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�is study investigates the impacts of �scal rules on inequality and e�ciency within a polit-
ical economy framework that considers parties negotiating resource allocation towards private
transfers, public goods, and the possibility of debt issuance. Our main results show that debt
ceilings, while mitigating inequality by limiting future expropriation, leads to e�ciency losses.
Conversely, the impact of spending limits on e�ciency and inequality varies with the nature of
the spending – mandatory or discretionary – that is capped. We also �nd that political bargain-
ing increases debt levels, but only when part of the spending is not mandatory. �ese results
underscore the pronounced trade-o� between equity and e�ciency can become more pronounced
in the presence of �scal rules.
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1 Introduction

Politicians are o�en biased towards present spending, leading governments to impose �scal rules
to restrain overspending and debt accumulation (Alesina and Passalacqua (2016), Yared (2019)).
�ese rules create limits, reducing politicians’ �exibility in allocating �scal resources. �e preva-
lence of such rules has surged globally. In 2021, 105 countries had some type of �scal rule in place,
a signi�cant increase from only 7 countries in the early 90s. Out of those, 90 countries have at
least one type of rule in place, as depicted in Figure 1.1

1We are grateful to Bernardo Guimarães, Hans Gersbach, Hülya Eraslan, participants of the 23rd Annual SAET
Conference Society for the Advancement of Economic �eory, the 2023 December RIDGE Forum on International
Macro, the 34th Stony Brook International Conference on Game �eory, and of the Symposium on Public Sector
Economics in Brazil LabPub.

1�e number of countries changed only slightly since �scal rules started to be adopted, which was during the
mid-90s. �e IMF sample consists of 106 countries that consider the most current list of countries.

1



Countries have a variety of �scal rules at their disposal. �e most common among these are
balanced budget rules, which establish targets for the government balance. Debt rules are the
second most prevalent, de�ning a maximum level for debt, o�en as a percentage of GDP, or as
in the US, with the debt ceiling, in nominal terms. Spending rules, which have gained popularity
since the Great Recession, impose maximum levels of spending – or a maximum level of growth
on spending.
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Figure 1: Number of countries adopting �scal rules. Source: IMF Fiscal Rules DataBase.

While the e�cacy of �scal rules has gained increasing a�ention (Halac and Yared (2014), Halac
and Yared (2022a), Azzimonti, Ba�aglini and Coate (2016), and Gersbach and Gul (2023)), their
potential impact on inequality has received relatively li�le consideration.2 In this paper, we focus
on debt ceilings and spending limits and their impact on inequality. We choose these two rules
for two reasons. First, they are the most prevalent rules, as indicated in Figure 1.3 Second, these
two rules in�uence politicians’ trade-o�s in di�erent ways. Debt rules restrict government debt
issuance and a�ect politicians’ ability to allocate resources across di�erent goods.4 Spending
rules directly impose limits on �scal instruments, which are choice variables for the government
and are di�erently distorted by political bargaining over the budget.5

We build a two-period political economy model to study the impact of debt ceilings and spend-
ing limits in inequality and e�ciency. �e key ingredients of our model are as follows. In the two
periods, the political parties that represent the two groups in society, the A or the B, will propose
private allocations, public good provision, and debt issuance.6 �e proposed �scal policy can only
be implemented if the opposition party agrees to it. �e opposition party agrees if the proposal is

2Ulloa-Suárez (2021) shows empirically statistically insigni�cant e�ects of rule implementation on inequality for
Latin America countries. Combes, Minea, Vinturis and Sawadogo (2019) show that while debt ceiling and balanced
budget rules are correlated with lower income inequality, spending rules are correlated with higher ex-post income
inequality. To the best of our knowledge, no theoretical model has thoroughly studied the relationship between �scal
rules and inequality.

3In our model, since the level of debt does not impact the level of activity, i.e., there is Ricardian equivalence, the
study of debt ceilings is analogous to balanced budget rules. �roughout the paper, we refer to it as debt ceilings.

4Herrera, Macé and Núnez (2023) study the strategic use of the US debt ceiling in the US.
5Halac and Yared (2022b) discuss when instrument-based rules are superior to target-based rules in the case of

monetary policy.
6Instead of choosing allocations, the parties could have also been choosing proportional taxes and transfers that

are individual speci�c. Our choice to focus on allocations is to simplify the notation.
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at least as good as the status quo, which is endogenously determined by past choices, mimicking
the legislative procedure on the government budget and providing some insurance level against
expropriation (Baron and Ferejohn (1989), Diermeier, Egorov and Sonin (2017), Bowen, Chen and
Eraslan (2014), Azzimonti, Karpuska and Mihalache (2022), and Eraslan and Piazza (2020)).7 We
de�ne three levels of insurance. We say there is no insurance when the proposer can act as a dic-
tator. If there is partial insurance, the respondent is insured against expropriation of only private
consumption.8 If there is full insurance, the respondent will be insured against expropriation of
both the private and the public good.

We add this component to the model because, in most countries, a signi�cant part of the
government budget is insured, meaning it is related to mandatory spending (Bowen, Chen and
Eraslan (2014), Bowen, Chen, Eraslan and Zápal (2017), Azzimonti, Karpuska and Mihalache
(2022)). �ese mandatory spending programs provide insurance against expropriation that is
usual in political economy models where no institutions are available to curb such behavior.
More technically, we de�ne insurance levels as which goods will be mapped as the endogenous
status quo.9

Our �rst contribution is to show we can rank di�erent types of �scal rules in terms of equity
and welfare. In a numerical analysis, we show that spending limits on goods that are not insured
do not signi�cantly alter welfare or equity. However, spending limits on insured goods result in
notable e�ciency losses, although accompanied by a reduction in inequality due to a �rst-mover
advantage in a model with political turnover. �e degree of e�ciency losses is more pronounced
when the opposition possesses lower bargaining power (see Figure 6). In contrast, debt ceilings
incur the highest e�ciency losses, yet they concurrently bring about the most substantial reduc-
tion in inequality, as they eliminate the �rst-mover’s ability to expropriate in the future. �is
result underscores that, in our model, the trade-o� between equity and e�ciency becomes more
apparent in the presence of �scal rules and it is discussed in more detail in Section 6.3.

�e above results consider an environment in which parties have to bargain to allocate re-
sources. �e fact that di�erent �scal rules impact politicians’ trade-o�s in various ways is partic-
ularly signi�cant when politicians bargain over a government budget that is not entirely �exible.10

If a politician acts as a dictator, debt can only increase inequality because it enhances the expro-
priation power of the dictator. However, if an elected politician has to negotiate to implement a
policy, she may issue debt as bargaining chip – debt issuance may then help to reduce inequality,
while a debt ceiling can only exacerbate it.

�e case of spending limits is more nuanced. If a politician acts as a dictator, spending limits

7For a survey on the recent literature on dynamic legislative bargaining, see Eraslan, Evdokimov and Zápal
(2022).

8�is case is the similar to what the literature de�ne as entitlement programs.
9�e literature has three usual de�nitions to what we refer as the level of insurance: mandatory spending,

entitlement programs, which are mandatory spending focused on private transfers to an eligible group of people, or
simply as the endogenous status quo. For our environment the de�nition of insurance seems more appropriated.

10�ere has been a long discussion on the “reactivation” of �scal rules in Europe amid sluggish growth, inequality
concerns exacerbated by the Covid crisis, and lack of trust in �scal austerity. For more details: https://www.
ecb.europa.eu/press/key/date/2023/html/ecb.sp230920c21e96e03f.en.html
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can only reduce distortions arising from excessive expropriation by creating limits on how much
the dictator can over-provide to herself. However, if a politician must negotiate to implement
an allocation, the impact of �scal rules on inequality will depend on the underlying institution
governing this negotiation. �ese institutions is what we de�ne as how much insurance there is
against expropriation in this political bargaining process, as discussed in details on Section 5.6,
where we highlight the importance of studying �scal rules in a model with insurance against
expropriation because of its impact on debt issuance.

Our second contribution is to fully characterize the unique subgame perfect equilibrium of
this game for a general se�ing of utility functions and for di�erent levels of insurance that can
exist in a political bargaining model. We show that when there is full insurance, meaning all
allocations are mapped as an endogenous status quo, the optimal equilibrium level of debt is zero
(Proposition 1). In contrast, under partial insurance, meaning only private transfers are mapped
as an endogenous status quo, debt levels are not only positive (Proposition 2) but are higher than
those in the typical Alesina-Tabelini political economy model of debt, where there is no insurance
against political expropriation (Proposition 3).11

We also prove that debt levels will always be greater when a spending limit is placed on the
good that is insured and lower when the limit is on the good that is not insured (Proposition 4).
�is result underscores that spending limits can back�re in terms of disciplining debt levels. It
highlights the importance of designing spending limits considering the type of good they are
targeting and its role in the political economy, whether it provides insurance or not.

�e political economy literature discusses the reasons why debt emerges in political economy
models.12 In political economy environments where there is some insurance against expropria-
tion – such as mandatory spending or entitlement programs, debt and entitlements can serve as
insurance tools. �e former insures against future expropriation, while the la�er allows for fu-
ture resources to be brought forward. As pointed out by Bouton, Lizzeri and Persico (2020), debt
and entitlements are usually strategic substitutes. In their environment, the coexistence between
these two instruments relies on a high intertemporal elasticity of substitution. Debt is only used
as a means for an incumbent to expropriate whoever is in power in the future.13

A third contribution of our work is to show that political bargaining and insurance against
expropriation can make debt and entitlements become strategic complements – di�erently from
Bouton, Lizzeri and Persico (2020), as illustrated in �gure 4. �is occurs because we consider a
politician who must negotiate to implement an allocation. In this bargaining process, debt serves
as a crucial bargaining chip for the �rst-period proposer. Debt issuance is strategically employed

11For work on inequality as a reason for high levels of debt, see Azzimonti, De Francisco and �adrini (2014),
Arawatari and Ono (2017), and Bartak, Jabłoński and Tomkiewicz (2022) for an empirical study.

12We refer to Yared (2019) for a detailed discussion on the macroeconomic and political economy reasons for the
emergence of debt.

13Moreover, for debt and entitlements to co-move, they require a relatively low level of redistributive con�ict.
In their model, con�ict has two dimensions. One is measured by the intertemporal elasticity of substitution, which
captures con�ict generated by power �uctuation. �e other is captured by the relative taste of public goods vis-
à-vis private consumption, which directly captures redistributive con�ict. A higher taste for public goods reduces
redistributive con�ict because it implies a lower taste for private goods that are excludable and rival.
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so the �rst-period proposer can persuade the respondent to accept an allocation with higher
levels of private transfers for the proposer. Debt thus becomes the instrument that allows the
proposer to e�ectively smooth the respondent’s consumption, leading to a be�er-o� respondent.
�erefore, in our context, debt and entitlements are strategic complements, as the proposer, not
acting as a dictator, must consider consumption smoothing motives from the respondent.

In a related work, Piguillem and Riboni (2021b) demonstrate that the coexistence of debt and
some form of insurance against expropriation, which they also de�ne as entitlements, hinges on
the possibility of sequestration when this insurance is not excessive. �e level of rigidity is ex-
ternally de�ned. �e concept of sequestration in Piguillem and Riboni (2021b) and the extent of
insurance in our model share a conceptual similarity: both entail an absence of insurance stem-
ming from shi�s in political turnover. In our model, given a budgetary institution, the level of
insurance is endogenously determined as a result of bargaining between the two political groups
in the political economy. Besides the endogenous determination of the provided insurance level,
a critical di�erence between our model and Piguillem and Riboni (2021b) lies in the interpretation
of what leads to this lack of insurance. While they explore the idea that insurance may be under-
mined by potential resource sequestration, leading to the emergence of debt to counteract this
insurance de�ciency, our focus lies in the selection of insurance levels within a political econ-
omy. Furthermore, Piguillem and Riboni (2021b) are not concerned with the implications of �scal
rules on inequality. �eir focus is on the consequences of sequestration per se for equilibrium
outcomes. We di�er both in terms of the interpretation of what causes the lack of insurance and
in the focus on the implications of this lack of insurance.

�e signi�cance of insurance in determining levels of inequality is also highlighted in Azzi-
monti, Karpuska and Mihalache (2022). �ey model private consumption as an endogenous status
quo (with public goods excluded), focusing on explaining the increasing share of entitlements as a
function of growing inequality in recent decades. In contrast, our paper introduces a novel �scal
instrument – debt issuance, identi�es su�cient conditions for a positive level of debt to emerge
in equilibrium, and focuses on exploring how inequality is impacted by di�erent types of �scal
rules. Additionally, we show that when debt is permi�ed, it leads to the overprovision not only
of the good being insured under the status quo (as in Azzimonti, Karpuska and Mihalache (2022)
and Bowen, Chen and Eraslan (2014)), but also of both private goods for the proposer, for the
respondent, as well as public goods.

A �nal contribution of our work is to discuss the role of debt in models of legislative bargaining
with an endogenous status quo, which is the source of this more generalized overprovision in our
environment, compared to others where no debt is allowed. �is happens because when debt can
be issued amid legislative bargaining with an endogenous status quo, debt is utilized both as a
means of insurance and as a bargaining chip to persuade the group not in power to accept the
proposer’s allocations. A numerical exercise illustrating this is presented in Figure 2.14

14Piguillem and Riboni (2021a) demonstrate that some �scal rules will be used as bargaining chips during nego-
tiations over the government budget, mitigating the need for debt issuance. In our environment, this never happens
with the �scal rules studied – debt ceiling and spending limits. In fact, debt itself becomes a bargaining chip that
helps the proposer to provide consumption smoothing to the respondent.
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�e paper is structured as follows. Section 2 delineates the model, while Section 3 de�nes the
equilibrium. Section 4 presents the �rst-best problem, the static and dynamic dictator problems,
and also the typical Alesina-Tabelini model of power alternation. Section 5 establishes that debt
only emerges in political economy models when there is partial insurance. Section 5.6 illustrates
how debt is over-issued in political economy models that consider legislative bargaining with
an endogenous status quo because debt is also used as a bargaining chip. Section 6 demonstrates
that debt issuance is greatest when there are spending limits on goods that are insured and lowest
when they are on goods that are not insured. Finally, Section 6.3 delineates the equity and welfare
implications of �scal rules and of considering partial insurance in political economy models of
debt. �e conclusion follows.

2 Model

�ere are two groups of people in society: A and B. �ere are two periods of time. In each period
t, t = 1, 2, individuals inelastically supply labor that produces output y, which we will normalize
to 1 in the numerical exercise.15

Government spending consists of private transfers for each group and public goods enjoyed
by both groups. �e government directly choose allocations in each period. We can think as if
this spending is �nanced via individual-speci�c and non-distortionary taxes. �e government
can issue non-defaultable debt b in the �rst period while the initial level of debt b0 is set to zero.
�erefore, the government’s budget constraint in period t = 1 and t = 2 are given by

cA,1 + cB,1 + g1 = y + b (1)
cA,2 + cB,2 + g2 = y −Rb (2)

where cA,t is the amount of private consumption for group A at time t, cB,t is the private con-
sumption for group B, gt is the amount of public goods provided, and R is the gross interest rate
paid for debt. We assume that R = 1

β
, where β is the discount factor. Since βR = 1 and total

resource is constant across time, debt will only be issued for political reasons, not macroeconomic
ones in our model.

Government decisions are made by parties that represent the two groups in society, denoted
by A and B respectively. We focus on the case with power alternation, meaning decisions are
made by di�erent parties in each of the two periods. In the �rst period, the incumbent party
chooses z1 = (cA,1, cB,1, g1) as well as debt issuance b. �e opposition party accepts the proposal
only if it is at least as bene�cial as the status quo policies s1. Given that this is a �nite game,
the initial status quo s1 is exogenous. Denote e1 the implemented allocation in period 1, which
could be either the proposed allocation or the (exogenous) initial status quo allocation. If the

15�is is not without loss of generality. If labor supply was elastic, tax choices would impact the overall productiv-
ity and therefore distort trade-o�s between taxing today and tomorrow. We abstract from this to focus mainly on the
political economy reasons that explain debt emergence and the impact of �scal rules on inequality. Our benchmark
model, therefore, shows an extreme case.

6



respondent accepts, the proposal z1 is implemented. Otherwise, the status quo s1 prevails. In the
second period, the opposition party from the �rst period assumes the role of proposer. Given a
status quo s2 and debt level b, the new proposer proposes z2 = (cA,2, cB,2, g2). �e second-period
opposition party will accept the proposal if it yields at least the same welfare as under the status
quo s2.

�e status quo s2 is a mapping from past policies. Speci�cally, we have s2 = Ψ(e1, κ) where
κ ∈ {0, 1, 2, 3} is an index indicating which elements in the vector e1 will be guaranteed under
the status quo. When κ = 2, there is partial insurance in private transfers, meaning only private
transfers are ensured. Speci�cally, individuals will retain their previous levels of private transfers
if the negotiation fails, whereas public good consumption will assume an exogenously de�ned
(low) level of ḡ compared to the total economy’s output y. For example, suppose the implemented
allocation in the �rst period were e1 = (0.6, 0.2, 0.4), comprising 0.6 as the private consumption
of A, 0.2 as the private consumption of B, and 0.4 as public good provision. With ḡ = 0.1, we
have s2 = Ψ(e1, 2) = (0.6, 0.2, 0.1).

In our framework, total insurance implies that both private transfers and public goods con-
sumption are insured, denoted by κ = 3 in our notation. Using the numerical example provided
earlier, if e1 = (0.6, 0.2, 0.4), then s2 = Ψ(e1, 3) = (0.6, 0.2, 0.4).

We choose the case where κ = 2 as our benchmark for two main reasons. Firstly, this set-
ting re�ects the prevailing scenario where entitlement programs typically cover private transfers,
while public goods spending is subject to discretionary allocation.16 Secondly, since the paper fo-
cuses on comparing how debt ceilings and spending limits a�ect political bargaining over the
budget and their consequences on inequality, our benchmark case needs to generate a positive
level of debt issued in equilibrium. As demonstrated in Section 5, in the total insurance case, the
optimal level of debt is always zero. With partial insurance in private transfers, however, the
equilibrium level of debt is strictly positive. �erefore, selecting partial insurance as the base-
line model is essential, re�ecting both the reality of entitlement programs o�en covering private
transfers and the necessity of positive issuance of debt in equilibrium. �is contrast between
�scal policy rigidity and �exibility is crucial for understanding the impact of di�erent �scal rules
on existing political bargaining over the budget and subsequent inequality, as discussed in sub-
sequent sections. We refer to the Ψ rule with κ = 3 as the full insurance case and κ = 2 as the
partial insurance case.

Finally, each type of agents enjoy both private and public goods and have the same per-period
utility function, denote as u(ci,t, gt), where i ∈ {A,B}. We impose the following assumptions
on the utility function:

Assumption 1. �e utility function u(·, ·) is strictly increasing and concave, twice di�erentiable,
additively separable in c and g, and satis�es the Inada conditions. Moreover, it satis�es that u(0, ·) =

u(·, 0) = −∞.17

16For a more detailed discussion on the subject, please refer to Azzimonti, Karpuska and Mihalache (2022)
17�is condition is very general for most cases of the CRRA utility function such that the parameter that is the

inverse of the intertemporal elasticity of substitution is greater or equal to 1 – which most of the empirical literature
�nds the relevant space for this parameter.
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3 Equilibrium

Given that we are working with a two-person two-period complete information extensive form
game, we can focus on its unique subgame perfect equilibrium (SPE). �e second-period strategies
do not depend on histories except for the status quo. �erefore, we do not have to write strategies
as a function of history, but only as a function of the status quo.

We focus on the deterministic example of power �uctuation where party A starts and then
party B follows. �is is without loss of generality as the two groups are symmetric. �e game
follows the following timeline:

• Party A chooses �scal policies that determine allocations for period t = 1;

• If party B accepts the proposal, the proposed allocation is implemented and becomes the
basis for the next status quo. If party B rejects the proposal, the (exogenous) initial status
quo allocation is implemented and serves as the status quo for the next period;

• At t = 2, party B chooses �scal policies that determine allocations for this period;

• If party A accepts the proposal, the proposed allocation is implemented. Otherwise, the
endogenous status quo allocation for this period is implemented.

A pure strategy for party A can be de�ned as a pair of functions Π1 = (y1, r2) where y1 is a
proposal strategy for party A when she is the proposer in the �rst period and r2 is an acceptance
strategy when party A is the respondent in the second period. For any acceptance strategy, we
have 1 indicate acceptance and 0 rejection of the proposed allocation. More explicitly, y1 =
(CA,1, CB,1,G1,B) is a collection of functions that de�ne the best-reply functions of proposer A in
the �rst period. �is proposal strategy maps each status quo s1 and initial level of debt b0 = 0 into
private transfers for both groups, cA,1 and cB,1, public good provision g1 and new debt issuance
b. A pure strategy for party B can be de�ned as a pair of functions Π2 = (y2, r1) where y2 is a
proposal strategy for party B when she is the proposer in the second period and r1 is an acceptance
strategy when party B is the respondent in the �rst period. y2 = (CA,2, CB,2,G2) is a collection of
functions that de�ne the best-reply functions of proposer B in the second period. �is proposal
strategy maps each status quo s2 and outstanding debt b into private transfers for both groups,
cA,2 and cB,2, and public good provision g2. �e tie-breaking rule favors any proposed allocation,
i.e., in case the respondent is indi�erent between the status quo and a new proposed policy, the
respondent accepts. Recall that we have s2 = Ψ(e1, 2) = (cA,1, cB,1, ḡ) under partial insurance
and s2 = Ψ(e1, 3) = (cA,1, cB,1, g1) under full insurance where e1 is the implemented allocation
in the �rst period.

A strategy pro�le is a SPE if and only if:

• [E1] For any endogenous status quo s2 and level of debt b, the acceptance strategy r2(s2, b) =
1 given a proposal strategy y2 if and only if:

u (CA,2(s2, b),G2(s2, b)) ≥ u(cA,1, g2(κ))

8



where g2(κ = 2) = ḡ and g2(κ = 3) = g1.

• [E2] For any endogenous status quo s2 and a debt level b, the proposed strategy y2(s2, b)
when r2 = 1 is such that:

y2(s2, b) ∈ argmax
x2∈Γ2(b)

u(cB,2, g2)

s.t. u (cA,2, g2) ≥ u(cA,1, g2(κ))

where Γ2(b) = {cA,2, cB,2, g2 ≥ 0 | cA,2 + cB,2 + g2 = y −Rb}.

• [E3] Given initial debt level b0 = 0 and an exogenous status quo s1 = Ψ((cA,0, cB,0, g0), κ),
the acceptance strategy r1(s1, b0 = 0) = 1 given proposal strategies y1 and y2 if and only
if:

u(CB,1(s1, b0 = 0),G1(s1, b0 = 0))+

βu (CB,2(Ψ(z1, κ),B(s1, b0 = 0)),G2(Ψ(z1, κ),B(s1, b0 = 0))) ≥ K(s1, b0 = 0)

where

z1 =
(
CA,1(s1, b0 = 0), CB,1(s1, b0 = 0),G1(s1, b0 = 0)

)
K(s1, b0 = 0) = u (cB,0, g1(κ)) + βu(CB,2(Ψ(s1, κ), b0 = 0),G2(Ψ(s1, κ), b0 = 0))

Similarly g1(κ = 2) = ḡ and g1(κ = 3) = g0.

• [E4] Given b0 = 0 and an exogenous status quo s1 = Ψ((cA,0, cB,0, g0), κ), a proposed
strategy y1(s1, b0 = 0) given r1 = 1 and proposal strategy y2 is such that

y1(s1, b0 = 0) ∈ argmax
0≤b<a/R,x1∈Γ1(b,b0=0)

u(cA,1, g1) + βu(CA,2(Ψ(x1, κ), b),G2(Ψ(x1, κ), b))

s.t. u(cB,1, g1) + βu (CB,2(Ψ(x1, κ), b),G2(Ψ(x1, κ), b)) ≥ K(s1, b0 = 0)

where Γ1(b, b0 = 0) = {cA,1, cB,1, g1 ≥ 0 | cA,1 + cB,1 + g1 = y + b} and K(s1, b0 = 0) is
de�ned in [E3].

4 Benchmarks

We begin our analysis by �rst examining three relevant benchmarks with private transfers, public
goods consumption and debt, but no political bargaining. �e �rst one is the Pareto optimal �rst-
best problem, the second one is a dictator’s problem, and the third one is the power alternation
problem with no entitlement programs so that the budget is completely �exible. We call the third
one the model with no insurance.
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4.1 First-best

�e social planner’s problem can be given by

max
b,{cA,t,cB,t,gt}2t=1

u(cA,1, g1) + βu(cA,2, g2)

s.t. cA,1 + cB,1 + g1 = y + b

cA,2 + cB,2 + g2 = y −Rb
u(cB,1, g1) + βu(cB,2, g2) ≥ KB,1

cA,1, cB,1, g1 ≥ 0, 0 ≤ b < b̄

whereKB,1 is a minimum level of utility reserved for group B, and b̄ = y
R

is the natural borrowing
limit.18 Our �rst result shows the planner can perfectly equate the social marginal utilities of
consumption across goods without using debt:

Lemma 1. (Pareto optimal.) Consider the utility function u(·, ·) satisfying Assumption 1. �en
the social planner’s optimal choices satisfy

bSP = 0, cSPA,1 = cSPA,2, c
SP
B,1 = cSPB,2, g

SP
1 = gSP2

Moreover, de�ne cA,1 = cA,2 ≡ cSPA , cB,1 = cB,2 ≡ cSPB , g1 = g2 ≡ gSP, the optimal allocation solves

1

ucSPA
+

1

ucSPB
− 1

ugSP
= 0 (3)

cSPA + cSPB + gSP = y (4)
(1 + β)u(cSPB , g

SP) = KB,1 (5)

where ux is the partial derivative of u with respect to x.19

Proof. See Appendix A.1.

�e intuition for the result is simple: since resources are constant through time, the social
planner can equate the social marginal utility of private consumption with the social marginal
utility of public consumption without the need of debt.

18Note that there is a mapping from this problem into a problem in which the planner chooses allocations for
given weights of the two groups. Our decision to write the problem in this way is because it is easier to establish the
connection with the political equilibrium model.

19�roughout the paper, ux has the same meaning.
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4.2 Dictatorship

We �rst consider the static problem of a dictator. Suppose party i is a dictator. Her maximization
problem is given by

max
ci,cj ,g

u(ci, g)

s.t. ci + cj + g = Y

ci, cj, g ≥ 0

where j 6= i, i, j ∈ {A,B} and Y > 0 denotes the total resource. It is easy to get the following
result:

Lemma 2. (Static.) Consider the utility function u(·, ·) satisfying Assumption 1. �en the dictator
i’s optimal choice delivers cDj = 0 with cDi and gD solving

ucDi = ugD (6)
ci + g = Y (7)

where i, j ∈ {A,B} and i 6= j.

Proof. See Appendix A.2.

For convenience, we denote CD(Y ) and GD(Y ) as a dictator’s choice of her own private con-
sumption and public consumption given a level of total resource Y . Note that whoever is the
dictator, the choice is the same.

Next we move to the analysis of a dictatorship in two periods. Given that the same party will
make decision in the second period, her maximization problem in the �rst period is given by

max
{ci,1,cj,1,g1,b}

u(ci,1, g1) + βu(CD(y −Rb),GD(y −Rb))

s.t. ci,1 + cj,1 + g1 = y + b

ci,1, cj,1, g1 ≥ 0, 0 ≤ b < b̄

where i ∈ {A,B} is the dictator. Note that i knows the allocation will be ci,2 = CD(y − Rb),
cj,2 = 0 and g2 = GD(y − Rb)) in the next period because she will sustain the power. �e
dictator’s optimal decision is characterized in the following lemma.

Lemma 3. (Two-period.) Consider the utility function u(·, ·) satisfying Assumption 1. �en the
dictator i’s optimal choice delivers

bD = 0, cDj,1 = cDj,2 = 0, cDi,1 = cDi,2 = CD(y), gD1 = gD2 = GD(y)

where j 6= i and i, j ∈ {A,B}.
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Proof. See Appendix A.2.

�e problem of the dictator is the same as of a social planner that can ignore the constraint
on the other group. In other words, the dictator is a planner that gives total weight to one group
in the society. She can equate the marginal utility of private consumption with the marginal
utility of public consumption. Since resources are constant through time, the optimal level of
debt issuance for the dictator is zero as well. However, we will see in the following section that
when there is power alternation, debt issuance will not be zero as the proposer in the �rst period
will use debt to tie the hands of the other party who will take power in the second period.

5 Emergence of debt in a political economy

Before delving into the impact of �scal rules on inequality and e�ciency, we will �rst discuss the
emergence of debt in political economy models. In the seminal paper by Alesina and Tabellini
(1990), debt arises as an expropriation tool: if a politician loses power, it creates an incentive for
intertemporal expropriation. However, in models where there is insurance against expropriation,
debt has proven to be unnecessary: if a politician can guarantee resources in the future, there is
no need to issue debt and distort allocations intertemporally. Bouton, Lizzeri and Persico (2020)
demonstrates that debt and insurance over private allocations, modeled in their framework as a
minimum amount of private consumption determined by the past decision, are strategic substi-
tutes. �eir results indicate that the optimal level of debt should also depends on the degree of
insurance in the political economy.

We start by de�ning the usual Alesina-Tabeilini model of debt in a political economy. �en we
de�ne levels of insurance we will examine in the political bargaining game with an endogenous
status quo. Subsequently, we comprehensively characterize allocations and optimal debt issuance
under these distinct levels of insurance. Finally, we conclude by presenting two primary �ndings.
Firstly, under what we term full insurance, wherein parties are insured both on their private
and public good consumption against expropriation, the optimal debt level is zero. Secondly,
we demonstrate that under partial insurance, where parties are insured solely on their private
consumption, the optimal debt level is positive. �e reason for us to start our analysis with the
su�cient conditions for debt to be positive is simple: if we want to compare the e�ects of debt
ceilings and spending limits on inequality and e�ciency we need to have a positive optimal level
of debt in our political bargaining model, otherwise the analysis is empty.

5.1 Power alternation with no insurance

We follow the timeline proposed in Section 3, in which party A initiates the process and is fol-
lowed by party B. �e problem we solve is the one de�ned in the equilibrium except for the status
quo constraint, which is equivalent to solving an alternating dictator problem with debt. We do
this for two reasons. First, we have already shown in a dictator’s problem that there is no need
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for parties to issue debt, since in the absence of �uctuations over y a dictator can smooth out
consumption like a planner without using this instrument.

When there is power alternation as in Alesina and Tabellini (1990), politicians will issue debt
for political economy reasons – to expropriate resources from the other party. However, the level
of debt is di�erent in the partial insurance model in the next section. �erefore, we need this
model as a benchmark to highlight the role of political bargaining with partial insurance in debt
issuance. Second, in this power alternation model with debt but no insurance – which technically
means there is no status quo constraint, budget rules provide li�le distributional e�ect, as we will
see in Section 6.3.

We can solve the model by backward induction. In the second period, for a given level of debt
b, party B solves the following problem:

max
cA,2,cB,2,g2

u(cB,2, g2)

s.t. cA,2 + cB,2 + g2 = y −Rb
cA,2, cB,2, g2 ≥ 0

which is exactly the same as the static dictator problem except that total resources are y − Rb.
�erefore, the second-period best-replies can be presented by cA,2 = 0, cB,2 = CD(y − Rb) and
g2 = GD(y −Rb) from Lemma 2.

In the �rst period, party A takes into account the best-replies of party B in the second period to
decide how much private and public consumption to allocate and how much debt to issue. Given
the best-replies we just characterized, party A solves the following maximization problem:20

max
cA,1,cB,1,g1,b

u(cA,1, g1) + βu(0,GD(y −Rb))

s.t. cA,1 + cB,1 + g1 = y + b

cA,1, cB,1, g1 ≥ 0, 0 ≤ b < b̄

�e optimal allocation is characterized in the lemma below.

Lemma 4. (Power alternationwithno insurance.) Consider the utility function u(·, ·) satisfying
Assumption 1. If party i starts and is followed by party j in the second period, then the power
alternation game delivers allocation such that

bPA > 0, cPAi,1 = CD(y + bPA), cPAj,1 = 0, gPA1 = GD(y + bPA)

cPAi,2 = 0, cPAj,1 = CD(y −RbPA), gPA2 = GD(y −RbPA)

where j 6= i, i,j ∈ {A,B}.
20Note that technically this problem is not well identi�ed since u(0, .) = −∞. For the sake of the argument, we

can impose a constraint such that allocations have to be greater or equal to a small value x̄ such that x̄→ 0. �is will
only change the problem in the sense that the total amount of resources available in the economy will be y−Rb− x̄

and not y − Rb. �erefore, it is immaterial to the intuition we are trying to provide. We will de�ne the problem of
party A in this case considering as if A receives “almost” zero in the second period.
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Proof. See Appendix A.3.

It is straightforward to see that party A will perform as a dictator and set cB,1 = 0 in equilib-
rium. In other words, she will equate the the marginal utility of her own private transfers and
public consumption given the level of resources y + b. Debt issuance is strictly positive for the
following reason. In the �rst period, the proposer knows she will lose power in the second period
and her private consumption will be set to zero whatever the amount of resources will be. As a
consequence, she has an incentive to issue debt to leave less resources for the second-period pro-
poser. �e optimal level of debt will be chosen such that the marginal bene�t from increases in
both party A’s private transfers and public consumption in the �rst period equates the marginal
cost from lower public consumption in the second period.

5.2 Insurance against expropriation: the endogenous status quo

Before we proceed with the analysis, it is important to make it explicit how insurance is modelled.
Speci�cally, insurance plays a pivotal role in the bargaining process through establishing the
minimum acceptable welfare level for the respondent. Since party A is the respondent in the
second period following the timeline in Section 3, her endogenous reservation value, denoted by
KA,2(s2), can be de�ned as follows:

KA,2(s2) =

{
u(cA,1, g1), full insurance
u(cA,1, ḡ), partial insurance

(8)

where ḡ is exogenously given. Recall that s2 are di�erent with full and partial insurance as
de�ned in Section 2. In the �rst period, party B is the respondent and her promised level utility
KB,1(s1, b0 = 0) is de�ned as

KB,1(s1, b0 = 0) =

{
u(cB,0, g0) + βu(CB,2(cA,0, g0, b0 = 0),G2(cA,0, g0, b0 = 0)), full insurance
u(cB,0, ḡ) + βu(CB,2(cA,0, ḡ, b0 = 0),G2(cA,0, ḡ, b0 = 0)), partial insurance

(9)

where (cA,0, cB,0, g0) is exogenously given. It is clear to see that the only di�erence in reservation
values between the two models is that the exogenous ḡ is used in the partial insurance model,
while the status quo of g enters the full insurance model. Also note that party B’s optimal choice
in the second period ma�ers to determine her �rst-period reservation value since agents are far-
sighted and can anticipate what would take place if the o�er is rejected.

5.3 Second-period problem

We start with the characterization of the second-period problem. It turns out that the form of
the second-period problem is the same across full and partial insurance model. Formally, party B
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solves the following maximization problem given s2 and b:

max
cA,2,cB,2,g2

u(cB,2, g2)

s.t. cA,2 + cB,2 + g2 = y −Rb
u(cA,2, g2) ≥ KA,2(s2)

cA,2, cB,2, g2 ≥ 0

where KA,2(s2) is de�ned in (8). We can then derive the following result:

Lemma 5. (Second-period characterization.) Consider the utility function u(·, ·) satisfying As-
sumption 1. �e optimal allocation can be characterized as

1. IfKA,2(s2) = −∞, we have

c∗A,2 = 0, c∗B,2 = CD(y −Rb), g∗2 = GD(y −Rb)

2. If −∞ < KA,2(s2) < u(CD(y −Rb),GD(y −Rb)), the optimal allocations solve

1

ucA,2
+

1

ucB,2
− 1

ug2
= 0 (10)

cA,2 + cB,2 + g2 = y −Rb (11)
u(cA,2, g2) = KA,2(s2) (12)

3. IfKA,2(s2) = u(CD(y −Rb),GD(y −Rb)), we have

c∗A,2 = CD(y −Rb), c∗B,2 = 0, g∗2 = GD(y −Rb)

4. IfKA,2(s2) > u(CD(y −Rb),GD(y −Rb)), there is no solution.

Proof. See Appendix A.4.

�e optimal allocation is conditional on the reservation value of party A and dictator’s static
utility derived from the level of resource y − Rb. If party A’s reservation value is low and leave
more resource to party B in the second period, then party B can perform as a social planner and
keep some private transfers as characterized by (10)-(12). However, if party A had borrowed a lot
in the �rst period, then her reservation value would be high while leaving party B few resources
to allocate. To satisfy the status quo constraint, party B has to receive zero private transfer and
provides dictator’s allocation to party A. Note that this lemma shows that in the second period, the
characterizations are the same whatever the level of insurance in the economy is. Nonetheless, the
sets of allocations in the �rst period vary given the di�erence in the reservation utility promised
to the respondent KA,2(s2) as de�ned in equation (8). �is can be explained more clearly when
we characterize the �rst-period problems in the next two sections. To simplify the problem,
we assume the proposer in the �rst period makes decision such that KA,2(s2) ≤ u(CD(y −
Rb),GD(y −Rb)) to ensure the existence of solution.
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5.4 Full insurance

�e important dynamics of the model take place in the �rst-period problem. We follow our
analysis with the full insurance case �rst. Given the best replies of party B in the second period,
the �rst-period proposer A is solving the following maximization problem:

max
cA,1,cB,1,g1,b

u(cA,1, g1) + βu(CA,2(cA,1, g1, b),G2(cA,1, g1, b))

s.t. cA,1 + cB,1 + g1 = y + b

u(cB,1, g1) + βu(CB,2(cA,1, g1, b),G2(cA,1, g1, b)) ≥ KB,1(s1, b0 = 0)

cA,1, cB,1, g1 ≥ 0, 0 ≤ b < b̄

whereKB,1(s1, b0 = 0) is the promised level of utility for group B de�ned in (9), CA,2(cA,1, g1, b),
CB,2(cA,1, g1, b) and G2(cA,1, g1, b) are the best replies from the second-period problem as stated
in Lemma 5. Note that as shown in the lemma, under full insurance we must have

u(CA,2(cA,1, g1, b),G2(cA,1, g1, b)) = u(cA,1, g1)

in the second period. �erefore, the objective function can be rewri�en as (1 + β)u(cA,1, g1).
Using this objective function will make it easier to solve the problem.

�e optimal decision is summarized as follows:

Proposition 1. (No debt under full insurance.) Consider the utility function u(·, ·) satisfying
Assumption 1. In addition, assume the exogenous status quo s1 = (cA,0, cB,0, g0) satis�es −∞ <

KB,1(s1, b0 = 0) < Kmax where Kmax = (1 + β)u(CD(y),GD(y)). �en the optimal solution to
the problem delivers

b∗ = 0, c∗A,1 = c∗A,2, c
∗
B,1 = c∗B,2, g

∗
1 = g∗2

Moreover, c∗A,t, c
∗
B,t and g

∗
t solve

1

uc∗A,t
+

1

uc∗B,t
− 1

ug∗t
= 0 (13)

c∗A,t + c∗B,t + g∗t = y (14)
(1 + β)u(c∗B,t, g

∗
t ) = KB,1(s1, b0 = 0) (15)

where t = 1, 2.

Proof. See Appendix A.5.

It turns out that the optimal decision made by party A as the �rst-period proposer is to expro-
priate party B to the point where party B’s private consumption is smoothed out, as it respects
the individual rationality constraint given by equation (15). As a risk-averse agent, party B would
accept such o�er with less in total but smoother private consumption across the two periods. �is
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allocation is indeed more favorable to party A as it increases her lifetime utility. Moreover, party
A can achieve this allocation without issuing any debt. Intuitively, since both private transfers
and public goods consumption will be mapped as endogenous status quo, party A can sustain her
level of utility even if party B proposes in the second period. Issuing debt will increase party A’s
utility in the �rst period, but makes the status quo constraint impossible to hold in the second
period. We will provide more intuition a�er we characterize the �rst-period problem with partial
insurance by comparing the �rst-order conditions of the two models.

Another point to notice is that the allocations of the full insurance model is Pareto e�cient
as b∗ = 0 and the �rst-order conditions (13)-(15) are exactly the same as condition (3)-(5), which
are satis�ed by the �rst-best allocations.

5.5 Partial insurance: entitlement programs

We now turn our a�ention to the partial insurance case, where only private transfers are insured
against expropriation. �is con�guration serves as our baseline scenario, given that the predom-
inant form of government-provided social insurance involves private transfers targeting speci�c
groups, akin to an entitlement program. Formally, the �rst-period problem for proposer A is
given by

max
cA,1,cB,1,g1,b

u(cA,1, g1) + βu(CA,2(cA,1, ḡ, b),G2(cA,1, ḡ, b))

s.t. cA,1 + cB,1 + g1 = y + b

u(cB,1, g1) + βu(CB,2(cA,1, ḡ, b),G2(cA,1, ḡ, b)) ≥ KB,1(s1, b0 = 0)

cA,1, cB,1, g1 ≥ 0, 0 ≤ b < b̄

where KB,1(s1, b0 = 0) is de�ned in (9) with the partial insurance case. Note that the most
remarkable di�erence with the full insurance model is that the exogenous status quo ḡ enters into
the second-period best replies instead of g1. As characterized in Proposition 1, under full insur-
ance the �rst-period proposer A can perfectly smooth out her consumption because the second-
period proposer B will make decisions subject to u(CA,2(cA,1, g1, b),G2(cA,1, g1, b)) = u(cA,1, g1).
Under partial insurance, however, the lack of insurance for the second-period public goods sets
that u(CA,2(cA,1, ḡ, b),G2(cA,1, ḡ, b)) = u(cA,1, ḡ). Since ḡ is �xed but not a choice variable, the
�rst-order condition with respect to g1 alters and results in di�erent optimal allocations.

It is worth noting that the value of ḡ is not immaterial. �e smaller is ḡ, the more important is
the role of the entitlement programs which are insured – if ḡ is “too large”, the political bargaining
process will be the same as the full insurance model. In order to distinguish from the full insurance
model, we set the value of ḡ to be su�ciently small such that proposer A can only be insured from
private goods entitlement, not public goods spending. Speci�cally, we assume

0 < ḡ < gmin(y) (16)
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where gmin(y) is the smallest value of g to solve the following conditions together

1

ucA
+

1

ucB
− 1

ug
= 0

cA + cB + g = y

cA, cB, g ≥ 0

It is easy to check that under our assumptions for the utility function u, gmin(y) exists with
gmin(y) > 0.21

�e characterization of the maximization problem is summarized in the following proposition:

Proposition 2. (Positive debt under partial insurance.) Consider the utility function u(·, ·)
satisfying Assumption 1. In addition, assume the exogenous status quo s1 = (cA,0, cB,0, ḡ) satis�es
−∞ < KB,1(s1, b0 = 0) < Kmax where Kmax = (1 + β)u(CD(y),GD(y)), and (16) holds. �en
the optimal solution to the problem delivers

b∗ > 0, c∗A,1 > c∗A,2, c
∗
B,1 = c∗B,2, g

∗
1 > g∗2

Speci�cally, they solve

u(c∗A,2, g
∗
2) = u(c∗A,1, ḡ) (17)

c∗B,2 = c∗B,1 (18)
c∗A,1 + c∗B,1 + g∗1 = y + b∗ (19)
c∗A,2 + c∗B,2 + g∗2 = y −Rb∗ (20)

1

uc∗A,1
+

1

uc∗B,1
− 1

ug∗1
= β

[
1

ug∗1
− 1

ug∗2

]
(21)

1

uc∗A,2
+

1

uc∗B,2
− 1

ug∗2
= 0 (22)

u(c∗B,1, g
∗
1) + βu(c∗B,2, g

∗
2) = KB,1(s1, b0 = 0) (23)

Proof. �e details of the proof are shown in Appendix A.6.

�e most important result from the characterization is that the level of debt is strictly positive
in the partial insurance model. To be�er illustrate why the level of debt is strictly positive in the
partial insurance model, we compare the following two equations[

Full insurance
] [

1

ucA,1
− 1

ucA,2

]
−
[

1

ug1
− 1

ug2

]
= 0 (24)

[
Partial insurance

] [
1

ucA,1
− 1

ucA,2

]
−
[

1

ug1
− 1

ug2

]
=

β

1 + β

[
1

ucA,1
− 1

ucA,2

]
︸ ︷︷ ︸

Wedge

(25)

21See Appendix A.6 for detail.
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where equation (24) is derived from (13) and equation (25) is derived from (21) and (22). Note
that to derive the two equations, the shared equilibrium condition c∗B,1 = c∗B,2 is used as well.
With full insurance, the binding status quo constraint u(c∗A,2, g

∗
2) = u(c∗A,1, g

∗
1) in the second

period allows equation (24) to hold with constant private and public consumption. With partial
insurance, however, the second-period status quo constraint (17) implies that c∗A,1 > c∗A,2 must
hold given our assumption for ḡ. As a result, there is a positive wedge in equation (25) so that
choosing constant private and public consumption is not optimal. Instead, borrowing is needed
to support the wedge and keeps cA,1 and g1 at a higher level in the �rst period.

To be�er show the di�erence between the full and partial insurance model, we solve them
numerically. �e results are plo�ed in Figure 2. We assume the utility function takes a logarithm
form u(c, g) = ln c+θ ln g with θ = 1. We normalize the total endowment to unity so y = 1, and
the value of ḡ is set to 0.05 implying 5 percent of the total endowment must be used as public
goods consumption. For simplicity, we also set β = R = 1. �e solid blue lines represent the
optimal allocation for the partial insurance model and the dash-do�ed green lines for the full
insurance model. Dictator’s allocation is also depicted as a reference. �e horizontal axis of the
�gure is cB,0 which is used to capture the level of promised utility for party B. We consider the
positive allocation at period 0 are subject to cA,0 + cB,0 + g0 = y. Given a value of cB,0, we can
derive KB,1(s1, b0 = 0) from (9) and get the optimal allocation with the characterizations. When
cB,0 is larger, it implies that the initial status quo constraint is tighter for the proposer A in the
�rst period.

As shown in the top right panel of Figure 2, debt issuance is zero in the dictator model. �e
reason is that borrowing can only distort resources across time when there is no endowment
�uctuation, so there is no need to issue debt. �e level of debt is zero as well in the full insurance
model, but for di�erent reasons. Although party A knows that she will lose power in the second
period, the endogenous status quo constraint including both private and public consumption
ensures that she can sustain her �rst-period utility. With such full insurance, debt is a redundant
tool to use. In contrast, the level of debt in the partial insurance model is strictly positive. It
serves the primary purpose of boosting the private consumption of the �rst-period proposer A,
as illustrated in the top le� plot. �e reason is as follows. Knowing that only her private transfer
can be insured through the endogenous status quo constraint in the second period, party A has
an incentive to manipulate her private allocation across time, resulting in excessive spending on
private consumption in the �rst period. Put di�erently, there is an insurance motive of party A
to directing resources towards cA,1, leading to an over-provision of private transfers relative to
the optimal levels of the dictator’s problem and the full insurance model.

In such model where party A and party B must agree upon, debt issuance must bene�t the �rst-
period respondent B to get accepted. As shown in the bo�om le� panel, party B also receives
a higher level of private transfers in the �rst period where there is only partial insurance. It
demonstrates that debt issuance serves as a bargaining chip by facilitating private consumption
of party B to reach an agreement. Meanwhile, as in the bo�om right panel, public consumption
g1 is higher as well in the partial insurance model than in the others, which matches party A’s
higher private consumption and bene�ts party B at the same time.
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Figure 2: Private transfers for group A and B, public goods allocation, and debt issuance for
full (green dash-do�ed lines), partial (blue solid lines) insurance models, and the dictator model
(yellow dashed lines) in the �rst period against the exogenous initial status quo represented by
cB,0. �e yellow dashed lines represent A’s choice when she has dictatorship in both periods. �e
allocations are the solution for the numerical problem that considers u(ci, g) = ln(ci) + ln(g),
with y = 1, β = 1 and ḡ = 0.05.

5.6 Debt and Political Bargaining

To be�er understand the role of debt in our model with political bargaining, we will compare
the results in the partial insurance model and in the power alternation model with no insurance.
�is is crucial because the dynamics of political bargaining will alter the motives behind debt
issuance, and consequently in�uence the welfare and inequality implications of �scal rules, as
we will explore in Section 6.

�e solid blue lines represent the optimal allocation and debt issuance for the partial insurance
model in Figure 3. �e lines are exactly the same as those in Figure 2. �e red dash-do�ed lines
are for the power alternation model with no insurance. Note that the red lines are �at because
the optimal allocation is independent of the exogenous cB,0 due to lack of status quo constraint.

As shown in the top right panel, the level of debt is higher in the partial insurance model
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Figure 3: Private transfers for group A and B, public goods allocation, and debt issuance for power
alternation model with no insurance (red dash-do�ed lines), for dictator (yellow dashed line), and
for partial insurance model (blue solid lines) in the �rst period as a function of the exogenous
initial status quo represented by cB,0. �e allocations are the solution for the numerical problem
that considers u(ci, g) = ln(ci) + ln(g), with y = 1, β = 1 and ḡ = 0.05.

than in the no insurance model. In the no insurance model, debt is only used to expropriate
the opponent party. On top of that, debt plays other roles when private transfers can provide
insurance. On one hand, the proposer A in the �rst period borrows to get herself more private
consumption and strengthen her status quo in the next period, as con�rmed in the top le� panel.
On the other hand, she borrows to provide transfers to the respondent B to get the allocation
accepted as in the bo�om le� plot. When cB,0 is small, i.e. the initial promised value for party
B is low, the �rst motive to issue debt dominates and private transfers to A is high. When cB,0
is high, however, the la�er motive is more important in debt issuance. Party B will get more
transfers while party A only gets less transfer than in the no insurance case. Nonetheless, the
total e�ect is more debt issuance in the partial insurance model.

In terms of public goods consumption, it remains over-provided compared to the dictator
model but less pronounced than the no insurance model, as shown in the bo�om right panel. �e
main reason is that party A shi�s some demands for public goods to private consumption as only
the la�er can provide insurance.
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In summary, in a political bargaining scenario with partial insurance (but not full insurance
as the optimal level of debt would be zero), debt has dual purposes: a tool to expropriate the
opponent when lose power and a bargaining chip to provide insurance in the political negotia-
tion process. As a consequence, debt issuance is higher under political bargaining with partial
insurance compared to the conventional power alternation model where debt is solely used for
expropriation. Proposition 3 formalizes this result.22

Proposition 3. (Political bargaining increases debt levels.) Consider the utility function u(·, ·)
satisfying Assumption 1. In addition, assume that ∂

2GD(Y )
∂Y 2 ≤ 0 where GD(Y ) is dictator’s choice of

public consumption de�ned in section 4.2. �en for cB,0 → 0, we have

bPA < b∗

where bPA is the optimal choice of debt in the power alternation model without entitlements and b∗

is the one in the partial insurance model with initial status quo cB,0.

Proof. See Appendix A.7.

5.7 Debt issuance and consumption smoothing: the status quo e�ect

In Proposition 3, we established that debt levels are consistently higher under bargaining with
partial insurance compared to power alternation model with no insurance. �e proposition was
proven under the assumption that u(., 0) = u(0., ) = −∞, which holds true when ρ ≥ 1 for
CRRA utility functions of the form c1−ρ−1

1−ρ + g1−ρ−1
1−ρ . However, when ρ < 1, it’s possible that debt

levels under power alternation with no insurance exceed those under bargaining with partial
insurance, as illustrated in Figure 4.

In the plot, the solid blue line and the dash-do�ed red line represent the optimal level of debt
and private transfers to party A in the partial insurance model against values of ρ, respectively.
�e dashed blue line represents the level of debt in the no insurance model. Recall that in the
partial insurance model the proposer A in the �rst period wants to borrow and have more private
transfers, but is required to provide the promised utility for the respondent B at the same time.
When ρ is large, there is a high demand for consumption smoothing. �erefore, through aids in
smoothing party B’s private consumption (c∗B,1 = c∗B,2), party A is able to issue debt to a high
level but is still acceptable to party B. However, as ρ approaches 0, the consumption smoothing
motive for the respondent diminishes due to the larger elasticity of substitution and the level of
debt gets lower. �is relationship is depicted by the increasing solid blue line in Figure 4.

22�e result is proved under su�cient conditions in Proposition 3. One condition is that cB,0 is small so the
initial status quo constraint is not very tight. �e second condition is imposed on the utility function: When total
endowment increases, the agent will allocate no less resource increment to private consumption instead of the public
consumption. �is condition ensures that agents’ preference do not con�ict with the role of private transfers as an
insurance device. Note that the log utility function in our numerical exercise satis�es this condition.
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Figure 4: Debt and entitlements (cA,1) in the partial insurance model against the value of ρ. �e
allocations are the solution for the numerical problem that considers u(c, g) = c1−ρ−1

1−ρ + g1−ρ−1
1−ρ ,

with y = 1, β = 1, ḡ = 0.05, and cB,0 = 0.165.

When there is lack of insurance, debt serves solely as a means for party A to expropriate party
B. As ρ → 0, party A places less emphasis on consumption smoothing because utility is ge�ing
more linear, so she has more incentives to borrow. Meanwhile, there is no counterbalance from
party B since she has no bargaining power in this model. Consequently, as illustrated by the
dashed blue line, debt decreases with the value of ρ in the no insurance model.

Another important result we get from the �gure is that entitlements and debt co-move when
ρ is large (greater than 0.5). �is stands in stark contrast to existing literature, where a higher
ρ typically diminishes the value of debt due to consumption smoothing motives, as observed in
the power alternational model with no insurance.23 �e di�erence underscores the fundamental
distinction in our modeling approach for addressing insurance against expropriation, particu-
larly in comparison to Bouton, Lizzeri and Persico (2020). We implement insurance through the
endogenous status quo, as elucidated in Section 5.5. In our framework, the endogeneity of the
status quo renders debt and entitlements (the private good insured against expropriation) strate-
gic complements. �is complementarity e�ect intensi�es with the level of ρ, as it ampli�es the
desirability of consumption smoothing for the respondent.

�e political bargaining structure mitigates the potential welfare losses arising from expro-
priation due to political turnover. In a model of political turnover akin to Alesina and Tabellini
(1990), debt can exacerbate inequality by enabling the �rst-period proposer to expropriate future
proposers. However, this is not necessarily the case in a model of partial insurance. Here, debt not
only enhances welfare but also has the potential to promote equity. In the subsequent section, we
introduce three types of �scal rules and analyze their implications for inequality and e�ciency
within our partial insurance framework.

23Figure 4 can be juxtaposed with Figures 1 and 2 in Bouton, Lizzeri and Persico (2020), highlighting the divergent
e�ects of consumption smoothing motives on debt issuance in our model, which accounts for the endogeneity of the
status quo, compared to their model, where insurance is provided under a minimum level of consumption.

23



6 Fiscal Rules

Fiscal rules, designed to regulate government borrowing and spending behaviors, aim to foster
�scal discipline and curb the adverse e�ects in economy. In this section, we take the widely used
debt ceilings and spending limits and delve into the nuances of their impacts on welfare and
inequality in our partial insurance model.

�e decision to focus on the partial insurance model is threefold. First, the usual power alter-
nation model with no political bargaining do not provide meaningful insight for spending limits,
because they only a�ect the �rst-period proposer. Second, legislative bargaining over the gov-
ernment budget has mechanisms against expropriation in the form of mandatory spending and
entitlement programs so we need to take it into account. A more detailed discussion of this is
available in Bowen, Chen and Eraslan (2014), Bouton, Lizzeri and Persico (2020) and Azzimonti,
Karpuska and Mihalache (2022). �ird, as we have proved in Proposition 1, debt issuance is zero
under the full insurance model. Consequently, an analysis of debt ceilings would be inconse-
quential. In addition, spending limits have minimal distributional e�ects in this model because
they would need to be exceptionally low to have a signi�cant impact.

Hence, we conclude that the partial insurance model, with its incorporation of political bar-
gaining structure and budgetary rigidity, provides a more appropriate framework for examining
�scal rules. �is model facilitates exploration of nuanced trade-o�s between various allocations,
considers a fact that is most countries do have some mechanism of insurance against expropria-
tion, and entails a positive optimal level of debt issuance.

To be more precise, we will explore three types of �scal rules within this context: spending
limits on the insured private transfers (referred to as the “c-rule”), spending limits on the unin-
sured public consumption (referred to as the “g-rule”), and an extreme debt ceiling that precludes
any debt issuance. Given that we are interested in the impact of �scal rules stemming from polit-
ical bargaining, we will consider spending limits at the optimal levels of dictator’s choice because
spending above these values can be regarded as emerged due to political reasons.

6.1 Debt and spending limits

�e following proposition shows how debt issuance will change under spending limits. In fact,
we will be able to rank debt issuance in three main scenarios: under partial insurance and no
spending limit, under what we call the c-rule, which limits private transfers, and under the g-
rule, that limits public good consumption.

Proposition 4. (Positive debt under partial insurance with spending limit.) Consider the
utility function u(·, ·) satisfying Assumption 1. Moreover, assume that 1

uc
is convex in c. Denote ḡ

as exogenous lowest level of public consumption satisfying ḡ < gmin(y). Consider the following two
types of spending rules:
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1. g spending rule in which g ≤ gD

2. c spending rule in which c ≤ cD

where cD = CD(y) and gD = GD(y) are the choice of a dictator with total resource of y. Denote
bg-rule and bc-rule the optimal choice of debt with the two rules, respectively. �en we have 0 < bg-rule ≤
b∗ ≤ bc-rule where b∗ is the optimal choice of the partial insurance model without spending limit.

Proof. See Appendix A.8.

�e proposition shows that the optimal level of debt is lower with g-rule but higher with c-
rule. �e reason for this ranking of debt issuance is simple. With partial insurance, allocating
resources towards cA,1 bene�ts A both statically and dynamically, as it guarantees reservation
utility in the future. If this dynamic channel is limited, party A will seek to expropriate future
resources and bene�t herself with current public consumption instead, leading to increased debt
issuance. �is phenomenon is illustrated in the top right plot of Figure 5. Under the c-rule (dashed
yellow line), debt issuance is higher than in the partial insurance model (solid blue line). Since
A cannot receive private transfers cA,1 to the extent she desires, under the c-rule, she resorts to
overspending in public spending (dashed yellow line), as compared to the partial insurance model
with no spending limit (solid blue line), as evident in the bo�om right plot of the same �gure.

�e g-rule model induces the least distortions compared to the partial insurance model when
there is no spending limit. Allocations exhibit marginal di�erences, with slightly reduced public
spending compensated by slightly increased private spending for both A and B, as illustrated in
Figure 5. �is discrepancy arises because public spending is not insured in the partial insurance
model. Consequently, public spending is not signi�cantly distorted by the dynamic political bar-
gaining, and imposing limits on public spending is unlikely to produce substantial changes in
outcomes.

Finally, debt ceilings are expected to reduce overall allocations. �is outcome is unsurprising
because debt is utilized not only for A’s bene�t to augment cA,1 but also as bargaining chips to
enhance cB,1 and g1. Consequently, the most signi�cant impact in terms of welfare is anticipated
to arise from debt ceilings, as they prevent A from ful�lling her demand for insurance by issuing
debt. Further discussion on this topic will be provided in Section 6.3.

6.2 Revisiting the role of debt and political bargaining

In Section 5.6, we emphasized the importance of analyzing �scal rules within a model that in-
corporates some level of insurance over government budget allocations. Using the conventional
power alternation model for this purpose is not ideal, because debt serves primarily as a tool
to exacerbate inequality by allowing the �rst-period proposer to extract more resources from
the future proposer. Furthermore, the imposition of spending limits would have minimal impact
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Figure 5: Private transfers for group A and B, public goods allocation, and debt issuance for partial
(blue solid lines) insurance model, model with g spending limit (red do�ed lines), model with c
spending limit (yellow dashed lines) and model with zero debt ceiling (green dash-do�ed lines)
in the �rst period against the exogenous initial status quo represented by cB,0. �e allocations
are the solution for the numerical problem that considers u(ci, g) = ln(ci) + ln(g), with y = 1,
β = 1 and ḡ = 0.05.

on welfare and equity since they would only a�ect the �rst-period proposer A. Consequently,
the results obtained from such analysis would be trivial and inconsequential. We illustrate this
discussion in Figure 6.

�e welfare results of the power alternation model are indicated in red. In this numerical
exercise, the red square represents the model in which the �rst-period proposer A can issue debt,
while the red circle represents the model in which debt issuance is not allowed. It is evident that
the outcomes are trivial: debt only exacerbates inequality by enabling the �rst-period proposer
to “starve the beast” as discussed in Alesina and Tabellini (1990). Additionally, due to the risk
aversion of our agents, there are signi�cant e�ciency losses resulting from political turnover,
which leads to a lack of consumption smoothing. �is is illustrated by the distance between the
red circle and square from the Pareto frontier, marked in black in the le� plot of Figure 6.

When we consider that party B must accept party A’s o�er, by introducing a political bar-
gaining structure, and recognize that this structure has dynamic implications as private alloca-
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tions also provide insurance against future expropriation, two immediate e�ects become appar-
ent. Firstly, welfare losses stemming from political turnover are mitigated. �is is illustrated in
the le� plot of Figure 6, which depicts the range of potential welfare outcomes resulting from the
partial insurance model in the absence of a debt ceiling (solid blue) and when an extreme debt
ceiling is imposed (dash-do�ed green).24

Imposing a debt ceiling results in a reduction of all �rst-period allocations, as illustrated in
Figure 5. Consequently, welfare is lower under a debt ceiling for any level of the initial status
quo cB,0, as evidenced by the dash-do�ed green line being below the solid blue line in Figure 6.
�erefore, there exists a signi�cant distinction between the impact of a debt ceiling in the power
alternation model and in the partial insurance model: the inability to issue debt carries clear e�-
ciency considerations when considering the political bargaining structure present in the partial
insurance model, but not in the power alternation model.

Pareto frontier and welfare

-16 -14 -12 -10 -8 -6 -4

Lifetime utility of A

-16

-14

-12

-10

-8

-6

-4

L
if
e
ti
m

e
 u

ti
lit

y
 o

f 
B

Partial

Power

alternation

with no

debt

Power alternation with debt

Debt ceiling

Equity line

Pareto frontier

Inequality

0.2 0.4 0.6 0.8

Initial status quo c
B,0

-1

0

1

2

3

4

5

D
if
fe

re
n
c
e
 i
n
 l
if
e
ti
m

e
 u

ti
lit

y
Partial

Power alternation with no debt

Power

alternation

with debtDebt ceiling

Figure 6: �e e�ect of debt in the power alternation and in the partial insurance models. Welfare
is the solution for the numerical problem that considers u(ci, g) = ln(ci) + ln(g), with y = 1,
β = 1 and ḡ = 0.05.

Additionally, while a debt ceiling reduces inequality in both the partial insurance model and
the simple power alternation model, the extent of reduction depends on the initial status quo cB,0.
When cB,0 is small, the di�erence in inequality between the partial insurance model with and
without debt (the distance between the blue and green lines) is much more pronounced than the
di�erence in inequality between the power alternation model with and without debt (the distance
between the red square and red circle points). �is distinction is illustrated in the right panel of
Figure 6. It is important to note that inequality here is calculated as the di�erence between the
dynamic payo� of party A and party B.

24�e outcome of the partial insurance model is contingent on the initial level of the exogenous status quo cB,0.
When cB,0 is low (represented by the magenta diamond point), indicating that B has limited bargaining power, the
results tend towards the lower extremes of the lines. Conversely, when cB,0 is high (depicted by the magenta triangle
point), indicating signi�cant bargaining power for B, the results tend towards the upper extremes of the lines.
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6.3 Welfare and inequality

Now we move to our primary analysis, examining how di�erent �scal rules yield varied impli-
cations in terms of welfare and equity. Figure 7 illustrates that the g-rule exhibits no discernible
di�erence in welfare or equity compared to the partial insurance model with no spending limit
or debt ceiling imposed. �is is because imposing a spending limit on a good that is not signi�-
cantly overprovided, as it lacks a dynamic bene�t (since it is not insured in the partial insurance
model), won’t substantially alter allocations or redistribute resources. As depicted in the le� plot
of Figure 7, we observe that the partial insurance model (blue solid line) yields almost identical
outcomes to the g-rule model (red do�ed line).

When the c-rule is imposed, signi�cant losses are incurred. Firstly, in terms of e�ciency, the
c-rule (yellow dashed line) consistently falls below or aligns with the partial insurance model
without a �scal rule (blue line). E�ciency losses decrease as the initial status quo promised to B
increases. �is relationship is evident in the le� plot of Figure 7, where the distance between the
c-rule yellow line and the partial insurance blue line decreases as they approach the equity line.
However, when an extreme debt ceiling is enforced (green dash-do�ed line), e�ciency losses are
maximized.
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Figure 7: �e e�ect of debt in the power alternation and in the partial insurance models. Welfare
is the solution for the numerical problem that considers u(ci, g) = ln(ci) + ln(g), with y = 1,
β = 1 and ḡ = 0.05.

�e impact of �scal rules on inequality highlights the trade-o� between equity and e�ciency.
While debt-ceilings are the worst in terms of e�ciency losses, they are the ones that bring a lower
inequality on average, as depicted in the right plot of Figure 7. We say it on average because the
impact depends on the level of the exogenous status quo cB,0, For high levels of cB,0, we can
see that inequality is overall smaller for all types of �scal rules, being almost the same for the
c-rule (yellow line), g-rule (green line) and the benchmark model with no �scal rule, the partial
insurance model (blue line). �ese are points that are closer to the equity line in the le�-hand
plot of Figure 7.

We can rank �scal rules both in terms of e�ciency losses and inequality. In terms of e�ciency,
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debt ceilings (green line, le� plot) result in no e�ciency losses, c-rules’ (yellow line, le� plot)
e�ciency losses decrease with cB,0 but never exceed welfare losses from the debt ceiling – the
green line consistently remains below all other lines for any level of the initial status quo cB,0. �e
g-rule (red line) has no impact in e�ciency when compared to the partial insurance benchmark
model (blue line). In terms of equity, debt ceilings (green line, right plot) result in the lowest
inequality levels, c-rules’ (yellow line, right plot) in the second greatest average inequality levels
and the g-rule (red line) has also no impacts on inequality.

7 Conclusion

In this study, we present a political economy model examining the impacts of �scal rules on
inequality and e�ciency, focusing on debt ceilings and spending limits. Our model accounts
for alternating parties bargaining over resource allocation when the status quo is endogenously
determined. We characterize a unique equilibrium under relatively general conditions.

We show that di�erent �scal rules have di�erent impacts on inequality and e�ciency. Debt
ceilings, despite inducing considerable e�ciency losses, signi�cantly mitigate inequality by cur-
tailing the �rst-mover’s capacity for future expropriation. Conversely, spending limits on in-
surable goods inadvertently provoke increased debt issuance, whereas limits on non-insurable
budgetary items prove inconsequential. From an e�ciency standpoint, �scal rules can be hier-
archically ordered, with the spending limit on goods that are not insured (g-rule) emerging as
most favorable, followed by the rule that limits spending on goods that are insured (c-rule), and
debt ceilings as least e�cient. �is underscores a pivotal trade-o� between equity and e�ciency
inherent in �scal policy design. Our results underscore that the trade-o� between equity and
e�ciency may become more apparent in the presence of �scal rules.

We also �nd that the emergence and levels of government debt are critically in�uenced by
insurance against power alternation. Speci�cally, in contexts where private transfers are insured
against shi�s in power, debt not only arises but also surpasses levels observed in models lacking
such insurance mechanisms. �is underscores the strategic utility of debt as both an insurance
mechanism and a bargaining tool for incumbent parties.

Moreover, our analysis delves into the interplay between debt and entitlements, revealing
them to be strategic complements within our framework. Contrary to previous models that treat
debt and entitlements as substitutes, our analysis reveals them to be strategic complements within
our framework. Here, debt issuance is leveraged not only as a safeguard against potential expro-
priation but also as a crucial negotiating tool that incumbents can use to gain opposition support
for their allocation proposals. �is insight stems from our adoption of a legislative bargaining
model, characterized by an endogenously determined status quo, as our analytical approach.

Our study highlights the critical importance of integrating political dynamics and insurance
mechanisms into the analysis of �scal rules. It demonstrates how the interplay between debt
and insurance against expropriation – like entitlements programs, the strategic utilization of
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debt, and the di�erentiated e�ects of various �scal rules are all crucial considerations for re�ning
economic policy design. An intriguing avenue for future research, as suggested by our work, in-
volves the incorporation of ex-ante inequality. In our current framework, where parties directly
choose allocations – akin to the e�ect of non-distortionary taxation in a decentralized model –
ex-ante inequality is neutralized by the reallocation of resources without any economic costs.
However, the introduction of distortionary taxation, where higher taxes carry e�ciency costs,
could profoundly in�uence the interplay between �scal rules, inequality, and e�ciency. Addi-
tionally, exploring the dynamics of �scal policy in the context of productivity shocks represents
another valuable direction for further investigation. �ese are pivotal discussions we aim to pur-
sue in future research, recognizing their potential to deepen our understanding of �scal policy’s
nuanced impacts.

30



References
Alesina, Alberto and Andrea Passalacqua, “�e political economy of government debt,” Hand-
book of macroeconomics, 2016, 2, 2599–2651.

and Guido Tabellini, “A positive theory of �scal de�cits and government debt,” �e review
of economic studies, 1990, 57 (3), 403–414.

Arawatari, Ryo and Tetsuo Ono, “Inequality and public debt: A positive analysis,” Review of
International Economics, 2017, 25 (5), 1155–1173.

Azzimonti, Marina, Eva De Francisco, and Vincenzo �adrini, “Financial globalization,
inequality, and the rising public debt,” American Economic Review, 2014, 104 (8), 2267–2302.

, Laura Karpuska, and Gabriel Mihalache, “Bargaining over Taxes and Entitlements in the
Era of Unequal Growth,” International Economic Review, 2022.

, Marco Battaglini, and Stephen Coate, “�e costs and bene�ts of balanced budget rules:
Lessons from a political economy model of �scal policy,” Journal of Public Economics, 2016, 136,
45–61.

Baron, David P and John A Ferejohn, “Bargaining in legislatures,” American political science
review, 1989, 83 (4), 1181–1206.
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Appendices

A Proof of Propositions

A.1 Proof of Lemma 1

�e social planner’s problem is given by

max
b,{cA,t,cB,t,gt}2t=1

u(cA,1, g1) + βu(cA,2, g2)

s.t. cA,1 + cB,1 + g1 = y + b

cA,2 + cB,2 + g2 = y −Rb
u(cB,1, g1) + βu(cB,2, g2) ≥ KB,1

cA,1, cB,1, g1 ≥ 0, 0 ≤ b < b̄

where KB is a minimum level of utility for group B and b̄ is the natural debt limit. Let λ1 be the
Lagrange multiplier of the �rst resource constraint, λ2 be the Lagrange multiplier of the second
resource constraint, µ1 the multiplier for the constraint on the minimum level of utility for B, ν
is the non-negativity multiplier for b. �e �rst-order conditions are given by[

cA,1
]

ucA,1 − λ1 = 0[
cB,1
]
− λ1 + µ1ucB,1 = 0[

g1

]
ug1 − λ1 + µ1ug1 = 0[

B
]

λ1 − λ2 + ν = 0[
cA,2
]

βucA,2 − βλ2 = 0[
cB,2
]
− βλ2 + βµ1ucB,2 = 0[

g2

]
βug2 − βλ2 + βµ1ug2 = 0

It is straightforward that the optimal should deliver λ1 = λ2, which implies cA,1 = cA,2 ≡ cSP
A ,

cB,1 = cB,2 ≡ cSP
B , g1 = g2 ≡ gSP and therefore b = 0. Formally, we can prove by contradiction.

Suppose λ1 6= λ2. From the �rst-order conditions with respect to b, we have ν = λ2 − λ1. Since
ν > 0, it must be that λ2 > λ1. On one hand, ν > 0 implies that B = 0, which further implies
that cA,1 + cB,1 + g1 = cA,2 + cB,2 + g2 by the resource constraints. On the other hand, λ2 > λ1

implies that cA,1 > cA,2, cB,1 > cB,2 and g1 > g2 by the �rst-order conditions on the allocations.
�is means cA,1 + cB,1 + g1 > cA,2 + cB,2 + g2, which is a contradiction. �erefore, we must have
λ1 = λ2.

Given that λ1 = λ2, from the �rst-order conditions with respect to cA,1 and cA,2 we can
immediately get cA,1 = cA,2. Similarly, from the �rst-order conditions with respect to cB,1, cB,2,
g1 and g2 we can easily get cB,1 = cB,2 and g1 = g2. From the resource constraints in the two
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periods, we must have b = 0 and the resource constraints turn to (4). In addition, combining the
�rst-order conditions with respect to cA,1, cB,1 and g1 to eliminate λ1 and µ1, we have

1

ucSP
A,1

+
1

ucSP
B,1

− 1

ugSP
1

= 0

Since allocations are constant across periods, a similar equation holds for the second period.
�erefore we have proved (3) in the lemma.

Finally, from the �rst-order condition with respect to cB,1, it is easy to see that µ1 > 0 must
hold. �erefore, the status quo constraint holds in equality, which implies (5).

A.2 Proof of Lemma 2 and 3

Without loss of generality, suppose A is the dictator. �e static problem of party A is

max
cA,cB ,g

u(cA, g)

s.t. cA + cB + g = Y

cA, cB, g ≥ 0

where Y represents a certain amount of resources available. �e �rst-order conditions are given
by: [

cA
]

uc∗A − λ+ ψA = 0 (A.2.1)[
cB
]
− λ+ ψB = 0 (A.2.2)[

g
]

ug∗ − λ+ ψg = 0 (A.2.3)

where λ is the multiplier of the resource constraint and ψA, ψB and ψg are multipliers for non-
negativity constraints on cA, cB and g. Since we assume that the marginal utility of consumption
is in�nity at zero, ψA = ψg = 0. By (A.2.1), since uc∗A > 0, we have that λ > 0. Also, since
uc∗A < ∞, λ < ∞. As 0 < λ < ∞, from (A.2.2) we have ψB > 0 and c∗B = 0. �is implies that
the resource constraint turn into (7). In addition, combining (A.2.1) and (A.2.3) we can easily get
(6).

As mentioned before, we denote the solution to (6) and (7) as cD = CD(Y ) and gD = GD(Y ).
�ese two functions denote the dictator’s choice for a given level of resources Y . Given our
assumptions on the utility function, it is immediate to get

∂CD(Y )

∂Y
> 0,

GD(Y )

∂Y
> 0

from (6) and (7). �ese two equations also imply that

∂CD(Y )

∂Y
+
GD(Y )

∂Y
= 1
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which further implies that

0 <
∂CD(Y )

∂Y
,
GD(Y )

∂Y
< 1

Particularly, if we consider the CRRA utility

u(c, g) =

{
c1−ρ−1

1−ρ + θ g
1−ρ−1
1−ρ for ρ > 0 and ρ 6= 1

ln c+ θ ln g for ρ = 1
(A.2.4)

then the optimal choice delivers
(c∗A)−ρ = θ(g∗)−ρ (A.2.5)

which implies that

c∗A =
1

1 + θ1/ρ
Y (A.2.6)

g∗ =
θ1/ρ

1 + θ1/ρ
Y (A.2.7)

and therefore
∂c∗A
∂Y

=
1

1 + θ1/ρ
(A.2.8)

∂g∗

∂Y
=

θ1/ρ

1 + θ1/ρ
(A.2.9)

which are constant and independent of Y .

To prove Lemma 3, �rst we can write dictator A’s two-period maximization problem

max
cA,1,cB,1,g1,b

u(cA,1, g1) + βu(CD(Y2),GD(Y2))

s.t. cA,1 + cB,1 + g1 = y + b

cA,1, cB,1, g1 ≥ 0

0 ≤ b < b̄

where Y2 = y−Rb. It is trivial to see that A will set cB,1 = 0. Taking �rst-order conditions with
respect to cA,1, g1 and b, we have[

cA,1
]

uc∗A,1 − λ1 = 0 (A.2.10)[
g1

]
ug∗1 − λ1 = 0 (A.2.11)[

g1

]
λ1 + β

[
uCD(Y2)

∂CD(Y2)

∂Y2

+ uGD(Y2)

∂GD(Y2)

∂Y2

]
(−R) + ν = 0 (A.2.12)

Note that we use the fact that Y2 = y−Rb to derive (A.2.12). As uCD(Y2) = uGD(Y2) and ∂CD(Y2)
∂Y2

+
∂GD(Y2)
∂Y2

= 1, (A.2.12) reduces to
λ1 + ν = uGD(Y2)
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Combining this equation with (A.2.11) delivers

ug∗1 + ν = uGD(Y2)

In addition, from (A.2.10) and (A.2.11) we have

uc∗A,1 = ug∗1

which implies

c∗A,1 = CD(Y1)

g∗1 = GD(Y1)

where Y1 = y + b. �erefore, we have

uGD(Y1) + ν = uGD(Y2)

Suppose ν > 0. From complementary slackness condition we have b = 0 and therefore Y1 =
Y2 = a. �is means GD(Y1) = GD(Y2) and therefore results in ν = 0 from the last equation, a
contradiction. �erefore, it must be ν = 0. Given that ν = 0, we will have

uGD(Y1) = uGD(Y2)

It is easy to check that only when b = 0 can this equation holds. �is completes the proof.

A.3 Proof of Lemma 4

Second Period Problem

Given a level of debt b, the second period problem of B can be given as:

max
cA,2,cB,2,g2

u(cB,2, g2)

s.t. cA,2 + cB,2 + g2 = y −Rb
cA,2, cB,2, g2 ≥ 0

It is easy to check that B will set cA,2 = 0. �e �rst-order conditions with respect to cB,2 and g2

are therefore given by [
cB,2
]

uc∗B,2 − λ2 = 0 (A.3.13)[
g2

]
ug∗2 − λ2 = 0 (A.3.14)

where λ2 is the Lagrangian multiplier of the resource constraint. Combining (A.3.13) and (A.3.14),
it boils down to the dictator problem, in which uc∗B,2 = ug∗2 and the resource constraint fully de�ne
the best-replies.
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First Period Problem

Given party B’s best-replies, the �rst period problem of A is given as:

max
cA,1,cB,1,g1,b

u(cA,1, g1) + βu(0,GD(y −Rb))

s.t. cA,1 + cB,1 + g1 = y + b

cA,1, cB,1, g1 ≥ 0, 0 ≤ b < b̄

Note that, technically, this problem is not well identi�ed since u(0, .) = −∞. For the sake
of the argument, we can impose a constraint such that allocations have to be greater or equal to
a small value x̄ such that x̄ → 0. �is will only change the problem in the sense that the total
amount of resources available in the economy will be y − Rb − x̄ and not y − Rb. �erefore, it
is immaterial to the intuition we are trying to provide. We will de�ne the problem of party A in
this case considering as if A receives “almost” zero in the second period. Similarly as B’s choice
in the second period, A will set cB,1 = 0 at optimal. �e �rst-order conditions with respect to
cA,1, g1 and b are given by[

cA,1
]

uc∗A,1 − λ1 = 0 (A.3.15)[
g1

]
ug∗1 − λ1 = 0 (A.3.16)[

b
]

λ1 + βuGD(Y2)

∂GD(Y2)

∂Y2

(−R) + ν = 0 (A.3.17)

where λ1 is the multiplier of the resource constraint (2), ν is a non-negativity multiplier for b and
Y2 = y−Rb. �is problem also boils down to the dictator problem, in which uc∗A,1 = ug∗1 and the
resource constraint (1) fully de�ne optimal allocations as a function of debt.

Now we need to show that it is optimal for A to issue debt. Combining (A.3.16) and (A.3.17)
and using the fact A will choose allocations as a dictator in the �rst period, we have

uGD(Y1) + ν =
∂GD(Y2)

∂Y2

uGD(Y2)

where Y1 = y + b. To derive this equation, we use the assumption that βR = 1. Suppose ν > 0.
�en from complementary slackness condition, we must have b = 0 which implies Y1 = Y2 and
uGD(Y1) = uGD(Y2). However, as ∂GD(Y2)

∂Y2
< 1, the le� hand side of the equation must be greater

then the right hand side given ν > 0, which is a contradiction. �erefore, we must have ν = 0
and henceforth

uGD(Y1) =
∂GD(Y2)

∂Y2

uGD(Y2)

which implies uGD(Y1) < uGD(Y2) as ∂GD(Y2)
∂Y2

< 1. To make this inequality hold, it requires that
Y1 > Y2 and therefore b > 0.
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A.4 Proof of Lemma 5

Given s2 and a debt level b, the maximization of the proposer B’s problem can be wri�en as

V (Y2, KA,2(s2)) = max
cA,2,cB,2,g2

u(cB,2, g2) (T2)

s.t. cA,2 + cB,2 + g2 = Y2 (A.4.18)
u(cA,2, g2) ≥ KA,2(s2) (A.4.19)
cA,2, cB,2, g2 ≥ 0

where Y2 > 0 is the total �scal revenue a�er paying o� debt and KA,2(s2) is the reservation
utility for the respondent A given the status quo rule:

Y2 = y −Rb (A.4.20)

KA,2(s2) =

{
u(cA,1, g1), with full insurance
u(cA,1, ḡ), with partial insurance

(A.4.21)

We focus on the case of b < y
R

so that Y > 0 holds. �ere are four cases to consider:

1. If KA,2(s2) = −∞, given our assumption for utility function u, then the status quo con-
straint (A.4.19) is slack and the problem reduces to a dictator’s problem for the incumbent
B. Since the available level of resources is given by (A.4.20), the solution is

c∗A,2 = 0 (A.4.22)
c∗B,2 = CD(y −Rb) (A.4.23)
g∗2 = GD(y −Rb) (A.4.24)

and the utility for A and B are respectively

u(c∗A,2, g
∗
2) = u(0,GD(y −Rb)) = −∞

u(c∗B,2, g
∗
2) = u(CD(y −Rb),GD(y −Rb))

One can already anticipate that, since this case delivers 0 consumption for A as the respon-
dent in the second period, when A is the proposer in the �rst period she will anticipate that
and will choose allocations such that the status quo constraint is binding in the �rst period.
We will formally prove this when we solve for the optimal �rst-period allocations.

2. If −∞ < KA,2(s2) < u(CD(y − Rb),GD(y − Rb)), then �rst of all we can show that
cA,2 > 0 and g2 > 0 by contradiction. Suppose cA,2 = 0 or g2 = 0, then we must have
u(cA,2, g2) = −∞ which violates the status quo constraint (A.4.19) because u(cA,1, g1) >
−∞ by assumption.
Next, we solve for the �rst-order conditions. Denote λ2 the Lagrangian multiplier of re-
source constraint (A.4.18), µ2 the multiplier of status quo constraint (A.4.19), and ψB2 the
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multiplier of cB,2 ≥ 0. Given that the non-negativity constraints for cA,2 and g2 are slack,
the �rst-order conditions are given by[

cA,2
]

µ2uc∗A,2 − λ2 = 0 (A.4.25)[
cB,2
]

uc∗B,2 − λ2 + ψB2 = 0 (A.4.26)[
g2

]
(1 + µ2)ug∗2 − λ2 = 0 (A.4.27)

Combining (A.4.25) and (A.4.27), we have
uc∗A,2
ug∗2

= 1 +
1

µ2

(A.4.28)

Suppose ψB2 > 0. By complementary slackness condition, we have c∗B,2 = 0. Due to Inada
conditions, it implies that uc∗B,2 = ∞. From (A.4.26), we get λ2 = ∞. Plugging this result
into (A.4.27) we can derive that µ2 = ∞ because g∗2 > 0 and ug∗2 is �nite. Given that
µ2 =∞, (A.4.28) reduces to

uc∗A,2 = ug∗2

As c∗B,2 = 0, we have c∗A,2 = CD(y − Rb) and g∗2 = GD(y − Rb). �erefore, u(c∗A,2, g
∗
2) =

u(CD(y −Rb),GD(y −Rb)). However, this violates status quo constraint (A.4.19) because
u(cA,1, g1) < u(CD(y−Rb),GD(y−Rb)) by assumption. As a result, we must have ψB2 = 0
and c∗B,2 > 0.
Given that ψB2 = 0, (A.4.26) then turns into

λ2 = uc∗B,2 (A.4.29)

Plugging this result into (A.4.25), we have

µ2 =
uc∗B,2
uc∗A,2

(A.4.30)

Note that we must have µ2 < ∞ as c∗A,2, c∗B,2 > 0. Plugging the expressions for λ2 and µ2

into (A.4.27) delivers (
1 +

uc∗A,2
uc∗B,2

)
ug∗2 − uc∗B,2 = 0

Dividing both sides by (uc∗B,2 · ug∗2 ) and rearranging terms, we get

1

uc∗A,2
+

1

uc∗B,2
− 1

ug∗2
= 0 (A.4.31)

In addition, the following constraints should bind

c∗A,2 + c∗B,2 + g∗2 = Y2 = y −Rb (A.4.32)
u(c∗A,2, g

∗
2) = u(cA,1, g1) (A.4.33)

So we can solve for (c∗A,2, c∗B,2, g∗2) using (A.4.31), (A.4.32) and (A.4.33).
When we move back to the �rst-period, there are three �rst period choices that will become
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a relevant state in the second period, namely b, cA,1 and g1. Given our de�nitions of Y
and KA,2, Y is a function of b while KA,2 is a function of cA,1 and g1. To simplify the
characterization of the �rst period problem later on, we can use the envelope theorem to
calculate the relevant changes in the values given those dynamic choices:

∂V

∂Y2

= λ2 = uc∗B,2 (A.4.34)

∂V

∂KA,2

= −µ2 = −
uc∗B,2
uc∗A,2

(A.4.35)

It is worth noting that the utility of the second-period incumbent B is decreasing in µ2,
while the utility of the second-period respondent A is increasing in µ2. �is can be shown
from the �rst-order conditions. From (A.4.25), (A.4.26) and (A.4.27), we can get

uc∗A,2 =

(
1 +

1

µ2

)
ug∗2

uc∗B,2 = (1 + µ2)ug∗2

�erefore, when µ2 is large, the allocation is closer to A’s unconstrained optimal choice
and further away from B’s unconstrained optimal. �is is intuitive, since µ2 represents the
shadow price of A’s constraint.

3. IfKA,2(s2) = u(CD(y−Rb),GD(y−Rb)), then it is straightforward to see that the optimal
allocation is

c∗A,2 = CD(y −Rb) (A.4.36)
c∗B,2 = 0 (A.4.37)
g∗2 = GD(y −Rb) (A.4.38)

because any alternative cannot satisfy the status quo constraint (A.4.19).

4. If KA,2(s2) > u(CD(y −Rb),GD(y −Rb)), then it is trivial to see that there is no solution
because the status quo constraint (A.4.19) will be violated for sure.

A.5 Proof of Proposition 1

Given s1 = (cA,0, cB,0, g0), an exogenous initial status quo, b0 = 0, and B’s best response in the
second period, the �rst-period maximization problem is given by

max
cA,1,cB,1,g1,b

u(cA,1, g1) + βu(CA,2(s2, b),G2(s2, b))

s.t. cA,1 + cB,1 + g1 = y + b

u(cB,1, g1) + βu(CB,2(s2, b),G2(s2, b)) ≥ KB,1(s1, b0 = 0)

cA,1, cB,1, g1 ≥ 0

0 ≤ b < b̄
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whereKB,1(s1, b0 = 0) = u(cB,0, g0)+βu(CB,2(s1, b0 = 0),G2(s1, b0 = 0)) is the promised level
of utility for the B group. Note that we always have KB,1(s1) ≤ Kmax hold, where Kmax := (1 +
β)u(CD(y),GD(y)) is a dictator’s lifetime utility. It would be trivial to see that whenKB,1 = Kmax,
the only feasible allocation is

c∗A,1 = c∗A,2 = 0

c∗B,1 = c∗B,2 = CD(y)

g∗1 = g∗2 = GD(y)

b∗ = 0

If KB,1 = −∞, it is also trivial to check the optimal allocation which
c∗A,1 = c∗A,2 = CD(y)

c∗B,1 = c∗B,2 = 0

g∗1 = g∗2 = GD(y)

b∗ = 0

�erefore, we focus on −∞ < KB,1(s1, b0 = 0) < Kmax.

Given the best replies of B in the second period characterized in Appendix A.4 and −∞ <
KB,1(s1, b0 = 0) < Kmax, party A must choose allocations such that −∞ < KA,2(cA,1, g1) <
u(CD(y−Rb),GD(y−Rb)). �e reason is straightforward. If A makes choices such thatKA,2(cA,1, g1) =
−∞, then we must have c∗A,1 = c∗A,2 = 0 given B’s best replies in the second period and our as-
sumption that u(0, ·) = −∞. �is can only occur whenKB,1(s1, b0 = 0) = Kmax. Since we focus
onKB,1(s1, b0 = 0) < Kmax, it cannot take place. IfKA,2(cA,1, g1) = u(CD(y−Rb),GD(y−Rb)),
we will have c∗B,2 = 0 and the status quo constraint in the �rst period will be violated as
KB,1(s1, b0 = 0) > −∞.

We can then rewrite A’s optimization problem
max

cA,1,cB,1,g1,b
(1 + β)u(cA,1, g1)

s.t. cA,1 + cB,1 + g1 = y + b (A.5.39)
u(cB,1, g1) + βV (Y2, KA,2(s2)) ≥ KB,1(s1, b0 = 0) (A.5.40)
cA,1, cB,1, g1 ≥ 0, 0 ≤ b < b̄

where Y2 and KA,2(s2) are de�ned in (A.4.20) and (A.4.21). Recall that in Appendix A.4, we have
de�ned that V (Y2, KA,2(s2)) = u(CA,2(s2, b),G2(s2, b)).

By the assumption that u(0, ·) = u(·, 0) = −∞ and −∞ < KB,1(s1, b0 = 0) < Kmax, we
do not require non-negativity constraints for the allocations cA,1, cB,1, and g1, so the �rst-order
conditions are given by[

cA,1
]

(1 + β)uc∗A,1 − λ1 − βµ1µ2uc∗A,1 = 0 (A.5.41)[
cB,1
]

µ1uc∗B,1 − λ1 = 0 (A.5.42)[
g1

]
(1 + β)ug∗1 + µ1ug∗1 − βµ1µ2ug∗1 − λ1 = 0 (A.5.43)[

b
]

λ1 − µ1λ2 + ν = 0 (A.5.44)
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where λ1 is the Lagrange multiplier of the resource constraint (A.5.39), µ1 is the one of the status
quo constraint (A.5.40), and ν is the one of b ≥ 0. Note that we have used (A.4.34), (A.4.35) and
the assumption βR = 1 to derive the above conditions.

It is easy to check that the status quo constraint (A.5.40) must bind at optimum, i.e. µ1 > 0.
Suppose the constraint is slack in the �rst period. �is means that the �rst-period proposer A
can act as a dictator and choose her unconstrained optimal, which means c∗B,1 = 0 and therefore
the le� hand side of (A.5.40) is equal to −∞. Since it is assumed that KB,1(s1) > −∞, (A.5.40)
cannot hold which is a contradiction. Given that µ1 > 0, from (A.5.42) it is immediate to get
λ1 > 0.

We can also prove with (A.5.44) that λ1 < ∞ by contradiction. Suppose λ1 = ∞. �en we
can derive from (A.5.44) that µ1λ2 =∞. If µ1 =∞, then from (A.5.41) it must be c∗A,1 = 0 which
contradicts with KB,1(s1, b0 = 0) < Kmax. If λ2 =∞, then (A.4.37) holds which means c∗B,2 = 0
given (A.4.34), which is a contradiction with KB,1(s1, b0 = 0) > −∞. So we have proved that
λ1 <∞. Since λ1 <∞, it is straightforward to see from (A.5.44) that µ1 <∞ as well.

Given that 0 < λ1, µ1 <∞ the �rst-order conditions (A.5.41), (A.5.42) and (A.5.43) reduce to

1 + β(1− µ1µ2) =
λ1

uc∗A,1
(A.5.45)

µ1 =
λ1

uc∗B,1
(A.5.46)

[
1 + β(1− µ1µ2)

]
+ µ1 −

λ1

ug∗1
= 0 (A.5.47)

Plugging (A.5.45) and (A.5.46) into (A.5.47) and dividing each term by λ1, we can get

1

uc∗B,1
+

1

uc∗A,1
− 1

ug∗1
= 0 (A.5.48)

For (A.5.44), replace λ2 and µ1 with (A.4.34) and (A.5.46) respectively and we can get

ν = µ1(uc∗B,2 − uc∗B,1) (A.5.49)

Since ν ≥ 0 and µ1 > 0, we can derive from (A.5.49) the following condition:{
c∗B,1 = c∗B,2, if ν = 0

c∗B,1 > c∗B,2, if ν > 0
(A.5.50)

In addition, using complementary slackness condition for b∗ ≥ 0 we have{
b = 0, if ν > 0, or equivalently c∗B,1 > c∗B,2
b ≥ 0, if ν = 0, or equivalently c∗B,1 = c∗B,2

(A.5.51)
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We �rst prove that the solution in this case must deliver ν = 0 and therefore c∗B,1 = c∗B,2
which help us to show that there is consumption smoothing for the respondent B. We prove by
contradiction. Suppose ν > 0 in equilibrium. Given (A.5.50) this means c∗B,1 > c∗B,2. From (A.5.51)
we have b∗ = 0, which implies that the total resource in both periods are y. As a result, given the
two resource constraints and c∗B,1 > c∗B,2 we must have

c∗A,1 + g∗1 < c∗A,2 + g∗2 (A.5.52)

Meanwhile, from (A.5.48) and (A.4.31), by using c∗B,1 > c∗B,2 again we can get

1

ug∗1
− 1

ug∗2
>

1

uc∗A,1
− 1

uc∗A,2
(A.5.53)

It is easy to check that only when c∗A,1 < c∗A,2 and g∗1 > g∗2 can the last two inequalities and the
second period status quo constraint (A.4.33) hold simultaneously. Given (A.4.33) and (A.5.52),
there are only two possibilities: 1) c∗A,1 > c∗A,2, g∗1 < g∗2 ; 2) c∗A,1 < c∗A,2, g∗1 > g∗2 . If 1) is the case,
however, we will have 1

uc∗
A,1

− 1
uc∗
A,2

> 0 and 1
ug∗1
− 1

ug∗2
< 0 which violates condition (A.5.53).

�erefore, the only possible case is c∗A,1 < c∗A,2 and g∗1 > g∗2 .

To build a contradiction, consider an alternative choice (c̃A,2, c̃B,2, g̃2) 6= (c∗A,2, c
∗
B,2, g

∗
2) such

that

c̃A,2 = c∗A,1

c̃B,2 = c∗B,2 + ε, where ε = c∗A,2 + g∗2 − (c∗A,1 + g∗1) > 0

g̃2 = g∗1

where c∗A,1, g∗1 and b∗ = 0 is taken as given. Recall that by (A.4.33), u(c∗A,2, g
∗
2) = u(c∗A,1, g

∗
1) must

hold in the second period. By construction, u(c̃A,2, g̃2) = u(c∗A,1, g
∗
1) so the status quo constraint

is satis�ed. �is alternative is feasible as well because c̃A,2 + c̃B,2 + g̃2 = c∗A,2 + c∗B,2 + g∗2 = a.
However, it delivers a strictly higher level of utility for B as the proposer in the second period
because c̃B,2 > c∗B,2 and g̃2 = g∗1 > g∗2 . �is is a contradiction as it violates that (c∗A,2, c∗B,2, g∗2)
should deliver the maximal utility for B. So we �nished the proof for ν = 0. Note that from
(A.5.50) it implies that

c∗B,1 = c∗B,2

We next prove that b∗ = 0 by contradiction. Suppose b∗ > 0 in equilibrium. We have just
proved that ν = 0 and c∗B,1 = c∗B,2 must hold. Subtracting (A.5.48) from (A.4.31) and using
c∗B,1 = c∗B,2, we can get

1

ug∗1
− 1

ug∗2
=

1

uc∗A,1
− 1

uc∗A,2
(A.5.54)

which implies that g∗1−g∗2 and c∗A,1−c∗A,2 must have the same sign. Given that (A.4.33) must hold,
we have u(c∗A,2, g

∗
2) = u(c∗A,1, g

∗
1). It is then straightforward to see that only when c∗A,1 = c∗A,2 and

g∗1 = g∗2 will (A.4.33) and (A.5.54) hold simultaneously. However, this results in y+ b∗ = y−Rb∗
when we take into account the resource constraints (A.5.39) and (A.4.18), which would imply
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b∗ = 0. �is is a contradiction because we assumed b∗ > 0. �erefore, we must have b∗ = 0 in
equilibrium.

Finally, given that c∗B,1 = c∗B,2 and b∗ = 0, we can derive c∗A,1 = c∗A,2 and g∗1 = g∗2 using exactly
the same argument when we prove b∗ = 0.

Also note that from (A.5.45) and (A.5.46) we have

1 + β(1− µ1µ2)

µ1

=
uc∗B,1
uc∗A,1

while from (A.4.30) we have
µ2 =

uc∗B,2
uc∗A,2

Given that allocations are constant across the two periods, we have

uc∗B,1
uc∗A,1

=
uc∗B,2
uc∗A,2

⇒ 1 + β(1− µ1µ2)

µ1

= µ2

⇒ µ1µ2 = 1

Characterization. �e optimal choice is given by:

b∗ = 0

c∗A,1 = c∗A,2 ≡ c∗A

c∗B,1 = c∗B,2 ≡ c∗B

g∗1 = g∗2 ≡ g∗

where (c∗A, c∗B, g∗) solves

1

uc∗A
+

1

uc∗B
− 1

ug∗
= 0

c∗A + c∗B + g∗ = y

(1 + β)u(c∗B, g
∗) = KB,1(s1, b0 = 0)

Note that this is the same solution as the social planner as given by equations (3), (4) and (5).

A.6 Proof of Proposition 2

We �rst show that gmin(y) > 0 must hold. As gmin(y) is the smallest level of g, it must satisfy the
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following conditions

1

ucA
+

1

ucB
− 1

ug
= 0 (A.6.55)

cA + cB + g = y (A.6.56)
cA, cB, g ≥ 0

Suppose gmin(y) = 0. Given the assumption that u(·, 0) = −∞, from (A.6.55) we must have

1

ucA
+

1

ucB
= 0

which implies cA = cB = 0. However, this contradicts with (A.6.56). �erefore, it must be
gmin(y) > 0.

As in the full insurance model, we boil to just one case in which the status quo constraint
binds in the second period. �e argument is exactly the same as in Appendix A.5. �is implies
that

u(cA,2, g2) = u(cA,1, ḡ) (A.6.57)

Also, by (T2), V (Y,KA,2(s2)) = u(c∗B,2, g
∗
2). �erefore, we can rewrite A’s optimization problem:

max
cA,1,cB,1,g1,b

u(cA,1, g1) + βu(cA,1, ḡ)

s.t. cA,1 + cB,1 + g1 = y + b (A.6.58)
u(cB,1, g1) + βV (Y2, KA,2(s2)) ≥ KB,1(s1, b0 = 0) (A.6.59)
cA,1, cB,1, g1 ≥ 0, 0 ≤ b < b̄

where Y andKA,2(s2) are de�ned in (A.4.20) and (A.4.21). We still focus on the case with−∞ <
KB,1(s1, b0 = 0) < Kmax as in the full insurance model. Under partial insurance, however,
there are two di�erence with the full insurance model in the maximization problem. One is that
we use (A.6.57) to substitute u(cA,1, ḡ) for u(cA,2, g2) in the objective function. �e other is that
although the notations are the same, the meaning of KA,2(s2) and KB,1(s1, b0 = 0) in the status
quo constraint (A.6.59) varies with those in (A.5.40). Herein we have s2 = (cA,1, cB,1, ḡ) and
s1 = (cA,0, cB,0, ḡ).

�e �rst-order conditions are given by:[
cA,1
]

(1 + β)uc∗A,1 − λ1 − βµ1µ2uc∗A,1 = 0 (A.6.60)[
cB,1
]

µ1uc∗B,1 − λ1 = 0 (A.6.61)[
g1

]
ug∗1 + µ1ug∗1 − λ1 = 0 (A.6.62)[

b
]

λ1 − µ1λ2 + ν = 0 (A.6.63)

where λ1 is the Lagrange multiplier of the resource constraint (19), µ1 is the Lagrange mul-
tiplier of the individual rationality constraint (A.6.64), and ν is the one of b ≥ 0. Again by
u(0, ·) = u(·, 0) = −∞ and Inada conditions, we do not require nonnegativity constraints for
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the allocations cA,1, cB,1, and g1. Note that the only di�erence with respect to the full insurance
model is that since ∂KA,2(s2)

∂g1
= 0 holds given s2 = (cA,1, cB,1, ḡ), the �rst-order condition with

respect to g1 changes to (A.6.62) that does not carry a dynamic component anymore.

Following in the same steps as in the full insurance model, we can show that 0 < λ1, µ1 <∞.
�erefore, the status quo constraint holds with equality, i.e.

u(cB,1, g1) + βV (Y2, KA,2(s2)) = KB,1(s1, b0 = 0) (A.6.64)

Next we characterize the �rst-order conditions. First, plug (A.6.62) into (A.6.61) and (A.6.60)
respectively to eliminate λ1, we can get

1

µ1

=
uc∗B,1
ug∗1
− 1 (A.6.65)

uc∗A,1
ug∗1

=
1 + µ1

1 + β(1− µ1µ2)
(A.6.66)

Dividing both sides of (A.6.66) by µ1 and rearranging terms, we have
uc∗A,1
ug∗1

[
1

µ1

+ β

(
1

µ1

− µ2

)]
= 1 +

1

µ1

Using (A.6.65) to replace 1
µ1

and (A.4.30) to replace µ2, we have

uc∗A,1
ug∗1

[
uc∗B,1
ug∗1
− 1 + β

(
uc∗B,1
ug∗1
− 1−

uc∗B,2
uc∗A,2

)]
=
uc∗B,1
ug∗1

From (A.4.31), we can get 1 +
uc∗
B,2

uc∗
A,2

=
uc∗
B,2

ug∗2
by multiplying uc∗B,2 on both sides. Replace 1 +

uc∗
B,2

uc∗
A,2

with
uc∗
B,2

ug∗2
to the above equation to get

uc∗A,1
ug∗1

[
uc∗B,1
ug∗1
− 1 + β

(
uc∗B,1
ug∗1
−
uc∗B,2
ug∗2

)]
=
uc∗B,1
ug∗1

Finally, dividing both sides by
uc∗
A,1

uc∗
B,1

ug∗1
and rearranging terms, we get

1

uc∗A,1
+

1

uc∗B,1
− 1

ug∗1
= β

[
1

ug∗1
−
uc∗B,2
uc∗B,1

· 1

ug∗2

]
(A.6.67)

To prove b∗ > 0 in equilibrium, note that the �rst-order condition with respect to b is the same
as in the full insurance model, so (A.5.49), (A.5.50) and (A.5.51) still hold here. Similarly, we �rst
prove ν = 0 by contradiction. Suppose ν > 0 in equilibrium. It is immediate to see from (A.5.49)
that uc∗B,1 < uc∗B,2 . Plugging this inequality into (A.6.67), we can get

1

uc∗A,1
+

1

uc∗B,1
− 1

ug∗1
< β

[
1

ug∗1
− 1

ug∗2

]
(A.6.68)
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Meanwhile, from the complementary slackness condition (A.5.51) ν > 0 implies that b∗ = 0, and
the resource constraints reduce to

c∗A,1 + c∗B,1 + g∗1 = y (A.6.69)
c∗A,2 + c∗B,2 + g∗2 = y (A.6.70)

Since g∗2 satis�es (A.4.31) and (A.6.70), by de�nition we must have g∗2 ≥ gmin(y). Combining
this inequality with our assumption that ḡ < gmin(y), we can get g∗2 > ḡ. Apply this result into
(A.6.57), we must have c∗A,1 > c∗A,2. In addition, ν > 0 implies c∗B,1 > c∗B,2 from (A.5.50). Given
that c∗A,1 > c∗A,2 and c∗B,1 > c∗B,2, from (A.6.69) and (A.6.70) we can get g∗1 < g∗2 . On one hand,
plugging this condition into (A.6.68) we have

1

uc∗A,1
+

1

uc∗B,1
− 1

ug∗1
< 0

On other other hand, c∗A,1 > c∗A,2, c∗B,1 > c∗B,2 and g∗1 < g∗2 implies that

1

uc∗A,2
+

1

uc∗B,2
− 1

ug∗2
<

1

uc∗A,1
+

1

uc∗B,1
− 1

ug∗1
< 0

Obviously, this contradicts with the optimal condition in the second period (A.4.31). As a result,
we have proved that the optimal solution must have ν = 0 and c∗B,1 = c∗B,2. So (A.6.67) turns into

1

uc∗A,1
+

1

uc∗B,1
− 1

ug∗1
= β

[
1

ug∗1
− 1

ug∗2

]
(A.6.71)

Next, we prove b∗ > 0 by contradiction. Suppose b∗ = 0 in equilibrium. �en we have (A.6.69)
and (A.6.70) hold. Moreover, (A.6.71) hold as well because we have just proved that c∗B,1 = c∗B,2.
Following exactly the same procedure as we prove ν = 0 above, we can derive

1

uc∗A,2
+

1

uc∗B,2
− 1

ug∗2
<

1

uc∗A,1
+

1

uc∗B,1
− 1

ug∗1
< 0

again which contradicts with (A.4.31). �erefore, we must have b∗ > 0 in equilibrium.

Finally, to prove that c∗A,1 > c∗A,2 and g∗1 > g∗2 , we can �rst derive the following equation with
(A.4.31) and (A.6.71)[

1

uc∗A,1
− 1

uc∗A,2

]
+

[
1

uc∗B,1
− 1

uc∗B,2

]
= (1 + β)

[
1

ug∗1
− 1

ug∗2

]
Since c∗B,1 = c∗B,2, it reduces to[

1

uc∗A,1
− 1

uc∗A,2

]
= (1 + β)

[
1

ug∗1
− 1

ug∗2

]
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Given this equation, there are three possibilities: 1) c∗A,1 > c∗A,2, g∗1 > g∗2 ; 2) c∗A,1 = c∗A,2, g∗1 = g∗2 ;
3) c∗A,1 < c∗A,2, g∗1 < g∗2 . �en it is easy to check with the resource constraints that only c∗A,1 > c∗A,2
and g∗1 > g∗2 is possible because b∗ > 0.

It is also worth noting that with c∗B,1 = c∗B,2 and c∗A,1 > c∗A,2, we have
uc∗B,1
uc∗A,1

>
uc∗B,2
uc∗A,2

⇒ 1 + β(1− µ1µ2)

µ1

> µ2

⇒ µ1µ2 < 1

where the second inequality is derived using (A.6.60), (A.6.61) and (A.4.30).

In sum, the characterization includes c∗B,1 = c∗B,2, (A.6.71), (A.6.58), (A.6.64), (A.6.57), (A.4.31)
and (A.4.32). �is completes the proof of the proposition.

A.7 Proof of Proposition 3

First consider the partial insurance model. From (A.6.63), (A.6.62), (A.4.27) and ν = 0, we have

ug∗1 =
µ1(1 + µ2)

1 + µ1

ug∗2 (A.7.72)

As we focus on cB,0 → 0, it implies thatKB,1(s1, b0)→ −∞, but is still �nite. WhenKB,1(s1, b0)→
−∞, the constraint is less binding so µ1 → 0. From (A.6.65), we can derive cB,1 → 0 when
µ1 → 0. Also, as proved in Proposition 2, since c∗B,1 = c∗B,2, we have c∗B,2 → 0 as well when
µ1 → 0.

Note that c∗B,2 → 0 implies that g∗2 → GD(y − Rb∗) where GD(y − Rb∗) is dictator’s choice
of public consumption given a total resource of y −Rb∗. Moreover, from (A.6.66) and given that
µ2 <∞ (as proved in the Appendix A.6), when µ1 → 0 we have that

uc∗A,1
ug∗1

=
1

1 + β

�is equation implies that g∗1 < GD(y + b∗). Plugging this inequality and considering that g∗2 →
GD(y −Rb∗) into (A.7.72) delivers

uGD(y+b∗) <
µ1(1 + µ2)

1 + µ1

uGD(y−Rb∗) (A.7.73)

Note that given our assumptions for the utility function, ∂GD(Y )
∂Y

must always be positive.
�erefore, when µ1 → 0, there exists a certain value µ̃1 such that for µ1 < µ̃1 the following
inequality holds

∂GD(Y ∗2 )

∂Y ∗2
>
µ1(1 + µ2)

1 + µ1
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Combing this inequality with (A.7.73) we have

uGD(y+b∗) <
∂GD(Y ∗2 )

∂Y ∗2
uGD(y−Rb∗) (A.7.74)

Finally, recall that bPA is determined from

uGD(y+bPA) =
∂GD(Y PA

2 )

∂Y PA
2

uGD(y−RbPA) (A.7.75)

where Y PA
2 = y − RbPA. From our analysis in Appendix A.2, GD(Y ) is increasing in Y . In

addition, we have that u is concave in g and ∂2GD(Y )
∂Y 2 ≤ 0 by assumption. Given these conditions,

it is immediate to see that only when bPA < b∗ can (A.7.74) and (A.7.75) hold simultaneously.
�is �nished the proof.

A.8 Proof of Proposition 4

We prove the proposition in two parts. First, we show that bgrule > 0 and bcrule > 0. Second, we
show bgrule ≤ b∗ ≤ bcrule. In the whole proof we denote b∗ as the optimal level of debt in the partial
insurance model without any spending limit.

A.8.1 b > 0 with spending limit

We will prove in two steps. First, we prove that the spending rules do not bind in the second
period problem. Second, we prove that in the �rst period, the level of debt is strictly positive
given the optimal choice in the second period.

Second Period Problem

We consider the following maximization problem

max
cA,2,cB,2,g2

u(cB,2, g2)

s.t. cA,2 + cB,2 + g2 = y −Rb
u(cA,2, g2) ≥ KA,2(s2)

cA,2, cB,2, g2 ≥ 0

�is is the same second-period problem as the one for the partial insurance model without any
spending limit. As a result, the �rst-order conditions are the same as well. Denote (c̃A,2, c̃B,2,
g̃2) as the solution to this problem. It is su�cient to demonstrate spending limits do not bind by
showing that

g̃2 ≤ gD, c̃A,2, c̃B,2 ≤ cD
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where cD = CD(y) and gD = GD(y). We prove the results by contradiction.

First, suppose g̃2 > gD. From (A.4.31), we have
1

uc̃A,2
+

1

uc̃B,2
− 1

ug̃2
= 0 (A.8.76)

Combining (A.8.76) with ucD = ugD from (6), we can derive
1

uc̃A,2
+

1

uc̃B,2
=

1

ug̃2
>

1

ugD
=

1

ucD
(A.8.77)

Note that 1
ug̃2

> 1
u
gD

must hold given g̃2 > gD. Meanwhile, from the resource constraint, we have

c̃A,2 + c̃B,2 + g̃2 = y −Rb
cD + gD = y

implying that
c̃A,2 + c̃B,2 < cD

Since 1
uc

is strictly increasing and convex in c by assumption, we must have

1

uc̃A,2
+

1

uc̃B,2
<

1

ucD
+

1

uc=0

=
1

ucD
(A.8.78)

Note that herein we use the Inada condition uc=0 =∞ to derive the last equality. It is immediate
to see that (A.8.77) contradicts with (A.8.78). �erefore, we must have g̃2 ≤ gD.

Second, suppose cA,2 > cD or cB,2 > cD. From (A.8.76) we have
1

ug̃2
=

1

uc̃A,2
+

1

uc̃B,2
>

1

ucD
=

1

ugD

⇒ g̃2 > gD

However, this is a contradiction because we have just shown that g̃2 ≤ gD. �erefore, it must be
c̃A,2 ≤ cD and c̃B,2 ≤ cD. �is �nishes our proof that either spending limit binds in the second
period.

First Period Problem

We �rst prove b > 0 with g spending rule, and then prove with c spending rule.

�e maximization problem with g spending rule is given by

max
cA,1,cB,1,g1,b

u(cA,1, g1) + βu(cA,1, ḡ)

s.t. (A.6.58)

(A.6.64)

cA,1, cB,1 ≥ 0, 0 ≤ b < b̄, 0 ≤ g1 ≤ gD
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We have already demonstrated that if the g spending constraint is not binding, then b > 0. So
we are le� to prove that if the constraint binds, i.e. g1 = gD, the optimal solution still delivers
b > 0. We prove by contradiction again. Suppose the solution delivers b = 0 when g1 = gD. �e
resource constraints in the two periods are given by

cA,1 + cB,1 + gD = y

cA,2 + cB,2 + g2 = y

On one hand, we can derive that cA,1 > cA,2 from the binding status quo constraint (A.6.57) in the
second period. On the other hand, the �rst-order condition with respect to b for this problem is
still (A.6.63), implying that cB,1 ≥ cB,2. Given the two constraints, we must have g2 > gD which
contradicts with g2 ≤ gD as we just proved in the last subsection. �erefore, the solution to this
problem delivers b > 0 whether the spending limit is hit or not.

Next, we prove b > 0 for the model with c spending rule. �e maximization problem is given
by25

max
cA,1,cB,1,g1,b

u(cA,1, g1) + βu(cA,1, ḡ)

s.t. (A.6.58)

(A.6.64)

cB,1, g1 ≥ 0, 0 ≤ b < b̄, 0 ≤ cA,1 ≤ cD

Following the same logic, it is su�cient to prove b > 0 when cA,1 = cD. We still prove by
contradiction. Suppose b = 0 when cA,1 = cD. Denote λ1ξ as the Lagrangian multiplier of the c
spending constraint. �e �rst-order condition with respect to cA,1 is then given by

(1 + β)ucA,1 − λ1 − βµ1µ2ucA,1 − λ1ξ = 0 (A.8.79)

while the other FOCs are still (A.6.61), (A.6.62) and (A.6.63). From (A.6.61), (A.6.62) and (A.8.79),
we can get

1 + ξ

ucA,1
+

1

ucB,1
− 1

ug1
= β

[
1

ug1
−
ucB,2
ucB,1

· 1

ug2

]
≤ β

[
1

ug1
− 1

ug2

]
(A.8.80)

where the second inequality is derive using the optimal condition that cB,1 ≥ cB,2. Meanwhile,
as b = 0 and cA,1 = cD, the two resource constraints turn into

cD + cB,1 + g1 = y

cA,2 + cB,2 + g2 = y

�e binding status quo constraint in period 2 delivers cD > cA,2, which implies that g1 < g2 given
that cB,1 ≥ cB,2. (A.8.80) then reduces to

1 + ξ

ucA,1
+

1

ucB,1
− 1

ug1
< 0

⇒ 1 + ξ

ucD
+

1

ucB,1
<

1

ug1

25We construct the status quo in period 1 in a way that cB,1 > cD cannot take place because we assumed that
no debt is carried from last period.
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where we use cA,1 = cD to get the second inequality. Recall that we have proved that g2 ≤ gD

holds even with spending limits. Since g1 < g2, it must be g1 < gD. �e last inequality can be
further simpli�ed to

1 + ξ

ucD
+

1

ucB,1
<

1

ug1
<

1

ugD
=

1

ucD

⇒ ξ

ucD
+

1

ucB,1
< 0

Note that we have got a contradiction as the le� hand side of this inequality should be positive.
So b > 0 must be part of the optimal solution

�erefore, we have �nished the proof of bgrule > 0 and bcrule > 0.

A.8.2 �e rank of bgrule,b∗ and bcrule

Again we prove the ranking in two parts. We will �rst prove bgrule ≤ b∗ and then prove b∗ ≤ bcrule.
Before delving into the proof, we �rst show the following lemma:

Lemma 6. Assume the utility function u(·, ·) is separable in private and public goods consumption
with u(0, ·) = u(·, 0) = −∞, monotonically increasing and concave, and satis�es Inada conditions.
Moreover, assume that 1

uc
is convex in c. If (cA, cB , g) solves the following two equations:

cA + cB + g = Y (A.8.81)
1

ucA
+

1

ucB
− 1

ug
= 0 (A.8.82)

then both cA + cB and g are increasing with Y .

Proof. Assume Ŷ < Ỹ . Denote (ĉA, ĉB , ĝ) and (c̃A, c̃B , g̃) as the solution to the equations under
Ŷ and Ỹ , respectively. We �rst show ĝ < g̃ by contradiction. Suppose ĝ ≥ g̃ instead. Given the
assumptions of utility function u, we have 1

uĝ
≥ 1

ug̃
. Plugging this result into (A.8.82), we have

1

uĉA
+

1

uĉB
≥ 1

uc̃A
+

1

uc̃B

Meanwhile, since Ŷ < Ỹ and ĝ ≥ g̃, from (A.8.81) we have ĉA + ĉB < c̃A + c̃B . Given that 1
uc

is
convex by assumption, we can get

1

uĉA
+

1

uĉB
<

1

uc̃A
+

1

uc̃B

which is a contradiction. �erefore, it must be ĝ < g̃.
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We can prove ĉA + ĉB < c̃A + c̃B in a similar way. Suppose ĉA + ĉB ≥ c̃A + c̃B . As we assume
that 1

uc
is convex, it implies that

1

uĉA
+

1

uĉB
≥ 1

uc̃A
+

1

uc̃B

Combining this inequality with (A.8.82), we have 1
uĝ
≥ 1

ug̃
and therefore ĝ ≥ g̃. �is is a contra-

diction as we have already shown that ĝ < g̃. �is �nishes the proof.

Lower level of debt with g spending limit: bgrule ≤ b∗

In this section, we prove that the optimal level of debt is lower with g spending rule. Denote
(cgrule
A,1 , cgrule

B,1 , ggrule
1 , bgrule, cgrule

A,2 , cgrule
B,2 , ggrule

2 ) and (c∗A,1, c∗B,1, g∗1 , b∗, c∗A,2, c∗B,2, g∗2) as the solution to the
problem with and without g spending rule, respectively. If the spending limit is not binding, then
it is trivial that bgrule = b∗. So we only need to show that when the spending constraint binds,
bgrule ≤ b∗. We prove by contradiction.

Suppose bgrule > b∗. It is immediate to see that y − Rbgrule < y − Rb∗. Since both sets
of allocation satisfy the resource constraint in the second period and the �rst-order condition
(A.8.76), from Lemma 6 we have

g
grule
2 < g∗2

c
grule
A,2 + c

grule
B,2 < c∗A,2 + c∗B,2

As the spending limit binds, we have g∗1 > gD = g
grule
1 . Combining with the resource constraint

in the �rst period and the fact that y + bgrule > y + b∗, we have

c
grule
A,1 + c

grule
B,1 > c∗A,1 + c∗B,1

Additionally, the binding status quo constraint in the �rst period implies that

u(c
grule
B,1 , g

grule
1 ) + βu(c

grule
B,2 , g

grule
2 ) = u(c∗B,1, g

∗
1) + βu(c∗B,2, g

∗
2)

Note that cgrule
B,1 = c

grule
B,2 and c∗B,1 = c∗B,2 hold as bgrule > 0 and b∗ > 0. So given that ggrule

2 < g∗2 and
g

grule
1 < g∗1 , we must have cgrule

B,1 = c
grule
B,2 > c∗B,1 = c∗B,2. Combining this result with the previous

inequalities that

c
grule
A,2 + c

grule
B,2 < c∗A,2 + c∗B,2

c
grule
A,1 + c

grule
B,1 > c∗A,1 + c∗B,1

we can derive that
c

grule
A,1 − c

∗
A,1 > c

grule
A,2 − c

∗
A,2

However, given that the status quo constraint binds in the second period, we have

u(c
grule
A,2 , g

grule
2 ) = u(c

grule
A,1 , ḡ)

u(c∗A,2, g
∗
2) = u(c∗A,1, ḡ)
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Since ggrule
2 < g∗2 , we can get

c
grule
A,2 − c

grule
A,1 > c∗A,2 − c∗A,1

⇒ c
grule
A,1 − c

∗
A,1 < c

grule
A,2 − c

∗
A,2

which contradicts with the last inequality we get.

Higher level of debt with c spending limit: bcrule ≥ b∗

Denote (ccrule
A,1 , ccrule

B,1 , gcrule
1 , bcrule, ccrule

A,2 , ccrule
B,2 , gcrule

2 ) as the solution to the problem with c spending
rule. Following the same logic as the proof above, it is su�cient to show bcrule ≥ b∗ when the
spending constraint binds. Again, we prove by contradiction.

Suppose bcrule < b∗. It is immediate to see that y−Rbcrule > y−Rb∗. From the characterization
of the second-period problem and Lemma 6, we have

gcrule
2 > g∗2

ccrule
A,2 + c

grule
B,2 > c∗A,2 + c∗B,2

As the spending limit binds, we have c∗A,1 > cD = ccrule
A,1 . Given the binding status quo constraint

(A.6.57) in the second period, we can get

u(ccrule
A,2 , g

crule
2 ) = u(ccrule

A,1 , ḡ) < u(c∗A,1, ḡ) = u(c∗A,2, g
∗
2)

From the last three inequalities, we must have

ccrule
A,2 < c∗A,2, c

grule
B,2 > c∗B,2

In addition, the binding status quo constraint in the �rst period implies that

u(ccrule
B,1 , g

crule
1 ) + βu(ccrule

B,2 , g
crule
2 ) = u(c∗B,1, g

∗
1) + βu(c∗B,2, g

∗
2)

Since ccrule
B,1 = ccrule

B,2 > c∗B,1 = c∗B,2 and gcrule
2 > g∗2 , we can derive that

gcrule
1 < g∗1

To build a contradiction, consider an alternative choice of proposer A in the �rst period, (ĉA,1,
ĉB,1, ĝ1, b̂), in which

ĉA,1 = cD

ĉB,1 = c∗B,1

ĝ1 = g∗1 + c∗A,1 − cD

b̂ = b∗
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It is easy to check that this alternative satis�es the resource constraint in the �rst period. In addi-
tion, the reservation value of A in the second period declines compared with the model without
spending limit as cA,1 decrease. �erefore, B’s utility in the second period will increase and the
alternative satis�es the status quo constraint in the �rst period as well. We can show that this
alternative delivers strictly higher utility for A. �e reason is that the lifetime utility with this
alternative is

u(cD, g∗1 + c∗A,1 − cD) + βu(cD, ḡ)

while the previous one delivers

u(cD, gcrule
1 ) + βu(cD, ḡ)

Since gcrule
1 < g∗1 and c∗A,1 > cD, the optimal allocation with bcrule < b∗ is strictly preferred by an

alternative, which is a contradiction. �erefore, the optimal allocation must deliver bcrule ≥ b∗.
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