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Abstract

This paper examines the formation of common currency areas and studies the effects on mem-
ber countries. A theoretical approach to the problem is proposed by analyzing these effects in
a monetary model with trade frictions and also frictions in the foreign exchange market. The
analysis is carried out by comparing the formation of a monetary union between two countries.
We show that the difference in inflation rates and the frictions in the exchange market determine
when a single-currency economy yields greater trade efficiency compared to the case of multiple
currencies. Additionally, we show that the welfare in an economy with a single currency con-
sistently surpasses that of an economy with multiple currencies if the economies keep the same
inflation rate.
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1 Introduction

The formation of monetary unions, or common currency areas, involves the adoption of
a unified currency by nations previously characterized by distinct currencies, reflecting a
collective commitment among participating nations. This type of economic relationship
can significantly affect the economies of these countries, influencing trade dynamics, fi-
nancial stability, and economic outcomes in the region. Ogren (2019) highlights that a
monetary union has the potential to reduce transaction costs among member countries.
To study this potential benefit, it is necessary to model the characteristics of the trade
market and the foreign exchange (FOREX) market. According to Geromichalos and Jung
(2018), the FOREX market is the largest over-the-counter market in the world. However,
FOREX is often treated as a Walrasian market for the sake of tractability of the models.
In this paper, we propose a framework for examining and understanding the effects of

participating in a monetary union when countries face a frictional FOREX market.

To achieve this, we employ a theoretical approach and model based on the works of
Lagos and Wright (2005) and Geromichalos and Jung (2018). Our framework incorpo-
rates two distinct economies: one with complete monetary integration, where all coun-
tries share the same currency, and another where countries maintain separate currencies.
In both economies, buyers from each country are subject to an opportunity shock, en-
abling them to participate in foreign trade during each period, while other buyers who
did not receive the shock only engage in domestic trade. Transactions within each coun-
try are exclusively conducted using the national currency. Then, people have to trade in

a FOREX market for currency exchange, modeled as an over-the-counter market similar



to Geromichalos and Jung (2018), in an economy with multiple currencies. On the other

hand, people do not have to face that friction in an economy with monetary integration.

Using this framework, we characterize the steady-state equilibrium for both economies
and compare the differences in trade volume and welfare between them. This approach
allows us to thoroughly examine and understand the effects of participating in a mone-
tary union. Additionally, we conduct an exercise introducing fluctuating monetary policy
in the economy with multiple currencies and compare it with the economy with a single

currency.

We find that the volume of trades in an economy with multiple currencies surpasses
that in an economy with a single currency only under specific conditions. This depends
on the monetary policies of both countries, particularly deviations from Friedman’s rule,
the markup paid to exchange currencies in the multiple-currency economy, and the prob-
ability of a meeting between a buyer and a dealer. For example, fixing the same inflation
rates in the two countries, both the volume of trade and the welfare of the economy with
a single currency consistently exceed those of the economy with multiple currencies. On
the other hand, multiple currencies can generate a higher welfare if the monetary union

presents a high inflation rate.

Furthermore, we introduce a fluctuating monetary policy in the economy with mul-
tiple currencies, where one country can experience two possible realizations of infla-
tion—one high and one low—with certain probabilities. We observe that in this case,
the output depends on the probability of inflation realizations and the ratio between the

possible inflation rates. Additionally, we consider two cases: first, given a certain prob-



ability, if high inflation occurs and we fix the inflation rate of the economy with a single
currency to equal the high inflation of the economy with multiple currencies, we observe
that the output is always high in the economy with a single currency. Second, if low in-
tlation occurs and we fix the inflation in the economy with a single currency to equal the
low inflation of the economy with multiple currencies, we find that the output in the econ-
omy with multiple currencies can be higher than in the economy with a single currency,
depending on certain parameters. This happens because, with two possible realizations
of inflation, agents prepare for both scenarios. As they anticipate the possibility of high
inflation, they hold more money. However, when low inflation occurs, their money be-

comes more valuable, allowing them to purchase a higher quantity of goods.

Monetary unions are a critical subject in international economics, including various
forms, from national currency unions, where a single country adopts a unified currency
(e.g., the United States and Germany in the 19th century), to multinational unions like the
Eurozone and the West African Monetary Zone. Historical examples include the Latin
Monetary Union. As integration among countries increases and dollarization occurs, this
topic gains even more relevance (Ogren, 2019). Since Mundell (1961)’s seminal research
on common currency areas, extensive theoretical and empirical literature has emerged,
primarily exploring the benefits and drawbacks of monetary unions. However, Silva and
Tenreyro (2010) highlights limitations in this literature, noting a lack of empirical studies
that effectively demonstrate the advantages and disadvantages of currency unions, and

the absence of a unified welfare-based framework for comprehensive assessment.

According to Silva and Tenreyro (2010), joining a monetary union has both benefits



and downsides. One key benefit is enhanced control over inflation rates for countries
with high inflation, as a credible monetary union can eliminate inflationary bias from in-
consistent policies. Studies by Meller and Nautz (2012), Tillmann (2012), and Adelakun
(2020) show reduced inflation persistence in monetary unions. Another potential bene-
tit is increased trade and capital integration among union members. Rose (2000) found
that countries with the same currency trade more, and Glick and Rose (2016) observed
that the Economic and Monetary Union (EMU) increased exports by around 50%. On
the other hand, countries in a monetary union lose the ability to utilize monetary policy

instruments to respond to shocks.

Our research intersects with search theory and the microfoundations of monetary ex-
change, incorporating analyses across multiple countries (e.g., Gomis-Porqueras et al.
(2017); Zhang (2014); Liu and Shi (2010); Trejos (2003); Trejos et al. (1996)). Kocherlakota
and Krueger (1999) argues that in an economy where agents have heterogeneous pref-
erences for consuming national versus foreign goods, and this preference information is
private, it may be socially optimal for countries to maintain separate currencies. Even
if these countries cannot independently control their money supply, separate currencies
serve as signals of these preferences. Ravikumar and Wallace (2002) studies a version of
Trejos and Wright (1995) with multiple currencies. They find that any equilibrium where
national and foreign currencies play different roles in the economy is dominated, in ex-

ante welfare terms, by the best single uniform currency equilibrium.

Additionally, Araujo and Ferraris (2021) developed an economic model of search in

monetary markets based on the model by Lagos and Wright (2005) to examine an econ-



omy characterized by the presence of multiple currencies, multiple countries, and ex-
change restrictions. The authors utilize this model to explore scenarios in which a econ-
omy with multiple currencies leads to a socially superior allocation compared to an econ-
omy with monetary integration through a common currency. They find that, in a economy
where the FOREX market works as a Walrasian market, foreign currencies enable reallo-
cations of poorly allocated domestic liquidity. This occurs because, according to Araujo
and Ferraris (2021) model in their Decentralized Market there is a misallocation of liquid-
ity due to randomness in the division of types of individuals, whether they will be buyers
or sellers. Therefore, due to uncertainty, all individuals need to carry currency from one
period to another. However, sellers do not need currency in the decentralized market.
Thus, after the division of types is realized, sellers have currency without a need, and
exchanges between currencies fill the gap of the lack of a credit market. While the present
research eliminates the uncertainty in which the individuals become buyers or sellers, it
includes the possibility to consume in the foreign decentralized market which evokes the
necessity of a FOREX market, which we consider as an over-the-counter market rather

than a Walrasian market, and examines the impact of these frictions as well.

Geromichalos and Jung (2018) argue that a significant part of the international macroe-
conomic literature assumes that the foreign exchange market is competitive. This as-
sumption is often made to give tractability to the model. Thus, they develop a model with
multiple economies, each with its own currency, and introduce frictions to better repre-
sent the dynamics of the foreign exchange market. Considering this scenario, a monetary

union can significantly alter trade dynamics among member countries. With all countries



sharing the same currency, the FOREX market may become less relevant or even redun-
dant. This study investigates this phenomenon by comparing economies with multiple
currencies using the FOREX market dynamism as Geromichalos and Jung (2018) to those
with a single currency. We analyze how the dynamism and frictions in the FOREX mar-
ket influence trade efficiency and aim to determine which scenario is most efficient and

under what conditions.

In our model, the shock for buyers to trade in the foreign country yields a result simi-
lar to models based on Lagos and Wright (2005), where there is uncertainty about whether
an agent will act as a buyer or a seller. The possibility of trading in a foreign country leads
buyers who did not receive the shock resulting in unused currency reserves. Kocherlakota
(2003) tinds that an illiquid public bond, which cannot be directly traded for goods, can
redistribute liquidity among agents and it can improve the economy. Other works dealing
with this inefficiency with illiquid assets, such as Marchesiani and Senesi (2009), Andol-
fatto (2011), and Shi (2008) have similar results. In the model formulated by Araujo and
Ferraris (2021), foreign currency cannot be used to purchase domestic goods, rendering it
illiquid. This situation parallels the role of illiquid bonds in the aforementioned literature
and yields a similar result, where foreign currency enables a better allocation of liquidity.
In our work, although the use of foreign currency to buy national goods is also prohib-
ited by law, however, in contrary to the findings in the literature, it does not improve the

economy.

The paper is organized as follows. Section 2 establishes the environment that belongs

to both economies, the economy with multiple currencies and the economy with single



currency. Section 3 examines the economy with single currency. Section 4 analyzes the
economy with multiple currencies. Section 5 presents our key findings regarding the
comparison between these distinct forms of money. Section 6 examines the economy
with multiple currencies with fluctuations in the monetary policy and compares it with
the economy with single currency. Finally, section 7 provides the concluding remarks of

this research.

2 Basic Environment

The model is a version of the economy search model of Lagos and Wright (2005), we
modify some structures of the environment and extend the model for multiple countries.
Also, the model is similar to the economy model of Geromichalos and Jung (2018). In this
way, time is discrete and infinite. There are two identical nations indexed by i = {1,2}.
There are two types of agents in each country: sellers with measure 1+ 4, § € [0,1], and
buyers with unit measure. Additionally, there is other agents without nationality, with
measure d, called dealers. All agents have an infinite lifespan and apply a discount rate

to the future g € (0,1).

Each period is divided into three sub-periods: the third involves a frictionless Wal-
rasian Centralized Market (CM) for each country, the second sub-period consists of trades
in bilateral random meetings in distinct decentralized markets (DM), where credit is not
feasible because agents are anonymous and unable to commit themselves to future ac-

tions, and in the first sub-period a FOREX market opens.

In the CM, all agents, including dealers, act as both buyers and sellers of the general



good X, which is produced using labor, I, through a linear production function. The two
CMs are separate from each other: Agents from country i are not eligible to participate in
CM_;. Although, because dealers have no nationality, they can participate in both CMs.
At the end of the third period, a fraction § € [0,1] of buyers experience a trade shock,
which means they gain the opportunity to consume the good traded in foreign DM. Those

buyers who experienced the shock are known as T-type, while the rest are called N-type.

In the second sub-period, there is a decentralized market for each country. In the
DM; (DM_;), agents engage in the trade of a special good, denoted as gq; (7_;), which is
different for each country. These trades take place through random bilateral meetings
between local sellers and buyers, who can be either local residents or foreigners of the T-
type. Note that, buyers T-type can consume in both DM’s in the same period. Due to the
anonymity of agents and their inability to commit to future actions, credit is not a viable
option in this market. Therefore, agents require a medium of exchange in this market,
which in this model will be fiat currencies. Since the number of sellers is greater than
the number of buyers, assume that every buyer matches with a seller. Given a match,
buyers make a take-it-or-leave-it offer to the seller. At the end of the DM, all meetings are
dissolved. During the third sub-period, the FOREX market opens for currency exchange.

Further elaboration on this sub-period will follow later.

Now, consider agents’ preferences. The utility of a typical buyer is given by

Eo Y-r2o B {u(qe) + Lsu(Ge) + Xe — 1t},

where X; is the consumption of the general good in the CM, [; is the labor utilized to



produce the general good, q; and §; are the consumption of the local and foreign special

good, respectively, and I; is the indicator of trade shock. We also consider that buyers

have logarithmic preferences.!

For a typical seller, we have

Eo Y520 BH{—q:/ 1+ X — It},

where X; and I; are as before and —g;/u ? is the disutility of producing g; units of special

good in the DM.

And for a typical dealer, the utility is given by

Eo Y520 BH{ Xt — It}

Next, we will present specific components of the economy with a single currency and
the economy with multiple currencies, along with a formal description of the role of the

FOREX market in both of these economies.

3 Single Currency

Suppose that the countries participate in the same monetary union, because of that they

share the same monetary authority. Additionally, as previously mentioned, due to the

!One can think in a model where buyers’ preferences for local and foreign goods are not dependent on
trade shocks if we normalize #(0) = 0 and the shock represents an opportunity to trade in the foreign DM.
For tractability we use u#(c) = In(c), and an interpretation of preference shock.

2Given our utility function, if we have the situation where c(g¢) = g¢, which is quite common in this
literature, we will have g* = 1. In such cases, the gains of trade would be non-positive. Since our objective
is to compare welfare levels, we introduce the parameter y into the disutility function of producing g; with
the aim of ensuring that the gains of trade are positive.



anonymity and incapacity to commit to future actions, agents require a medium of ex-
change in the DM. Let’s consider that there exists only one perfectly divisible fiat currency,
denoted as m € R, with its value in numeraire units represented by ¢. The monetary
authority of the monetary union controls the stock of money M and can alter it with a net
growth rate denoted as 7. The introduction or withdrawal of new money occurs through

lump-sum transfers to buyers at the conclusion of each period.

Note that since the economy has only one currency, sellers of countries 1 and 2 ac-
cept m as the medium of exchange in both DMs. Because of that the participation in the

FOREX market becomes irrelevant.

Next, let’s proceed to introduce the agents’ value functions for this economy. First, in
the CM; agents can trade their money for the general good X at the price ¢, where each
unit of currency can be exchanged for ¢ units of goods within the CM;. Thus, the value
function of buyer i, who holds m; units of money in the CM;, can be formulated as

WP () = max (X — 1 + BE{VS(m))

/lrml‘

st. X+ o¢m, =1+¢m;+T,
where T is the real value of lump-sum monetary transfer made by the monetary authority
of the monetary union, m; represents the amount of money that the agent of the country
i chooses today to carry for tomorrow. Additionally, V¢ is the expected value function in
the type ¢ = T, N of a buyer i in the DM;. Substituting (X — ) from the constraint, we
have:

W} (m;) = ¢m; + T + max{—pm; + BE AV (m})}}. (1)

10



Note that, the buyer’s function value in the CM,; is linear in the quantity of money, m;,

brought to the CM;. Because of that, m; does not impact the decision of m/.

Similarly, the seller’s value function in the CM,; is given by

Wi (mi) = max{X — 1+ BVF(0)}

st. X =1+ ¢m;.

According to Rocheteau and Wright (2005), the seller never want to leave CM with
any money, because of that V(0) is the seller i value function in the DM. Replacing again

X — I, we obtain:
Wi (m;) = gm; + BV;(0).

Now, the expected value function for the buyer i who begins the second sub-period

with m; units of currency is given by

Ec{Vf(m;)} = Vi (m;) + (1 = 6)V;" (my), )

where VT (m;) is the DM value function of a T-type buyer i, and VN (m;) is the DM value
function of a N-type buyer i, where both carry m; units of money. Additionally, the DM

value function of a T-type buyer i satisfies:

VI (m;) = u(q;) + u(di) + WP (m; — pi — pi), 3)

where g; and §; are, respectively, the consumption of local and foreign special good. Fur-
thermore, p; is the units of m; that buyer i transfer to seller i to acquire g;, and and p; is

11



the quantity of m; that buyer i transfer to seller —i to acquire §;.

Moreover, for the N-type buyer who goes to second sub-period with m we have the

value function in the DM given by

VN(m;) = u(q;) + WP (m; — py). (4)

1
At last, the value function of a seller i who enters the DM with no money is given by

S0y = L g S(p. 0 s S(H_
VP(0) = g l=ai/m+ Wi (pi)l + 5 =0/ 1w+ Wi (p-i)]. )

3.1 Terms of Trade

Consider that the buyer T-type buyer i visits, in the second sub-period, first the local DM,
then after visits the foreign DM. Let’s study the terms of trade in these markets. In the
second sub-period, the problem of the buyer i, who carries #; and meets with a seller
in the DM_; is to maximize his surplus simultaneously ensuring they satisfy the seller’s
participation constraint, and it can be expressed as:
fg}%f”(ﬁi) + WP (il — pi) = W (11;)
st =i/ + WS (i) > W2.(0),

pi < 1.

Note that if the seller’s participation does not hold with equality, the buyer could enhance
their surplus by reducing the quantity offered to the seller. Therefore, it’s imperative that
the seller’s participation constraint is satisfied with equality. Because of that and given
the linearity of Wib e W? ., we have

12



max (j;) — ¢pi
qi/Pi

s.t. i/ p = ¢Pi, (©)
pi < ;.

Thus, the solution to the problem in (6) is

)
q;, g/ p < ¢,
571': ’ (7)
(T G/ p > Pt

my, if gy /p < ¢m;
pi = , (8)

i, 3657/ > g

where 11} = §7/u¢, and §° = {G; : u'(§;) = 1/u}.

Let’s now continue with the examination of the terms of trade in the domestic DM.
The problem of the buyer i, who carries m and meets with a seller in the DM is given by
I;}%Xu(%) + u(g;) + WP (m; — pi — i) — (u(gi) + W) (m — 7))
st -qi/u+Wi(pi) = Wi (0),

pi < m;,

where, 171; is the entering money holdings of a buyer i in the DM_;, so, 11; = m; — p;. Once
more, let f; and §; be the terms of trade of that match in DM_; when the buyer i trades in
the DM; as well, and let p; and §; be the terms of trade in DM _; when the buyer i do not

trade in the DM;. Considering again the linearity of W# and W”, we have

13



maxu(q;) +u(§i(i)) — gpi — ppi(i) — u(@i(mi)) + ¢pi (i)

s.t. ql/‘u = ¢pi/ (9)
m; = m; — pj,

pi < m;.

The solution to this problem is described in the following lemma.

Lemma 1. In an economy with a single currency, consider the problem of the buyer i, who enters
the second sub-period with m units of money. We have the following results:

=17 = {gi ' (q:) = 1/u}, if mj + i < m; (10)
C lai= @) = w0 @) < V/p, ifmg < g
_ mi =qi/up, ifm;+m; < m;
pi:{A 7/, i Fem an
mi = qi/pg, if mj <myi i
Proof. See Appendix. |

Note that, when m; < m} + 1}, qi = {q; : w'(¢pip) = v'(¢pip) > 1/p}, and m; =

m; — p;, this implies that p; = 7; and also that p; = p; = .
3.2 Optimal Behavior

Now, we analyze the object function of a buyer i in the CM;. Substituting (3) and (4) into
(2) and advance it by one period. Then plug the rising expression into (1), we have the

buyer i’s objective function:

Obji = — ] + B! ni] + Bou(@' pige) + pou(¢/ pip) (12)

—Bo¢"pi — BoP' pi — Bou(qi) + o' pi + Bu(di) — Be'pi,

14



where, §; and p; are the terms of trade between a buyer i, that did not visited the DM _;,

and a seller i.

Consider the three sub-cases of money holdings: I: m; + m; < m;; I myx < m; <
m; +m; and III: m; < m?. Assuming an interior solution, the following lemma expresses

the first-order conditions for this problem.

Lemma 2. Define Obji(m’) the buyer i's objective function when this agent holds m;, and s = {1,
2, 3} are the three sub-cases of money holdings. Where s = 1 is the case when m? + 1} < m;, s =
2 happens when mjx < m; < m; + 1 and s = 3 when m; < m}. Then we have:

aOb]l( m;)

a—mi—o—fl’ By,
d0bj (m! ;)\ Op 1y OPi
%: = —9+Be' + Bong'u (ug'pi) 51 /+55V¢“(V¢Pi)am:

/ 1 al

— pog! P pogf o

dObjs (m;] ! 10 ! a -~ OPi
VM) _ o~ g+ p +ﬁéu¢u(u¢m)a , W (')

E)ml.

— pog! Vi pogy P B 0)0d (ugm) 1))

Proof. Replacing the terms of trade found previously, and obtaining the derivative with
respect to m; yields the desired result. |
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3.3 Steady-State Equilibrium with Multiple Currencies

In this research, we are focusing on sub-case 2, as sub-case 1 only arises with the Friedman
Rule, and sub-case 3 would result in an even more inefficient equilibrium than sub-case

2. Note that, from the terms of trade u'(u¢p;) = u'(1¢p;). Thus, from Lemma 2, we have:

, 4 Bo—
W () = 279 ;55 P (13)

Note that, from equation (13) we can observe that the product is the same for both

countries. Therefore, we have q; = g.

A steady-state monetary equilibrium is a sequence of ¢/¢" = (1 + 7) that solves the
difference equation (13), where T is a time-invariant monetary authority policy. In the

steady-state monetary equilibrium, we have q; = ;41 = g°.

Proposition 1. Exists a unique steady-state monetary equilibrium for sub-case 2 of money hold-
ings, when (14 1) > B.

Proof. Note that, from (13), and since we are analyzing sub-case 2, we must have:
/¢’ +Bo—
ul(qsc) _ 9 (P,Béi B >1/u,

and this case arises only when (1+ 1) > B.

From our utility function, we have u'(g%) = %, and since (13) depends only on in-
variant parameters, there exists a unique 4°¢ that satisfies (13). |

Thus, from (13), and given the utility function, we have

se _ pou
(R G Ry Sy (14)
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4 Multiple Currencies

Consider now the case with multiple currencies, where each country has its own mone-
tary authority. Each country has perfectly divisible fiat currency, referred to as m; € R,
i = 1,2, whose value in numeraire units is ¢;. The monetary authority of each country
controls the stock of money M; and can alter with net growth rate 7;. The new money m;
still is introduced or withdrawn through lump-sum transfers to buyers i at the conclusion

of each period.

In the DM,;, sellers i only accept the local currency, that is m;. Therefore, T-type buyers
—i need to acquire m; if they want to consume the special good of country i. The FOREX
market facilitates this acquisition, allowing T-type buyers i to exchange m; for m_; with
dealers. Let a; € [0, 1] be the probability of a dealer contacts with a buyer, and «; € [0,1]
denote the probability of a buyer i contacts a dealer. Given a match between a buyer i
and a dealer, the buyer can trade m; for m_; at a mark-up « > 1. Additionally, dealers can
obtain money from two potential sources. First, they can carry money from the previous
CMs. Second, dealers have access to an interdealer market which is perfectly competitive
and occurs at the same time of the FOREX market. In that market, a dealer can acquire

m;, i = 1,2, at market price from other dealers. Table 1 illustrates this dynamic.

Now, we present the value functions of the agents in each market. In the competitive
centralized market i, CM;, agents have the opportunity to trade money for the general
good X at the price ¢;, where each unit of currency can be exchanged for ¢; units of goods

within the CM;. Consequently, the value function of a buyer i who carry m; units of

17



Table 1: Trading Activity

1° subperiod

(Forex Market - ex-
change money)

Subperiods
2° subperiod

(DMs - trade special
good)

3° subperiod

(CMs - trade general
good)

Buyer i N-type
Buyer i T-type
Seller i

Dealers

Do not participate

Can Exchange m; for
m_; with Dealers

Do not participate

Can exchange cur-
rency with buyers
and in the Walrasian
interdealer = market
with Dealers

Trade with seller i

Trade with seller i
AND seller -i

Trade with Buyer i
OR Buyer -i T-type

Do not participate

Trade only with co-
patriots and Dealers

Trade only with co-
patriots and Dealers

Trade only with co-
patriots and Dealers

Can trade in both
CMs

money in the CM; can be expressed as:

Wl.b(mi) = }r<r1lan>1<{{X — 1+ ﬁ]EC{FiC(mg)}

s.t. X+ cplm; =1+ gbimi + T3,

where, T; is the real value of lump-sum monetary transfer made by the monetary author-
ity of country i, m! represents the amount of money that the agent chooses today to carry
for tomorrow. Additionally, F is the value function of buyer i of the type c = T, N in the

FOREX market. Substituting (X — I) from the constraint, we have:

WY (m;) = pim; + T; + max{ —im; + BEAFf (mf) } }. (15)

Note that, the buyer’s function value in the CM,; is linear in the quantity of money, m;,

brought to the CM;. As a result, m; does not impact the decision regarding .

18



In the same way, the seller’s value function in the CM,; is given by

Wi (m;) = max{X — 1+ pV:(0)}

st. X =1+ ¢;m;,

where Vis (0) is the seller’s value function in the DM;, as augmented before, he leaves the

CM; with no money. Replacing X — I, we obtain:
Wi (m;) = ¢im; + BV;(0).

Now, note that since the dealer can visit both CMs, and participates in the interdealer
market this agent can have both currencies in the CM. Let m = (m7,m;), and ¢ = (¢1, ¢2).
Therefore, the dealer’s value function is given by

WP () = max (X — 1+ BE;(m')}

st. X+¢m' =1+ ¢m

where F;(m’) is the value function of a dealer who starts the FOREX market with m’.

Again, by substituting (X-1), we have

WP () = pm + max{—¢m’ + BFy(m’)}. (16)

—

Let, € be the price of m; in terms of m, thatis € ol

and given a match between a T-type
buyer i and a dealer let {r},m’ .} and {m?,m? } be the portfolios of money of buyers i

and dealers, respectively, after the FOREX market trades. Next, we introduce the value

function of a dealer who starts the FOREX market with portfolio m*:
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Fi(m?) = (1 —ag)WP(m) + % [ WP (m)dH (m1) + % [ WP (i)dH?(my),

H' is the cumulative distribution function that pertains to the money holdings of a ran-

dom buyer the dealer might interact with in the FOREX market.

Now, the expected value function for the buyer i who begins the FOREX market with

m; units of currency is given by
Ec{Ff(mi)} = OF (mi) + (1= 8)V (m;) (17)

where FI(m;) is the FOREX value function of a T-type buyer i, and VN (m;) is the value
function of a buyer who goes to the second sub-period only with local currency m;. Ad-
ditionally,

Fl(m;) = Vi (il i) + (1 — i) VN (), (18)

1 1

where, V! (!, ' .) is the DM value function of a T-type buyer i who matched with a

dealer and have acquired foreign money. That value function satisfies:
VI (mj,m' ) = u(q;) + u(@i) + WP (mi — pi — k(tmnye + 1i—ny (1/€))m' ), (19)

where ¢; and §; are, respectively, the consumption of local and foreign special good. Fur-
thermore, p; is the units of m; that buyer i transfers to seller i to acquire g;. Besides that,
as Geromichalos and Jung (2018), consider that buyers spend all their foreign money in
the foreign Descentralized Market if they have the possibility to visit it. Consequently, if
a T-type buyer i decides to consume §; they must participate in the FOREX as previously
mentioned, where they incur a markup cost of x. Additionally, the value of the national

currency must be converted into the value of the foreign currency.
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Moreover, for the buyer who goes to the second sub-period only with m; we have the

value function in the DM given by
V' (mi) = u(qi) + Wy (m; — pi). (20)

Finally, the value function of a seller i who does not carry money to DM,;, is given by

on_j 6(1—a—i) s
o N8 ws). (1)

—F . S(5 .
(4 WS () + 2 W,

Sioy — L 1 WS
VE0) = sl W (po) +
4.1 Terms of Trade

Now, we study the terms of trade of the decentralized markets. The terms of trade are
determined in a bilateral meeting between buyers and sellers. The buyer selects an offer
(g,p) or (4, p) that maximizes their surplus while ensuring they meet the seller’s partici-
pation constraint. As assumed before, buyers spend all their foreign money in the foreign
DM. Therefore, the terms of trade of a buyer i, who carries m_; units of foreign money

and meets with a seller in the DM_; are defined by the following lemma:

Lemma 3. Given an encounter between a buyer i and a seller —i, the terms of trade are defined
as: §; = pp_m_; and p; = m_;

Proof. The proof is omitted as it is considered trivial. u

Now, let’s proceed with the study of the terms of trade in the local DM. The problem
of the buyer i, who carries m; and meets with a seller in the DM,; is given by
f;}%xu(%) + u(g;) + WE(m; — pi) — WP (m;)
st -qi/p+ Wi (p) = Wi (0),
p< m;.
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Considering again the linearity of W§ and W?, we have

rg}%?(u(qi) +u(gi(m-_;)) — pipi

st qi/ 1 = ¢ipi, (22)
pi < m.
The solution to this problem is described in the following lemma.

Lemma 4. In an economy with multiple currencies, consider the problem of the buyer i, who
enters the second sub-period with m; units of money. We have the following results:

qi(m;) = min{ppim;,q*} and p;(m;) = min{m;, m’*}.
Where, ¢* = {q : u'(q) = 1/pu} and m} = q* / u¢;.

Proof. The proof is omitted as it is considered trivial. |
4.2 Optimal Behavior

First, consider a T-type buyer i who meets a dealer in the FOREX market. This agent
wants to choose a portfolio m; = [}, 7' ] to optimize his value function in the DM re-
strict to a currency restriction given by ! + x (1 (i=1)€ + ii=p} (1/€) )i’ . = m;, this restric-
tion arises because the amount of money m; that the buyer i enter in the FOREX market
is equal than the quantity ! of local currency plus the quantity 7' ; of foreign currency
that he left with. However, 7t ;is traded at a markup « and the value of foreign currency

needs to be converted into the value of domestic currency, through the exchange rate €.

Thus, the problem of a buyer i who enters the FOREX market with m; and meets a

dealer is given by
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max VI (!, m' )
ity i i
77 —1

s.t. ml + K(Lrizry€ + t{izz}(l/e))ﬁii_i < m;

The solution of this problem is described in the following lemma

Lemma 5. Consider the problem of buyer i in the FOREX market. We have the following results:

n_/l; _ 7:111 — K(l{izl}(e) + l{izz}(l/e))m*_li/ me;k + m;k S m; ) (23)
p . if m + 7 < m;
ml_l - : mi : l (24)

. ) * ~x 7
2K(l{i=1}€+l{i:2}(1/€))’ mel < mi + mi

Proof. Since the agent consumes all 7%’ ; in the DM _;, and if he has enough m; to buy the
first best in both DMs, he will acquire in the FOREX only 7*, substituting that in the
currency restriction we found m;

Furthermore, note that the currency constraint must hold with equality. If the agent
can not buy the first best in both DMs and given the terms of trade, from the first-order
condition we have:

xu'(q) = w'(q)

m;
' 2K (1j—1y€+1gi—ny (1/€))
currency restriction we found 1} = m; /2. n

and from our utility function, we have: ﬁlii =

, substituting that in the

Note that, based on the value functions of the dealers and Lemma 5, the optimal strat-
egy for a dealer is to spend all their money in the CM and not carry any money to the
next period, as this agent has the opportunity to trade money with other dealers in the
Walrasian interdealer market. Thus, suppose that this agent matches with a buyer i, they
acquire the m; and trade it for m_; in the interdealer market with another dealer who

matches with a buyer —i and then provide it to the buyer with whom it matched.
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Now, we analyze the objective function of a buyer i in the CM;. Substituting (19) and

(20) into (18). Then plug the rising expression into (17) we have:

Slai(u(q) +u(q) + WP (m; — p — k(1gimaye + 1i—gy (1/€))in)) + (1 — ay) (u(q) +

WE(m; — p))] + (1= 6)[u(q) + WP (m; — p)]

1

then advance it by one period and plug it in (15). Thus, we have the buyer i’s objective

function:

Obj' = —imj + pjm; + pou;u(pdip}) + ponu(ug’_ ' /)
—Bouipip — Poaipix(t(i—1y€ + ti—ny (1/€)m’ (25)
—Poaju(q) + Bowiip + pu(q) — peip,
where, 7 and p are the terms of trade between a buyer i, that did not visited the DM_;,

and a seller i.

Consider again, three sub-cases: I m; +m; < my; I mj < m; < mj +mj; and III:
m; < mj. That is, in the first sub-case the buyer i has sufficiently m; to buys the first best
in both DMs, in the second sub-case the agent has enough m; to acquire the first best just
in one DM, and in the third sub-case the agent does not have sufficiently m; to buy the
first best in any DM. Assuming an interior solution, the following lemma expresses the

tirst-order conditions for this problem.

Lemma 6. Define Obji(m’) the buyer i's objective function when this agent holds m;, and s = {1,
2, 3} are the three sub-cases of money holdings. Where s = 1 is the case when m? + 1 < m;, s =
2 happens when m; < m; < mj +m; and s = 3 when m; < mj. Then we have:
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d0bj (m)
T = 0= ¢i— B

ami

d0bjt,(m!) i, 0! o/

It = 0= —¢; + Bg! + Bowjupiu’ (ugpim’) E)mlg + Bowiud’ ' (ugp’_ ', )_am:

— i/ =1 '/

om i
- 55“1'4);8_”;; — K (Lgj=1y€ + ‘{izz}(l/“:))55“z’4’z{a—m;'

d0bj (m!) . oml! . omt /!
QOVI) — 0= gy + o + Bowpgid (') S+ Boigug! (gl /) o =
1

om ; om

o’ nt !

- 55“1‘4)1{8—??; —x(fi—n1€ + l{i:z}(1/€))ﬁ5“i¢fﬁ
1 1
+ B(1 — day) i { s’ (uepimi) — 1}.
Proof. Replacing the terms of trade found previously, and obtaning the derivative with
respect to m; yields the desired result. [ |

4.3 Steady-State Equilibrium with Multiple Currencies

Once again, we are focusing in the sub-case 2. Thus, from Lemmas 5 and 6, we have:

Pyl =il 4)1-/()[)1/.4—’35041'—,5
w (gym;’) = 1poa; (26)
and,
. /P S; —
u' (¢l ml)) = Ko /¢Z],[;§iia 2 27

A steady-state monetary equilibrium is a sequence of ¢;/ ¢’ = (1 + T;) that solves the

difference equations (26) and (27), where T; is a time-invariant monetary authority policy
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of country i. In the steady-state monetary equilibrium we have q;; = g;¢+1 = 4{", and

Jip = ipr1 = q;°
Proposition 2. Exists a unique steady-state monetary equilibrium in the sub-case 2 of money
holdings, when (1 + ;) > PB.

Proof. Note that, from (26) and (27), and since we are analyzing sub-case 2, we must have:

i/ i+ Poni—
M’(q:ﬂc) — ¢ (P‘uﬁg(x;x B > 1/]/1’

u/(qlmc) _ K(4’i/4;;£i“i—ﬁ) > 1/]1/

and this case arises only when (1 + 7;) > B.

From our utility function, we have u'(g"¢) = % and u'(§1") = q’.lw' and since (26)
and (27) depends only on invariant parameters, there exists a unique 4/ and a unique
gi"* that satisfies (26) and (27). [ |

Thus, from (26) and (27) and given the utility function, we have:

mc __ ]/1‘35061'
7= (1+ 1)+ Boa; — B’ 28)

and

~mc __ :uﬁ&xi
T = 0+ ) + pow — B ®)

5 Comparison between Single Currency and Multiple Cur-
rencies

This section is intended to compare some aspects between the economy with single cur-
rency and the economy with multiple currencies. We want to analyze which economy
generates a more efficient allocation. Thus, we shall analyze the volume of trade goods

exchange within each economy:.
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The following propositions present a criterion for comparing the level of trade in the

economies studied before.

Proposition 3. The volume of goods traded in country i in the national DM in the economy with
a single currency is greater than or equal to the volume of goods traded in country i in the economy
with multiple currencies if and only if

[1+7]—p ,
T p = %

Proof. From the equation (14) and (28) we derive the preceding inequality. u

Proposition 4. The volume of goods traded in country i in the foreign DM in the economy with
a single currency is greater than or equal to the volume of goods traded in country i in the foreign
DM in the economy with multiple currencies if and only if

&;[(14+7) B+ o]
K2 ) ppon

Proof. From the equation (14) and (29) we derive the preceding inequality. u

Note that, in the economy with single currency a T-type buyer consumes 24°° and in
the economy with multiple currencies a typical T-type buyer consumes g + §"°. There-

fore,

Proposition 5. The volume of goods traded in the country i in the economy with single currency
is greater than or equal to the volume traded in the economy with multiple currencies if and only

if

K> “i[(l‘FT)*.B*F.B‘S]
= 2[(1+7)—B+Bon;] —a;[(1+7)—B+po]"

Proof. From the equation (14), (28) and (29) we derive the preceding inequality. |

Therefore, note that the difference between the volume of trade in both economies
depend on the monetary policy, specifically how distant is the inflation (1 4 7) from the
Friedman’s rule. When we have a large inflation in the economy with single currency it

may be desirable for countries to adopt their own currency. Besides, the probability of a
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match between a buyer i and a dealer is also crucial in determining the volume of trades.
This probability can be interpreted as the ease of finding a FOREX dealer, which has been

facilitated by advancements in technology.

The green region of figure 1 presents the combinations of T and 7; where the volume of
trades of country i are bigger in the economy with single currency than the economy with
multiple currencies. Two scenarios are considered with the markup x assuming values of
1.25 and 1.1, respectively. In the simulations, we set (B, «;, ) = (0.96,0.9,0.8).

2g° > (g™ + ™) 20> (g™ + G™)

10 10

0.8 0.8

06 0.6
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0.2 02

0.0 00

0.0 02 04 0.6 0.8 10 0.0 0.z 04 06 08 10
T T

(a)x =1.25 b)x =1.1

Figure 1: Comparison of volume of trades

We can observe that the economy with multiple currencies has a larger volume of trade
than the economy with a single currency only when the economy with a single currency
experiences high inflation. Additionally, note that when the markup is higher, the region
where it is preferable for a country to have its own currency, rather than participate in a

monetary union, decreases. This is because agents need to exchange more money to con-
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sume in the foreign market. However, as mentioned before, advancements in technology
may increase the number of FOREX dealers, leading to a more competitive market and

reducing the mark-up.

Now, we examine the welfare properties of two economies, utilizing average utility
as the welfare criterion. Firstly, it's important to note that due to the Take-it-or-leave-it
between buyers and sellers in the DM, sellers have no surplus in the trade. Therefore, to
study welfare, we only need to consider the value function of the buyer in the DM In the
steady-state equilibrium of the economy with single currency, the value function of the

buyer is as follows:

Ec{Vi(mi)} = oV (m;) + (1 = 6) V¥ (my).

Lemma 7. The welfare, utilizing average utility as the welfare criterion, in the steady-state equi-
librium of the economy with single currency is given by:

WSE — 2(25(”(‘1“)*q“/141):rﬁ(1*5)(H(q*)*l))_

Proof. See Appendix. |

Now, for the economy with multiple currencies, consider &; = a_; = &, and employ

the same criteria, but now we have the expected value function of the buyer i as follows:

6aVI + (1 —a)sVN 4+ (1—06)VN.

1

Thus, we have the following lemma:

Lemma 8. The welfare, utilizing average utility as the welfare criterion, in the steady-state equi-
librium of the economy with multiple currencies is given by:

W = Wi + Wy,
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Comparison between W* and W™
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Figure 2: Comparison between Welfares

where W;, fori =1,2is:

W, = 5“(u(q?”c)—q?“/ﬂ)+5vé(u(17§:i)ﬁ—ﬁ§”c/ﬂ)+(1—5a)(u(v/*)—l)_

Proof. See Appendix. u

Note that, from Lemmas 7 and 8 we can deduce that welfare represents the expected
gains of trade for each economy. Furthermore, it is worth noting that since the gains of
trade increase with g until g%, the welfare, as previously discussed, depends on the values

of T, 71, T», and the probability of a match between a buyer and a dealer.

However, Figure 2 demonstrates that, for a sufficiently high y and for the same mone-
tary policy in both the economy with multiple currencies and the economy with a single
currency, the welfare is always higher in the economy with a single currency. In the sim-

ulations, we set (B,«a,d,x, 1) = (0.96,0.9,0.8,1.1,10). Indeed, this observation is quite
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intuitive, as for the same level of inflation, the economy with a single currency will have
a higher output than the economy with multiple currencies. This is because a single cur-
rency may eliminates some frictions in the FOREX market, which can positively impact

economic activity and output levels.

6 Fluctuating Monetary Policy

Monetary policy, in a monetary union, is not customized for any of the member countries.
That is one of the most important arguments against joining a monetary union. This
argument can be interpreted as meaning that, countries within the union may find that
their monetary policy options become more limited compared to those with independent

currencies.

Furthermore, numerous studies have shown that inflation in monetary unions be-
comes less volatile. For instance, Meller and Nautz (2012) and Tillmann (2012) analyzed
a reduction in inflation persistence among countries in the EMU following the establish-
ment of the monetary union, a conclusion supported by Adelakun (2020), who examined
a similar reduction in the West Africa Monetary Zone. Additionally, Holteméller (2007)
utilize the McCallum and Nelson (2000) model to investigate the effects of joining a mon-
etary union, and they concluded that joining a monetary union decreases the variability

of the inflation rate.

Therefore, this section aims to conduct another exercise where the economy with a
single currency maintains a constant monetary policy as before, while the economy with

multiple currencies adopts a fluctuating monetary policy.
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Consider again the economy with multiple currencies. Country 2 remains unchanged,
while now the monetary authority of country 1 can adjust the stock of money M; with a
net growth rate of 7{ with probability A, or T/ with probability (1 — A). Agents are only

informed about the realized value of 71 at the beginning of the period.

Note that, the value functions of the seller do not change. In that way, the value

function of a buyer i who carry m; units of money in the CM; can be expressed as:

Wy (m;) = ym; + T; +max{—gim; + PEp {Ec{Ff (mf) }}}, (30)

note that now we have the expectation around the ¢!/, where p = H, L. We have:

Epp{E{F (m;)}} = ABAF (m)} + (1 — MEAF (m)}, (31)

where, Ff(m}) is the expected value function for the buyer i who begins the FOREX mar-
ket with m; units of currency when ¢! = ¢ and F¢(m!) is the same as before but when

<pf = ¢F. The other buyers’ value functions remain the same.

In the same way, the dealer value function in the CM of a dealer who carries m is given

by:
WO (m) = -+ max{—gm’ + BEp {Fs(m)}},
where,
g {Fam')}} = ARy () + (1= A)Fy ().
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6.1 Terms of Trade

Note that agents are aware of the realization of (pf at the beginning of the period. There-
fore, when agents enter the DM, they already know this information. As a result, the

terms of trade remain the same as in section 4.
6.2 Optimal Behavior

As before, when agents enter the FOREX market, they are already aware of the realization

of ¢!. Consequently, the portfolio of a T-type buyer i remains the same as in section 4.

Now, we analyzes the objective function of a buyer i in the CM;. Substituting (19) and

(20) into (18). Then plug the rising expression into (17) and then into (31) we have:

AOlai(u(q) +u(@) + W (m; — p — w(1=aye™ + 1gigy (1/€))mt ;) + (1 — i) (u(q) +
WP (mi = p))] + (1 = 0)[u(q) + W} (m; — p)]) + (1 = A)(8[ai(u(q) + u(q) + W} (m; — p —
k(1) €" + timay (/€M) ) + (1 — ) (u(q) + W (m; — p))] + (1 = 8) [u(q) +

W} (m; — p))),

then advance it by one period and plug it in (30) in that way we have the buyer i’s objec-
tive function. Assuming again an interior solution and focusing on the second sub-case

we have the first-order condition to the problem of buyer 1:

o0bj3 (m)
D) = 0 = —y + MBI + Bowpgfl'ul (ugfl'imd") 5ok

bt (i} ) o

ml md/ ml
Boaa gl S — ket Baaagfl/ S ) + (1= A) (B + Bowa gl (ngh'ml ) o +

BMW%W(#%M%’)MZ VO — el pomgl I,

o 1 om)
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and then for buyer 2:

20b3 (mh)

S22 = 0 = — o+ M(Bph + Poaahu’ (uppind ) 5 ! (') 5

ponag iy — w(1/e"poagh L) + (LW (B+ By (V¢2_2/)6T§’2’+

om2! om!
Boaopg} ! (ug} ) S — Boan) ST — el o g g ).

6.3 Comparison with single currency

From the FOC for country 2, from lemma 5 and from our utility function, we have:

mec __ %55“2
2T 01 n) + poas— B’ (32)

and

sme Hpowr
T = X+ )+ poas — B (33)

Note that, the realization of the ¢} does not impact the output of country 2.

From the FOC for country 1, from lemma 5, and from our utility function, we have:

p1 = Boayp
U™ gt A (Boar gl —BoIT) +(1-A) (Bowi pF— pol)

In that way, we can have two possible outcomes:

qu,H 185“1]’1 (34)
! (14 H) + A(Bdar — B) + (1 — A) (Boarpf / ¢17 — By /d')’
gt _ poop (35)

P k() + Aoy — ) + (1 - A)(Bomagr / ¢ff — Pt/ o1
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and

qmc,L — ,55“1,” (36)
! (14 L) + A(Boarptt /L — PPl /L) + (1 — A) (Boay — B)’

qu'L — 5(5[)(1‘11 . (37)
! K[(1+Th) + A(Boarpf /L — Bl / pF) + (1 — A) (Boay — B)]

Now, suppose that ¢/ > ¢F, and A = 0.5, meaning that ¢}’ has the same probability
of occurring as ¢}. Also consider that § = 1, meaning that all buyers have the possibility

of visiting the foreign DM.

Let’s compare the two cases with the single-currency economy:

1. The volume of trade in country 1 with cyclical monetary policy when (1 + ) oc-
curs, assuming that the monetary policy of the single-currency economy is the same

as in that economy, i.e., (1+ 1) = (1 + 7).

2. The volume of trade in country 1 with cyclical monetary policy when (1 + 7{?) oc-

curs, assuming that (1 + ) = (1 + 7).

The following propositions express these comparisons:
(1+7f)
(1+7h)
(1 — &) (1 + EM). The volume of goods traded in country 1 in the national DM in the economy
with multiple currencies and cyclical monetary policy when T\ occurs is greater than or equal to
the volume of goods traded in country i in the economy with a single currency if and only if

and considering @ >

Proposition 6. Given t{i! > 1,6 = 1, = 1, EHl =

2D <14 B

Proof. From the equations (36) and equation (14) we found the desired result. |
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ege . 1 H
Proposition 7. Given t{i! > 1,6 = 1, 1% = 7, EH = (( 111))
1

(1 — a)(1 4 EH). The volume of goods traded in country 1 in the foreign DM in the economy
with multiple currencies and fluctuating monetary policy when T& occurs is greater than or equal
to the volume of goods traded in country i in the economy with a single currency if and only if

and considering >

2(1+71)
p

24-0)(14+7) 9 | pH

(a1—1)B
Proof. From the equations (37) and equation (14) we found the desired result. |
oye . H L . H __ L — (1+TL) . . 2(1+71)
Proposition 8. Given 7" > 1,6 = 1, 14" = 1, E* = (1+T1}{) and considering 5 >

(1 — a)(1 + EL). The volume of goods traded in country 1 in the national DM in the economy
with multiple currencies and cyclical monetary policy when t{ occurs will never be greater than
to the volume of goods traded in country i in the economy with a single currency

Proof. Suppose by contradiction that ch’H > g°¢. From the equations (34) and equation
(14) we have:

Baip > By
(1+7)+0.5(Ba;) —0.58-+0.5pa; EL—05BEL. = (1+7)

From that we have:
A0 < EL41

Not that we are analyzing sub-case 2 of money holding, because of that (1+ 1) > B,
thus the left side of the inequality is bigger than 2. However, since EL < 1, the right side
of the inequality is less than 2. |

Note that, buyers adjust their money holdings based on their expectations regarding
monetary policy. They need to be prepared for both scenarios, whether high or low infla-
tion occurs. When low inflation occurs, buyers tend to consume more because they hold
more money in anticipation of high inflation. However, since inflation turns out to be
low, their money becomes more valuable, allowing them to purchase a greater quantity

of goods, which can be expressed in propositions 6 and 7. However, since the scenario
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Figure 3: Volume of Trade T = Tt

where high inflation occur buyers have less money because they made their decision ex-
pecting that the low scenario could occur, which corresponds to the case in Proposition 8
where their consumption is reduced.

In Figure 3, we observe the quantities 4, g1"“", and ¢7"“", along with the expected

consumption from Country 1 with fluctuating monetary policy, represented by O.Sq’lm’L +
057" for ¥ = T = 0.1 and varying values of 1. It is noteworthy that ¢7"“" increases
as EL increases, and we can observe when it surpasses the consumption in the single
currency. However, q’lm’H decreases as EL increases, and since in the Figure 3 T is grow-

ing, the resulting is a reduction in the expected consumption. For the simulation, we set

(B,a,8,%,1,7) = (0.96,09,1,1.1,10,0.1).
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7 Final Remarks

This study investigates the implications of the formation a monetary union. Using a
model based on the monetary search framework of Lagos and Wright (2005) extended to
multiple countries, we analyze two scenarios: one where countries share a single currency
and another where they maintain separate currencies. Through the analysis of steady-
state equilibria in both economies, we investigate the efficiency and welfare implications

of adopting a common currency.

We observed that in cases where the economy with a currency union experiences an
unstable monetary policy, characterized by higher inflation rates, maintaining separate
currencies may be preferable. Specifically, the discrepancy between the monetary policy
and the Friedman’s Rule plays a crucial role in the decision between maintaining separate
currencies or joining a monetary union. Additionally, factors such as the probability of
not finding a FOREX dealer and the associated mark-up costs affect the efficiency of the
economy with multiple currencies, leading to a reduction in trade volume. However,
advancements in technology may increase the probability of finding a FOREX dealer,

thereby reducing mark-up costs.

We also observe that under the same monetary policy, the economy with a single cur-
rency generates higher welfare compared to the economy with multiple currencies, pri-
marily due to the frictions present in the latter. Additionally, when considering fluctua-
tions in the monetary policy of the economy with a single currency, we find that in some

cases, the economy with multiple currencies can generate a higher volume of trade. This
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is because agents prepare themselves for the possibility of experiencing high inflation.
However, when scenarios of low inflation happens, agents have more money and their

money can buy more goods.

Our research has find interesting insights into the nuances of economies adopting a
common currency. However, it is important to acknowledge the limitations of our model
and identify areas for future research. Firstly, while we have incorporated fluctuating
monetary policy into our model, it may not capture all the complexities of monetary pol-
icy dynamics. Future studies could explore the inclusion of cyclical monetary policy,
incorporating shocks to productivity and different monetary policy responses to these
shocks. This would allow for a better understanding of how monetary policy operates

within a monetary union, where it is not customized for any individual member country.

Additionally, there is potential for empirical research to further investigate parameters
related to FOREX dealers and markup costs. By conducting simulations with similar real-
world data, we can gain a better understanding of these factors and how they impact
currency exchange in practice. This empirical analysis could improve the validity and

applicability of our research findings.

A Proofs

Proof. of Lemma 1:

From (9) substituing the restriction m = m; — p; in the objective, and since we have
qi/ 1 = ¢p; from the other restriction we have the following FOC:

uou' (upp;) — ppu' (up(m — pi)) —¢+¢ =0,

from that we have: u/(q) = u/(§) [ ]
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Proof. of Lemma 7: We have that from equation (3):
Vi (mi) = u(qi) +u(q;) + WP (m; — pi — pi),
and from equation (4) we have:
Vi (m;) = u(q;) + WP (m; — pi)

Substituting WP in both equations, we get:

Vi = u(qi) + u(Gi) + ¢m; — ppi — ¢pi + T — pmi + psV; + p(1 - 6) VN,

VN = u(q*) + ¢m; — pp; + T — pm}; + p6VI + p(1 —6) VN,

Applying Cramer’s Rule, we get:

VT — (1—/3+/55)u(11“)+(1—/3+ﬁ5)u(f7“)—(i—%+ﬁ5)¢mi+(ﬁ—ﬁ5)u(q*)—(15—/35)4*/ﬂ,

1

VN — (1—/35)u(¢7*)—(1—135)17*/{1+é35(u(q“)+u(¢7“))—ﬁ&l’mi.
i -

Substituting these into our welfare criteria, and since both country have the same out-
put, we obtain the desired result. u

Proof. of Lemma 8: We have that from equation (19):
VI(mi,m' ) = u(q;) +u(di) + WP (m; — pi — k(1gimqye + 1oy (1/€))ii ),
and from equation (20) we have:
VI (m;) = u(q;) + W} (m; — pi)

Substituting WP in both equations, we get:

ViE = u(qi) +u(i) + pimi — dipi — 4’iK(t{Ai]=1}€ + 1y (/€)' ) + T — gy + BoaV;T +
B —6)VN +Bs(1—a)VY,

VN = u(q*) + im; — gip + T — gimj + oaVl + p(1 = 6)VN + Bo(1 — ) V¥,

Applying Cramer’s Rule, we get:

vT — (1—ﬁ+ﬁ5a)u(97§”c)+(1—ﬁ+ﬁ5a)u(fﬂ”c)—(11—/3ﬁ+/55“)¢imi+(ﬁ—ﬁ&x)u(Q*)—(ﬁ—ﬁ&x)q*/li
1 i 7

VN = (BIug) (=Bl e fon(ulg ) =phgm,

1
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Substituting these into our welfare criteria, we obtain the desired result. u
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