamiltonian is constructed as
H{(t, Sy, Hy, he, pes oy i) = bJump(ta St, Hy, he) pe + WJump(ta Sy, Hy, he) g + fJump(t7 Sy, Hi, hy) 1,
which implies
OnH (t,Se, Hy, hay pey g re) = pSepe +0Sp e + S (J — 1) 1
Accordingly, the first-order optimality condition associated with h* is given by

0=pSipe+0Siq+ Si—(J — 1), (39)
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when combined with the forward evolution (S;, H;, L'"). This condition gives rise to the

coupled FBSDE, where the (p;, ¢, ;) satisfies the BSDE below:

,
8°H PH 1 ,o0H |, 0H
dpr = [azas+“5t052 oS ggs T Sgge [Pt
OH  O°H OH OH
) (as*stas >qtdt [(J—mt—( S5t 8) = St st)) )

+ q: AWy + 1 d N,

Example 4 (EL with linear utility). Consider F'L as the risk measure, defined by p(X) =

—E[X], and a linear utility function u(z) = x. The resulting composed risk measure is

pul(X) = —E[X]. (41)
When applied to the Lf;, this yields p,(L};) = —E[L{7]. The corresponding Géateaux
derivative satisfies

Dpu(X)[Z] = —E[Z] = E[(-1)Z], (42)

which implies that the adjoint processes are given by p; = —1 and ¢; = 0.

It is easy to see that the objective function is affine and therefore does not admit an
interior minimizer. Whenever the drift of L, is non-zero, the value of —E[L}';] can be made
arbitrarily small by sending |h;| to infinity in the appropriate direction, leading to explosive
solutions. Due to this reason, E'L with linear utility does not fit coherently into the general

convex-analytic framework and should be regarded as a degenerate limiting case.

Example 5 (EL with exponential utility). Consider the EL p(X) = —E[X] and the expo-

—ax

nential utility function u(z) =1 — e *, a > 0. The composed risk measure is

pu(X) =E[e™*¥] — 1. (43)
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For LZT, we have
pu(L?,T) = E[eiaL’};’T}
Dpu(X)[Z] = E[ - ¥ 2],
[ ] )
T(X) = —ae™ ™,

pr="T(L}7) =—a el

Example 6 (EL with Weibull utility). Let p(X) = —E[X] and the Weibull-type utility

function u(z) = 1 — exp((— min(z,0))*), k > 1. The composed risk measure is
pu(X) = E[elminX0*) _q, (45)
Substituting L{';,, we obtain

pu(Lly) = E[e"” rnin(LZT,()))kL Eo 1
Dpu(X) [Z] = ]E|: — k‘(— min(X’ O))k‘—le(—min(Xp))kZ} : ( )
46

Y(X) = —k(— min(X, 0))* el mn(00"

pr = T(Ly) = k(= min(L{, 0)) e 0",

Remark 3 (Weibull-type). For Weibull-type utilities, Gateaux differentiability at LZT re-
quires P(L}'; = 0) = 0, since the utility is non-differentiable at zero. If this condition fails,

differentiability is lost and the composed criterion admits only sub-differentiability.

Example 7 (ERM with linear utility). Take the FRM with risk aversion parameter vy > 0,
p(X) = }Ylog E[e7¥], together with the linear utility function u(x) = z. The composed risk

measure 1s

pu(X) = % log E[e™"]. (47)
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Thus, the terminal condition of the adjoint can be written as

1
pu(LZT) = ; log]E[e*'yLﬁT], v >0,

Dz = -2,
e X (48)
T(X) = —W,

. e~ "Ll
pr = T(LLT) = _W.

Example 8 (ERM with exponential utility). Start from the ERM with parameter v > 0,

p(X) = %log El[e™¥], and choose the exponential utility function u(z) =1 — 7%, a > 0.

The corresponding composed risk measure is
1 ,yefaX
pu(X) = ;logE[e ] - 1. (49)
For Ly}, we have

1 —aL}
pu(Ll) = = logE[e“ - ’T}, a>0,~v>0,
7 Y

Ele-aXere " Z
DIOU(X)[Z] =—a [E[eye—ax} ] )
emaXeve (50)
T(X)=-a B[]

*

h
—aL?;« Ne kT
B e e
pPr = T(Lt,T) = —a el
E[ew ’ }

Example 9 (ERM with Weibull utility). Let p(X) = LlogE[e=7*], v > 0, be the ERM,

oy
and let u(z) = 1 — (- mi“(x’o))k, k > 1, be the Weibull-type utility function. The induced

composed risk measure is
1 (= min(X,0))F
pu(X) = —1ogE[eve } ~1. (51)
g
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When applied to the LZT, we get

, v>0, k>1,

1 (—min(L] 7.,0))"
pu(L?T) = —logE {676 e }
’ Y

Je(— min(X, 0))*Le(-min(X.0)F et min (0"
E [eye(fmin(X,O))k]
k(— min(X’ O))k_le(_ min(X,O))ke’Ye(i min(X,0))k (52)

E [€7€<’ min(X,O))ki| ’

DPU(X)[Z]:E - A

Y

T(X) = -

% . h* k
: h* k—1_(—min(Lh7,,00)F yel™mintEer:0)
k(—min(L 4, 0))" e L1 e

h*
br = T(Lt,T) = - PRI
< {ewe(_ min(L7.,0)) }

Example 10 (ES with linear utility). We define ES p(X)ES(X) := inf,er {a + ﬁE[(X —a)*] },
with 8 € (0,1), following Rockafellar2000. Using the linear utility function u(z) = z, we

have

pu(X) = (irel% {a + ﬁE[(X —a)*] } . (53)

For the terminal profit and loss LZT, the terminal condition of the adjoint is

. 1
i) = it {ar B[ - )] |

1-p
1
Dp.(X)[Z] = EE[l{Xza*}Z]’
: (54)
T(X) = m 1ix>ar),

. 1
pr = T(L?,T) 1 3 1{Lg*Tza*}-

Remark 4 (ES). For ES, Gateaux differentiability at L}'; holds provided that a minimizer
o € argmin,eg {a + ﬁ]E[(LfT — a)+] } exists and satisfies ]P’(LZ*T = o) = 0. If the min-

imizer does not exist or if the quantile is not unique, ES is in general only sub-differentiable.
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6 Numerical Analysis

In order to estimate M R(t) for each example in Section , we must compute an ap-
proximately optimal hedging trajectory, i.e., a control A* minimizing the risk of the residual
profit. This requires solving the coupled FBSDE system derived in Examples with ter-
minal conditions py = T(L};) as specified in Examples .

The quantity encoding the risk criterion appears only at the terminal time, which renders
the coupling implicit and distribution-dependent. Furthermore, this structure is singular in
the sense that distinct controls may generate terminal distributions that lead to identical
terminal adjoint values, thereby causing the associated optimality system to admit multi-
ple solutions at the discrete level. It should be noted that numerical schemes relying on
strong regularity or monotone contraction properties may fail to converge or may converge
to spurious fixed points, when T is steep, non-smooth, or highly sensitive to tail events.

The algorithm adopted below is based on successive approximations tailored to the max-
imum principle structure of the problem; |@®ksendal [2003|, Kloeden and Platen| [1992] serve
as the basis for its implementation. Starting from an initial control, one iterates the cycle
of forward simulation — backward adjoint resolution — control update using the discrete
first-order condition. This choice is motivated by the fact that it separates the forward prop-
agation of the state and P&L from the backward propagation of sensitivities, while keeping
the coupling confined to the terminal map Y.

The method is subject to standard limitations of iterative schemes in stochastic control,
including sensitivity to step sizes, Monte Carlo noise in conditional expectations, and possible
convergence to non-optimal stationary points. Nevertheless, in the present setting it provides
a direct procedure to generate, for each example, a consistent family of near-optimal hedging
trajectories required to evaluate the M R surface.

The numerical experiments follow a unified computational framework common to all
market models considered. While each model is characterized by its own forward dynamics
for the state variables, the numerical objective is identical across specifications. Given a fixed
time grid (,)Y_, with At = T/N and a Monte Carlo (MC) sample of size M, we require

n=0

a consistent procedure to (i) simulate S; (ii) obtain H;, meaning the derivatives price, and
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its partial derivatives. This modular design isolates model-specific components from those
shared across all settings, enabling the computation of the M R on a common discretization
and under comparable numerical conditions.

The first pre-processing step consists in simulate S; forward. For each model, the state is
sampled on the grid (¢,) and the resulting paths are kept fixed throughout the optimization
iterations. In the GBM and Jump-Diffusion models, the asset price is propagated via a
multiplicative Euler-Maruyama scheme, expressed directly in terms of the current state and
the sampled increments. In the Heston model, the state includes both the asset price and the
stochastic variance, and the Euler discretization is modified to ensure numerical stability of
the variance component. Specifically, a truncation rule is applied to preserve non-negativity
at the discrete level, while the correlated Brownian increments driving the asset and variance
dynamics are generated jointly. These modifications are introduced solely for numerical
stability.

The second pre-processing step is the approximation of the contingent claim price H,
along the simulated state trajectories, together with the partial derivatives required by the
discrete adjoint equation. As closed-form expressions are not available uniformly across
models, H; is estimated by a least-squares Monte Carlo (LSMC) regression. The regression
targets the terminal payoff, with regressors defined as functions of time and the state vari-
ables. For numerical stability, the regression is carried out on a compact domain obtained by
scaling each regressor to [—1, 1], and a Chebyshev polynomial basis is employed. This choice
is convenient, because the resulting approximation admits analytic differentiation with re-
spect to each regressor, allowing all required derivatives to be computed consistently from
the same fitted coefficients.

In multi-factor settings, the approximation space is constructed as a tensor product of
univariate Chebyshev bases in the relevant state coordinates. When the state is (¢, z, v) with
x = log S, the polynomial degrees are selected independently along each dimension, allowing
for controlled approximation complexity and balanced scaling. The regression coefficients are
estimated using ridge regularization to stabilize the fit in the presence of collinearity and to
improve conditioning. This stabilization is crucial, since the adjoint-based iteration depends

not only on the fitted values of H, but also on its derivatives, which are more sensitive to
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coefficient variability. The output of this stage is a fixed set of simulated paths together with
fitted representations of H and its derivatives along the same grid, which serve as inputs to
the subsequent FBSDE optimization.

For each p,, the optimization problem is formulated via the necessary conditions of the
SMP. Given h € H, the forward equation governs LZT, while the BSDE part is defined
accordingly. The first-order condition yields a pathwise residual G(h), computed from the
adjoint variables (p, ¢, ), whose vanishing characterizes stationarity. The numerical objective
is to construct h such that |G(h)| is small under the simulation measure.

The resulting system is coupled in a terminal-to-initial manner. The control h determines
LQT and the terminal adjoint condition, while the adjoint variables (p, ¢, r) define the residual
G(h) that drives the update of h. As a consequence, the coupled FBSDE system cannot be
solved directly as a boundary value problem. Instead, this justify our adoption of an iterative
scheme based on successive approximations. Starting from an initial guess h(?), each iterate
h*) induces a full forward-backward pass and yields a residual G®) = G(h®), from which
the next control is obtained via a gradient-type correction.

In practice, the residual G(h) is evaluated from MC samples and from regression-based
conditional expectations used in the backward propagation, which introduces variability
and approximation error in the map h +— G(h). This effect is exacerbated when the LSMC
becomes unstable or when the control-to-terminal-state map is stiff. To mitigate these effects,
the implementation incorporates several stabilization mechanisms: (i) a normalized update
direction to control scaling across time and state variables, (ii) an acceptance rule based on
the reduction of the scalar residual g = |G|rus; and (iii) a rollback/backtracking strategy.
If a trial update fails to decrease g, the procedure reverts to the last accepted control and
progressively shrinks the step size until a decrease is achieved or a minimal step size is
reached. The iteration is terminated when g < tol or when no improving step can be found
under backtracking.

In view of these considerations, the algorithm[] presented below is best interpreted as

a numerical fixed-point solver with controlled descent on the maximum principle residual,

'For reproducibility, the code used to generate all numeric results is available at https://github.com/
JoaoJungblut/Maturity-Risk-for-Variational-Heding,.
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rather than as a globally convergent optimization method.

Algorithm 1 Gradient-based SMP iteration

Input: Simulated trajectories of S;, and fitted approximations of H; and its partial deriva-
tives; initial control A(?); parameters max _iter, tol, a > 0, 1 € (0,1), bt max, aupin.

Output: Approximate optimal control h* and iteration history.

Subroutine EVALUATE(h, tgart )-
(i) Simulate L?,T on [tstart, 1.
(ii) Set pr + YT (L) (pathwise).
(iii) Solve the backward adjoint and obtain (p, q,).
(iv) Compute the optimality residual G(h) and
g9 < [IG(h)|lrus.
return (G(h), g).

Main procedure.
1: ey < B
2: Nprey ¢ &
3: history < ()
4: for k=0,1,..., max_iter — 1 do
(a) Evaluate current control.
5: (Geurrs Jeurr) — EVALUATE (Acyrr, tstart)
6: Append (k, a, gewrr) to history
(b) Stopping criterion.

7 if geur < tol then

8: il* < heurr
9: return (h*, history)
10: end if

(c) First trial.
11: htry — Update(hcurr7 chrr7 Oé)
12: (*, Gtry) < EVALUATE(hyyy, tstart)

(d) Accept/reject.
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13:

14:

15:

16:

17:

18:

19:

20:

21:

22:

23:

24

25:

26:

27:

28:

29:

30:

31:

32:

33:

34:

35:

36:

37:

38:

39:

if gy < gourr then
hprev <= heurr
heurr <= Rty
continue

end if

(e) Early safeguard.

if £ <2 then
continue

end if

(f) Rollback anchor.

if hprev # @ then
Ranchor <= Nprev

else
Panchor = Peurr

end if

(Ga, ga) < EVALUATE(hanchor, tstart)

Qpy — N

(g) Backtracking.

for j=0,1,...,bt max—1 do
if oy < aupin then

break

end if

hnew — Update(hanchom Gaa atry)

('7 gnew) — EVALUATE(hnewa tstart)

if gnew < g then
hprev <= Ranchor
e T
Q4= Qlgyy
break

else

46



40: Qltry «~n Oltry

41: end if
42: end for
43: end for

44: W < hewer

45: return (h*, history)

In the sequel, three-dimensional M R surfaces are computed under GBM, Heston and
Jump-Diffusion specifications. In all cases, asset paths are initialized at Sy = 10 and sim-
ulated via MC with M = 1000 trajectories and N = 252 time steps over the unit horizon
T = 1. The drift and diffusion parameters are fixed at ; = 0.05 and ¢ = 0.20. In the Heston
model, the variance dynamics are specified by x = 1.0, § = 0.1, o, = 0.1, and correlation
p = 0.7. For the Jump-Diffusion setting, jumps arrive according to a Poisson process with
intensity A = 0.5, and jump sizes are normally distributed with mean p; = —0.03 and
standard deviation o; = 0.12.

MR is evaluated on discrete grids of times to maturity (¢i,...,ts1) C [0,7] and strike
levels (Ki,...,Ks) C [8,16], yielding 21 x 21 = 441 values per surface. For each pair
(ti, K;), MR is obtained by solving its defining optimization problem under fixed preference
parameters; hence, differences across panels reflect only the choice of risk functional and
the underlying price dynamics. In truncated variants, the parameter U caps the exponential
growth to prevent numerical overflow. Across all surfaces, parameters are held fixed at v = 1,
a=1,k=2 8=0.95 and U = 10, and are not varied within a given surface.

Figures|l|reports the M R surfaces. The image is organized into six rows, corresponding to
pu presented from Examples [GHI0] and into three columns indexed by the model specifications
of Examples . The horizontal axes show time ¢ and the moneyness level Sy/ K, while the
vertical axis accounts for M R, the color bar gives its scale.

The resulting present a stable dependence on moneyness across all models, with MR
highest close to the at the money region and lower when the strike is below the spot price,
which corresponds to moneyness greater than one. The overall magnitude increases when
moving from GBM to stochastic volatility or jump dynamics, which indicates higher marginal

risk once additional uncertainty sources are introduced.
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The temporal profile depends of p, and it changes in a systematic way across specifica-
tions. ES exhibits temporal monotonicity in all models, with a decreasing in risk as the
time approaches maturity. This is aligned with insensitivity to gains property [6] EL with
exponential utility and the FRM with linear and exponential utility display non-monotonic
patterns in horizon, including regions where M R increases with time. In such cases, the
functional is driven by the central mass of the exponential transformation rather than by
the losses. Weibull type specifications behave regularly under GBM, where M R tends to
decrease as maturity approaches, but under Heston and Jump-Diffusion they show localized
peaks at intermediate times and specific moneyness levels. These peaks are not consistent
with the smooth structure of the models and they point to numerical limitations, since trun-
cation can push the optimization into a saturated region where gradients become weak and
the algorithm returns artificially high M R values.

In general, the qualitative structure reflects two components that must be separated
when interpreting the plots. One component comes from the analytical form of p, and its
sensitivity to gains. The other component is numerical and comes from non-linear transfor-
mations combined with truncation mechanisms required for stability. On the other hand,
The dependence on moneyness is robust across models and specifications, while the temporal
behavior and the presence of extreme values require joint reading with the properties of the
functional.

The sensitivity analysis is reported in Figures |4 to 7| through heatmaps and parameter
response curves for AM R. Heatmaps describe how M R varies over the process parameters
space, and they are evaluated at two representative times, ¢ = 0.2 and ¢ = 0.8. The line
plots describe how M R changes when a single preference coefficient is modified, while the
price dynamics are kept fixed. All figures follow the same baseline configuration used in the
surface analysis, so the reported differences are driven by controlled changes.

Each heatmap is built on a two-dimensional uniform grid with nine points per axis, which
gives eighty-one points per model. Under GBM, the axes correspond to p € [0.025,0.075]
and o € [0.10,0.40]. For Heston model, the grid spans with « € [1.0,4.0] and 6 € [0.1,0.3].
Jump-Diffusion spans a grid for u; € [—0.3,0.3] and A € [0,1]. AMR measures how MR

changes at a fixed (t, K), computed when a given model parameter is perturbed around the
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baseline used in the surfaces.

Looking at the GBM, heatmaps are smooth across the (i, o) plane. The magnitude of
AMR is larger at shorter horizons and it decreases as maturity approaches, which indicates
that temporal sensitivity is gradually absorbed by the accumulation of diffusion. The main
driver is the volatility coefficient o, because increasing o increases the magnitude of AMR
across most of the grid. Changes in p have a weaker effect and they rarely change the sign
of AMR. ES differs from the other measures by keeping non-negligible temporal variation
even at longer horizons.

Under Heston and jump dynamics, the heatmaps display localized regions of high magni-
tude and abrupt sign changes. These effects are more visible for exponential and Weibull-type
utilities and they persist across the two evaluation times. Since the grids are uniform, the
irregular patterns are not attributed to the discretization itself. They are linked to the in-
teraction between non-linear transformations of the Lf; distribution and the optimization
used to compute MR.

A more detail inspection shows AM R varies non-uniformly over the (k,#) plane. Vari-
ations along the mean-reversion speed x generate larger changes than variations along the
long-run variance level . For intermediate values of 6, increasing x produces a marked
increase in the magnitude of AM R, while for small x temporal variation remains limited.
Furthermore, M R is more sensitive to the p; than to A. Shifts along the p; axis change
both the magnitude and the sign of AMR in a clear way. Changes in A\ mainly shift levels
without changing the dominant pattern.

Across all models, AM R is typically larger at earlier evaluation times and it attenuates
as maturity increases. For the remaining specifications, the comparison between ¢t = 0.2 and
t = 0.8 shows a flattening of temporal variation at longer horizons. Lastly, ES appears to
have the best results by preserving sign and scale across parameters and horizons, which
indicates stable temporal behavior relative to the other measures.

The aversion curves are constructed by varying one preference coefficient at a time on
a one-dimensional uniform grid, and by reporting AMR at t = 0.2 and t = 0.8. For
ERM, exponential and Weibull-type utilities specifications, respectively, we set v € [0.2,2.0],
a € [0.2,2.0] and k£ € [1.2,3.0]. These three cases use fifteen grid points. For ES, the
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confidence level ranges over 8 € {0.90, 0.95, 0.975, 0.99}. These plots separate preference
sensitivity from market dynamic’s changes.

The aversion curves complement the heatmaps by isolating preference effects. For ERM
and F'L risk measures, changes in aversion produce non-linear adjustments in AM R, and
near flat regions appear in some ranges. This is consistent with the possibility of negative M R
when the distribution is centered on gains, so higher aversion does not necessarily amplify
temporal variation. The effect is mild under GBM and it becomes more visible under Heston
and Jump-Diffusion models. For Weibull-type utility, the response becomes unstable, with
rapid growth in M R, which matches the extreme regions seen in the heatmaps and points

to numerical limitations induced by truncation (U) in the optimization.
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Figure 1: M R surfaces across all models.
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GBM | DeltaMR heatmaps (top: t=0.2, bottom: t=0.8)
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Figure 3: M R sensitivity to x and 6 parameters.
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Figure 5:

M R sensitivity to risk-aversion coeficients in GBM model.
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Figure 6: M R sensitivity to risk-aversion coeficients
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Figure 7: M R sensitivity to risk-aversion coeficients in Jump-Diffusion model.
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