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Abstract: Standard protocols in optical communication systems employ coherent states of light as the in-
formation carriers. The quantum nature inherent to these states introduces a fundamental complexity into
the decoding process. In particular, when dealing with attenuated signals, the overlap between different
states precludes the possibility of perfectly discriminate them. In this study, we investigate the performance
of conventional and nonconventional quantum discrimination strategies under different informational met-
rics. We focus our analysis on binary coherent states within the ideal case of a lossless channel. The usual
homodyne receiver was studied in comparison with the Kennedy and the optimized displacement receiver.
We find that nonconventional strategies employing non-Gaussian measurements surpass the conventional

homodyne discrimination scheme according to measurement error probability and mutual information.
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1. Introduction

In general terms, the main objective of any com-
munication system is to transmit information reli-
ably from a transmitter to a receiver [[1]]. In optical
quantum communication, it becomes necessary to
employ the mathematical framework of quantum
mechanics to adequately describe the transmission
and reception of optical fields under various con-
ditions [2]. This quantum description becomes
essential in the photon-starved-regime, where the
quantum shot noise fundamentally limits signal
discrimination capabilities [3]. Under such cir-
cumstances, the detection process becomes a dis-
crimination problem, and the theoretical frame-
work of quantum state discrimination must be em-

ployed at the receiver’s end of the communication

protocol.

In this study, we aim to investigate different quan-

ISSN: 2357-7592

tum state discrimination strategies by employing
two distinct criteria: measurement error proba-
bility and mutual information. Our objective is
to compare conventional and nonconventional re-
ception strategies. We focus on binary coherent
state modulation within the ideal case of a lossless

channel.

2. Fundamentals of Quantum Detection and

Communication

In quantum theory, a physical system is repre-
sented by a positive semidefinite unit trace oper-
ator P; on the system’s Hilbert space .77, called a
density operator [4]. When only pure states are

assumed, its description is given by state vectors

{lyi)} as

pi = [wi)(wil. (D)
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For a quantum communication protocol, the trans-
mitter, Alice, encodes a classical symbol ag or a;
into two quantum states |yp) and |y;) with a pri-
ori probabilities py and pp, respectively. In the
case of quantum optical communication, the usual
information carrier are optical signals described by
coherent states [1]. Here, we consider pure coher-

ent states of the form

V) =D(v)|0), 2)
where D(v) is the displacement operator and |0)
is the vaccum state [5, 16]. In particular, our focus
will be on analyzing a binary phase-shift-keying
(BPSK) configuration, characterized by the two
quantum coherent states |@) and | — o). These
states possess an identical amplitude magnitude

|a|; however, they are differentiated by a phase

shift of 7.

Once the signal is encoded, it is propagated
through a quantum channel, described by a com-
pletely positive trace preserving map G [[7], until it
reaches the receiver, Bob, in the form of an altered
state G(|o;)). At this point, Bob infers by the in-
coming signal whether the transmitted symbol was
ao or aj. This inference is realized by perform-
ing a quantum measurement process, denoted by

a positive-operator valued measurement (POVM)

{ﬁbi}

3)
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which retrieves an outcome b; correlated with the

variables {ao,a; } [4].

Hereafter we consider only the ideal case of a loss-
less channel, i.e. G = 1, such that G(|a;)) = | ).
In this case, the communication procedure is de-

picted schematically on Figure ]

Figure 1: Alice encodes symbol ag(a;) into state
| —at)(|ex)), which is then transmitted to Bob. Af-
terwards, Bob performs a measurement ITy(IT;)
that yields an outcome by(b;), which is correlated
with the symbols encoded by Alice.

a — |—a) — Ty — by

aq — |la)y — I} — b
With that, the conditional probability that Bob
measures a result b; given that Alice sent a signal
aj is given by the Born rule:
p(bilaj) = Tr(IL| o) o)),

i=0,1; 4

with o) = | — &) and |@;) = |a).

Two general metrics are often used to evaluate the
efficiency of a communication system [8]]; one is

the error probability defined, in our case, as [9]

Pere = poTr(X1 o) (ao]) + p1 Tr(Mof e ) (eu]).
5)

The other is the mutual information defined as [[10]

I(A:B)=H(A) —H(A|B), (6)
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which measures the amount of information about
Alices’s variable extracted by Bob for a particu-
lar measurement [11]. In that expression H(A) =
— Y. p(a)logy(a) and H(A|B) = X, p(b)H (A|B =
b) are the usual and conditional Shannon en-

tropies.

3. Coherent State Discrimination

Because of the nature of the quantum states used
in quantum communication protocols, the classi-
cal values decoded by Bob can differ from the
ones encoded by Alice, even for a lossless chan-
nel. This limitation arises from the quantum trace
of those states, and it is related to the impossibil-
ity of perfectly distinguishing between two non-
orthogonal states [[12]]. For the case of coherent
states, this non-orthogonality is closely associated
with the inherent quantum shot noise characteris-
tic of such states. This relationship manifests as an
overlap in the probability regions within the phase-

space representation, as illustrated in Figure [2]

Figure 2: Representation of states |a) and | — &)
in phase space. The intrinsic quantum noise is re-
sponsible for overlap between states.

Np

|—a)

h 4

¥ ;
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This quantum state discrimination problem is ulti-
mately a measurement optimization issue, that is,
the best strategy for determining the state received
must be given by the POVM that minimizes the
probability of error of equation (5). The minimum
error probability allowed by the quantum theory is
given by the Helstrom limit, which for binary sig-

nals of equal a priori probabilities is given by [9]]

[1— V1—e4aP].

Implementing the optimal POVM as proposed by

(7)

| =

Pyel =

Helstrom presents substantial complexity when
applied to coherent states [[13]. Nevertheless, there
exist feasible discrimination techniques that can
approximate the optimal POVM, which brings us
closer to achieving the Helstrom limit, as we will

discuss in the following sections.

3.1. Conventional and non-conventional Re-

ceivers

In the literature on quantum state discrimina-
tion, each discrimination scheme defines a re-
ceiver. Generally speaking, the structure of a
receiver comprises an unitary operation, which
is succeeded by a detection process [14]. The
usual schemes applied for coherent state discrim-
ination are based on Gaussian detections, that is,
the possible outcomes follows a gaussian distribu-
tion [[15)]. In the context of optical communication

with BPSK modulation, these detections are cen-

tered on the measurement of field quadrature com-
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ponents through a homodyne detection technique

(9, [16]].

Nonetheless, non-Gaussian measurements hold
considerable significance in specific protocols, as
they have the potential to surpass conventional de-
tection methods concerning figures of merit that
are pertinent to the field of quantum communi-
cation [17, [18, [19]. In particular, non-Gaussian
on/off detections have been used as an essential
tool in the context of coherent state discrimination
(20} 21} 22, 23]. In the following, we shall exam-
ine two main discrimination schemes that imple-
ment non-Gaussian detection, referred to as non-
conventional receivers, and conduct a comparative

analysis with the conventional homodyne receiver.

3.2. Discrimination Strategies

As the name suggests, a homodyne receiver is a
discrimination strategy based on the homodyne
detection, consisting exclusively of Gaussian op-
erations. The POVM characterizing this receiver

is formulated as

R 0
flo— |

Here, (|x)(x|) denotes a projection operator that

IX) (x|dx, T, =1-TIp. (8)

projects onto the eigenstates of the quadrature op-
erator X. Consequently, when a measurement of
the quadrature x yields a positive outcome, it is
indicative of the state |@). In contrast, negative

results identify the state | — o).
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The equation (5)) together with the POVM ele-
ments above gives the error probability of the ho-

modyne receiver:

By =5 |1 —erf(v2la])| ©)

SRR

where erf(x) is the error function. This error prob-
ability is also known as the Gaussian limit. This is
due to the fact that among all Gaussian measure-
ments, homodyne detection represents the optimal
approach for the discrimination of binary coher-
ent states [17]. This approach approximates the
Helstrom limit, being nearly optimal, for coherent
states characterized by a very low mean photon
number |a|?>. However, the effectiveness of this

strategy diminishes, as |ct|? increases.

The first proposal for a practical discrimination
scheme of binary coherent states considered near-
optimum, was formulated by R. Kennedy [20]. Its
receiver, also known as nulling-displacement re-
ceiver, consists first of applying a displacement
operation with amplitude « in both states such that

|—at) — [0)

la) — 2a).  (10)

Then, its applied an on/off detection on the dis-
placed state to measure the presence of any pho-
tons. This detection is represented by the opera-

tors
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where |n)(n| are projectors into Fock states, i.e.,

states of a well-defined number of photons [J3].

The principle here is to map the problem of dis-
criminating between | — o) and |a) into discrim-
inating between vacuum |0) and state |2¢). This
strategy minimizes the first term of equation (5))

and the error probability is given by

Py = %64'12. (12)
Although we have a value higher than the Hel-
strom limit, Px > Py, the Kennedy receiver is
classified as near-optimum, since in the high-
energy regime we have Px ~ 2Py [24]]. Conse-
quently, this strategy surpasses the performance of
the homodyne receiver for most of the energy val-
ues of the coherent states. However, when dealing
with highly attenuated signals, the homodyne re-
ceiver constitutes a more effective method of dis-
crimination. This behavior is illustrated in Figure
B3] which presents the error probabilities associated
with the homodyne and Kennedy receivers against
the Helstrom limit, depicted as a function of the

mean photon number.

An optimized the displacement parameter of the
Kennedy receiver can overcome the advantage a
homodyne receiver holds in scenarios character-
ized by low-amplitude signals. This strategy, first
proposed by Takeoka et al. [[1'7], is known as op-
timized displecement receiver and consists of de-

termining the displacement parameter 3 that min-
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imizes the error probability for each amplitude of
the coherent state. In this case, before on/off de-
tection, both states are displaced by an optimized

factor B such that
|ta) — D(B) |+a) = [ta+B).  (13)
The error probability for this receiver is given by

(e—<ﬁ+“>2 e (B’ 1) . (14)

N =

Pg =

As can be seen in Figure [3| the displacement op-
timization reduces the probability of error com-
pared to the homodyne receiver for any inten-
sity value, including, in particular, signals with a
low mean photon number. For high energy val-
ues, we have an expected convergence Py — Fx.
The practical implementation of this receiver has
been demonstrated experimentally through differ-
ent studies [22) 25]. Furthermore, this strategy
presents possible applications in quantum key dis-
tribution, where it has been shown to increase the

secret key rate compared to that of a simple homo-

dyne detection [18].

4. Mutual Information and Discrimination

Strategies

As presented in section[2] another fundamental cri-
terion for evaluating the performance of a commu-
nication system is the mutual information between
the random variables associated with the transmit-

ter and the receiver. Here, we will analyze the be-
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Figure 3: Logarithmic plot of error probability
as a function of |o|? for the optimized displace-
ment receiver (solid yellow curve), Kennedy re-
ceiver (solid blue curve), homodyne receiver (solid
red curve), and the Helstrom limit (dashed black
curve).
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havior of mutual information for the different re-
ceivers presented in the last section. When consid-
ering a lossless channel and a priori probabilities
p(aj) =1/2, the equation (6 can be worked on to

become a function of the conditional probabilities:

1 & bila:
N
k=0 j=
(15)

With this equation, we can directly evaluate the
mutual information through the POVM associated

with each receiver and the Born rule equation ().

The numerical results obtained for the different re-
ceivers are presented in Figure 4f as a function of
the mean number of photons of the signal. For
comparison is also plotted the accessible informa-
tion for the BPSK modulation, obtained by the

maximization of the mutual information over all
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possible POVM’s: maxyy (A : B) [B].

Figure 4: Plot of the mutual information as a
function of || for the optimized displacement
receiver (solid yellow curve), Kennedy receiver
(solid blue curve), homodyne receiver (solid red
curve). For comparison the accessible information
(dashed black curve) is also plotted.
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Here, it is easily seen how both nonconventional
receivers outperform simple homodyne detection,
even for low-intensity signals. In addition, the mu-
tual information of the nonconventional receivers
saturates more rapidly than the homodyne one that
demands a higher signal energy to reach the max-
imum. However, when comparing both noncon-
ventional receivers, significantly less contrast is
observed. Although the optimized displacement
receiver demonstrates a similar trend to the error
probability — exceeding the performance of the
Kennedy receiver for attenuated signals and con-
verging at higher energy values — the distinction
is subtle, evidencing only a slight advantage for
low-energy signals. For higher energy both strate-
gies saturates equally and in general the mutual in-

formation is comparable.
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5. Conclusion and Perspectives

In this work, we calculated the error probability
and mutual information considering different dis-
crimination strategies for binary coherent states.
As a result, we show that, in particular, the opti-
mized displacement receiver outperformed the ho-
modyne receiver for both criteria considered. The
Kennedy receiver surpasses the mutual informa-
tion achieved by the conventional discrimination
strategy across all energy levels; however, when
analyzing the error probability, it is demonstrated
to be a less effective strategy for highly attenuated
signals. Furthermore, Kennedy receiver shows
considerable improvement in the error probabil-
ity when optimized displacement is implemented.
However, the mutual information derived from

these two strategies remains comparable at all en-

ergy levels.

The gap between the error probabilities and the
Helstrom limit, as well as the discrepancy between
the calculated mutual information and the acces-
sible information, indicates the potential for fur-
ther development. In addition, the analysis of dis-
crimination state strategies through communica-
tion metrics opens the possibility of further studies
of applications in fields related to quantum infor-
mation processing. In particular, improvement of
the mutual information between trusted parties is
a critical aspect in quantum key distribution, such
that a direct problem related to the optimization of

measurements can be explored from the standpoint

ISSN: 2357-7592

of the secret-key rate.
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