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Abstract

In a labor market characterized by directed search, unemployed workers
search for jobs that are flexible with respect to how much effort they require.
Assuming separable preferences, we characterize the optimal unemployment
contract for both the case in which savings are observed and, if preferences
are of the CARA-GHH type, for the case in which they are hidden. It is
always optimal for the government to distort downwards effort through posi-
tive marginal tax rates on labor earnings. In the case with hidden savings, we
show that optimal contracts take a very simple form, thus showing that Shimer
and Werning’s (2007) findings for a McCall search model have a counterpart
in a directed search environment with intensive margin adjustments. Key-
words: Unemployment Insurance; Directed Search; Intensive Margin; Hidden
Savings. JEL Codes: H21; J64.

1 Introduction

Unemployment insurance programs must strike a balance between insurance pro-
vision and disincentives for work. An important literature has been developed to
address its optimal design — Hopenhayn and Nicolini (1997); Shimer and Werning

(2007, 2008). By focusing on the extensive margin of labor supply, this line of work



has emphasized how insurance reduces the incentives for searching for and/or ac-
cepting job offers.

In this paper, we study the problem of a government that offers optimal unem-
ployment insurance financed with income taxes in a dynamic environment of directed
search. We depart from most of the literature by taking into account the intensive
margin of labor supply. The main consequence of allowing for intensive margin ad-
justments is that firms may expand the supply of vacancies by requiring agents to
increase their output conditional on lending a job. Or, taking it from the workers’
perspective, they can reduce the expected unemployment spell if they are willing to
look for jobs that will require more effort for the same earnings.

While framed as increased effort, our model may also be interpreted as capturing
the notion of equalizing differences. The many different non-pecuniary dimensions
by which one job may be different from another, have been recently shown to be
quantitatively relevant for unemployment insurance analysis — Hall and Mueller
(2018); Luo and Mongey (2019). What makes them important for our analysis is
that these are adjustments in work conditions that are neither observed nor controlled
by the planner.

We fully characterize the optimum for general separable preferences when that
the planner controls agents’ savings. We prove that, at the optimum, there is a
positive wedge at the intensive margin of effort. This is somewhat surprising since
the planner can use non-distortionary (with respect to the effort margin) instruments,
and we assume no distributive motive. The logic is as follows. The planner observes
earnings but not effort or the non-wage characteristics of a job. Hence, if an agent
decides to deviate by becoming more selective, which we prove to be the relevant
deviation, he will do so by choosing a job that requires less effort but which she has
a lower probability of getting. Then, conditional on landing the job, she will have
a higher marginal willingness to work than someone who abides by the rules and

follows the strategy prescribed by the planner. Slightly distorting downwards effort

In the real world, a worker may adjust his search not only by becoming more selective with
regards to his wages but also with respect to the amount of effort he will have to make in case
he lands the job and the quality of his prospective work environment, neither of which is within
the reach of policy. These equalizing differences surveyed by Rosen (1987) have been shown to be
quantitatively in recent work by Mas and Pallais (2017); Sorkin (2018); Hall and Mueller (2018).



has second order utility costs for equilibrium choices but first order costs for one who
deviates, as a deviator enjoys more leisure thus attributing a lower marginal value
to it. This relaxes incentive constrains and lowers the cost of providing insurance.

Unemployment benefits and net earnings decline with the length of the unemploy-
ment spell. The repeated moral hazard nature of the problem implies that, at the
optimum, the stochastic process governing consumption satisfies the inverse Euler
Equation. In the long run, unemployment benefits converge to zero.

To implement the optimal allocation described above, the planner must control
agents’ savings which need not be possible in practice. We take the possibility of
hidden savings and borrowing in perfect capital markets into account. For this case,
we restrict our analysis to preferences of the Greenwood et al. (1988) type specialized
to the case of Constant Absolute Risk Aversion, henceforth CARA-GHH preferences.
We show that the optimal allocation can be implemented by a very simple stationary
contract: an upfront unemployment installment, ag, constant gross earnings, y¢, and
taxes, T, for the case in which the agent is able to land a job. The pattern of declining
consumption in both the employment and unemployment state is achieved by the
worker’s (dis)savings along the unemployment spell. We also prove an immiseration
result for this hidden savings environment.

Importantly, in this case too, a positive wedge on the intensive margin charac-
terizes the optimum.

The rest of the paper is organized as follows. After a brief literature review, in
Section 2, we describe the environment and offer a one period account of the forces
explaining our findings. We derive the properties of an optimal system under the
assumption that the planner controls agents’ savings in Section 3 and use Section
to do the same for the case of hidden savings. In Section 5 we assess the quantitative

relevance of our theoretical results and offer a conclusion in Section

Literature Review

The modern treatment of unemployment insurance program design has its roots in
Shavel and Weiss (1979), and found its first canonical treatment in Hopenhayn and

Nicolini (1997). We add to this classic paper by focusing on directed search and by



introducing the possibility of selecting jobs according to how hard one has to work
conditional on being employed.

Acemoglu and Shimer (1999) consider a general equilibrium model of directed

search with risk aversion. The static version of our model generalizes theirs by
considering the possibility of adjusting the effort requirements of different jobs. Our
is, however, a component planner’s program whilst their focus is on the general
equilibrium aspects of unemployment insurance.
Shimer and Werning (2007, 2008) evaluate the consequences of allowing agents to
borrow and save in perfect capital markets using McCall’s (1970) model of sequen-
tial job search. Under CARA preferences, they prove that a policy comprised of a
constant benefit during unemployment, a constant tax during employment and free
access to a riskless asset is optimal. We consider a directed search environment with
the possibility of intensive margin adjustments in effort. We also find that simple
stationary policies are optimal under CARA, thus extending their findings to this
alternative environment. We add to the prescription, the optimality of distorting
downwards effort.

A burgeoning literature — Golosov et al. (2013); Kroft et al. (2020); da Costa et al.
(2022) — investigates redistributive policy in the presence of labor market frictions.

Golosov et al. (2013) consider the redistribution of residual income, i.e., the share
of agents incomes which cannot be explained by fundamentals but are rather the
consequences of randomness in the search process. Assuming directed search they
prove that the optimal redistribution of residual income can be attained with positive
unemployment benefits and an increasing and regressive income tax schedule. As in
our case, a positive wedge obtains despite worker’s homogeneity, albeit for a different
reason.

[Kroft et al. (2020) focus on finding sufficient statistics for the optimal combination
of income taxes and unemployment benefits using perturbation methods. They do
not consider intensive margin adjustments.

da Costa et al. (2022) study optimal distributive policies in the presence of la-
bor market frictions. While they focus on intensive margin choices, their model is
static and focused on the interaction between distributive motives and unemploy-

ment insurance design. They offer an approach to quantify the gains from using



information on a worker’s output whenever labor contracts are observable. Here, we
abstract from redistribution and focus on the dynamics of insurance when contracts
are not observed and there is scope for adjustments in the intensive margin. The
results herein shed light of their findings regarding the consequences of not having

full information on contracts.

2 Environment

Time runs for t = 0, 1, ..., and is discounted by § € (0,1). We assume that preferences
are separable, across time, states and between consumption, ¢, and effort, n. The flow
utility generated by (¢,n) is given by U(e,n) = ¢(c) — n(n), for ¢',—¢" . n';n" > 0,
satisfying the Inada conditions lim. o ¢’ (¢) = oo and lim, 07’ (n) = 0.

One unit of effort, n, produces one unit of the consumption good, ¢, which price
is normalized to one.

The economy starts with the worker in an unemployment state. A job offer is a
contract specifying how much effort, n, the worker must make if he is hire and the
earnings, y, to which he is entitled if he supplies the specified amount, n. A labor
contract, i.e., a pair, (n,y), defines a (sub)market. The probability, p, of receiving a
job offer in any market depends on the market tightness, with the implied relationship
captured by the function, ¢ : [0,1] — [0,00). This function associates to every
employment probability, p, the vacancy-to-workers ratio that generates it. That is,
with some abuse in notation, let p(\) denote the probability that an agent gets an
offer when the workers-to-vacancy ratio is A. If A : [0,1] — [0,00) is its inverse,
then, for all p, we define the p function by o(p) := 1/A(p). We follow usual directed
search specifications and assume that p is strictly increasing, twice differentiable and
strictly convex, satisfies p(0) = 0, lim,+1 0(p) = co. We remark that this implies that
o(p)/p is strictly increasing and assume that™ lim, 0o(p)/p > 0.

To model a firm’s hiring decision, we normalize the cost of posting a vacancy
to k/(1 — ). We assume that an unemployed worker who applies for a job at

time t receives the answer at the beginning of the same period, before taking the

20ne example is A\(p) = p~* — 1.



unemployment insurance.

We study the cost minimization of a government that must guarantee a life-
time utility, Wy, to the worker. In its attempt to offer insurance for the agent, the
planner faces the following informational restrictions. First, the planner does not
know whether the agent received a job offer and rejected it or whether he did not.
Second, conditional on the worker landing a job, the planner does not know the
type of contract that the agent was offered. More precisely, the planner observes
earnings, y, but not n. Whereas the first source of informational asymmetry has
been extensively studied, the second one is novel. To highlight its role we start by
presenting a one period version of our economy in which the heuristics for our main

findings are simpler to convey.

2.1 A one-period economy

Consider a simplified version of our model in which an agent lives a single period
split in two sub-periods. In the first sub-period the agent decides where to search,
i.e., chooses p. If he lends a job, he earns y° in exchange for producing xo(p)/p. If
not, he is entitled to an unemployment benefit c¢*.

Two things about our description of a worker’s problem are worth highlighting.
First, we assume that contracts are not observable. What this means in our setting
is that the planner observes how much an employed worker is paid, y¢, but it cannot
monitor how much effort, n¢, a job demands. Second, from the zero profit condition,
we have p[n® — y¢] = ko(p), a condition that must hold for any contract on and off
the equilibrium path.

We model tax policy as follows. For an employed worker to consume ¢© he must
earn y¢ = ¢® + T and pay total taxes, T, to the government. Note that since the
output he produces must also cover the vacancy-related expenditures, we must have
n® > y°. So, in what follows we leave n® and T in the background and write the
planner’s program with the controls ¢¢, ¢* and y°.

Since the planner observes both ¢¢ and y¢, the only margin in which deviation
is possible is on the choice of p. Second, the choice of effort, n® = y* + ko(p)/p is

made when the worker chooses the job to which apply, a seemingly relevant feature



of actual labor markets. Since the government observes neither p nor n® it can
only condition policy on the employment status and on y°. Note that a worker who
chooses a higher matching probability must provide higher effort for the same level
of earnings.

Noting that (¢¢, ¢*, y¢) is controlled by the planner, define, for any p,

U (3, e, ¢, 5) = (1= Bp(c") + [W) 1 (ye n %)] |

and define the agent’s optimal choice of p by
p € argmax U (p, c*, ¢, y°) . (1)
p

Under the assumption that the solution to the agents’ problem is interior, that
is, that the worker actively searches for a job at the optimal solution, it must satisfy

the first order condition,

p(c) — (") =n (ye + %) - (ye + %) (@), =0, (2)

p
Cf-502)

is used to simplify the expressions.

where the notation,

The Pareto frontier can be obtained by maximizing the planner’s expected rev-

—(1=p)c"+py°—c), (3)

subject to delivering utility, U*, to the agent,
U(p,c",cy) > U, (4)

and to respecting the incentive-compatibility constraint (1). Due to concavity of the
problem, the latter can be replaced by (2) whenever it is desirable to induce positive

search. Clearly, if it is not desirable to induce positive search, the solution displays



" =c® = 1 (U*). Let us focus on the case in which the optimal amount of search
is positive.
Let p be the Lagrangian multiplier associated with the constraint (1) and A, the

one associated with (2). The first-order conditions are

and
2

(¢ —y)—c" = —Aaa—pQU (p, ", % y%). [l
Clearly, to incentivize effort, one must ensure that ¢ > ¢*, which implies A > 0
and p > 0. This fact coupled with the concavity of the worker’s problem with respect
to p, O*U (p, c*, ¢, y°) /Op* < 0, confirm that (c® — y¢) — c* > 0. Hence, the planner
raises more revenues when the worker finds employment. This is the source of moral-
hazard of our model. The worker does not internalize the insurance provided by
the government. Accordingly, the government finds higher matching probability
desirable.
Let us now investigate how this impacts the marginal rate of substitution between
consumption and leisure. From the first-order conditions with respect to ¢¢ and y°
we immediately see that

¢'(c) —n (y“" + ng)) = p,ul—f- e (y + %) <%>, > 0.

At the optimal allocation, labor effort choice is distorted downward. To better un-

derstand this property, consider a putative optimal allocation in which this margin
is not distorted: ¢'(c) — 7' (y¢ + o(p)/p) = 0. A small perturbation in which con-

sumption when employed, ¢, and earnings, 3¢, are both decreased by some small



€ > 0 has no direct fiscal effect and only a second-order effect on the worker’s utility.
However, it changes the marginal incentive to search for a job. The convexity of
the cost of labor and the fact that workers who intend to find a job with higher
probability must provide higher effort once employed imply that this perturbation
makes relatively more attractive searching for a job. The relaxes the moral-hazard

constraint and allows the planner to improve policy.

3 Optimal Unemployment Insurance

The one-period version of our model was useful to highlight the extra margin for
deviation when not all aspects of jobs can be controlled by the planner. Yet it
precludes an important dimension of real world unemployment insurance: the time
dimension of optimal policy. We start our investigation of optimal unemployment
insurance policy by describing what would be possible if contract offers were observed.
That is, we characterize the benchmark case in which a firm’s posted contract is

observable, but one cannot observe whether the worker received or not an offer.

3.1 Observable Contracts

Assume that the planner observes all the details of contracts that are offered. We
can think of a job contract as a pair, (¢, n¢), where ¢¢ denotes the consumption to
which an employed person is entitled, and n® the level of effort which is required
from him.

Clearly, one cannot force the agent to find a job such that

u > () = (n).

Hence, letting ¢ (-) := ¢~!(+), one solves

C(W)= max
( ) p,ce,c“,n,W 1 - B

{n —c— /{@} +(1-p) [—Cu + BC(W)] ;



subject to the promise keeping,

W= 5 lele) = n )]+ (1= p) fele") + 5]
and the incentive constraint,
2O 5 ey + o0 )

We can rely on Lemma 5 to write the following Khun-Tucker problem,

CW)= max —— [n — - n?} +(1-p) [—c“ + BC(W)} +

p’cCYCu7n7W 1 - /8

i | e = + 1= ) [ty + 517 |+

o |20 ey - i |

The first-order conditions for the problem above are

e 19<p) u I % e
ned =R = O+ {ele) —n )
— (1= ) [e(e) + W] } = s (p) = 0, [p]
2 (1w - ) o, [n)
s |+ 9] o ]
—(1=p)+p(l=p)¢'(c") =g (c") =0, [ ]
C'(W) = —p, [ W]
and 80
(1-p) [BC’(WHBM—T])] = 0. [ W]
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To evaluate these first-order conditions we must first assess whether the moral
hazard and the promise keeping constraints bind at the optimum. Lemma [, below,
states that, whenever agents search for a job they are indifferent between doing so

and remaining unemployed for another period.

Lemma 1 In any period in which there is positive search, the moral-hazard con-
straint binds, [o(c) —n(n)][1 — 6]~ = p(c*) + W, and ¢ > 0.

Note that in each period ¢ in which the moral-hazard constraint binds we have

y
1_pt’

M1 = M —

which implies that
u —1 — -1 u
i =) (') > ()7 () =<

The consequence is that unemployment consumption decreases over time.
Also,

1 . . -1 . —17 __ Pt - Dt
¢ (cty) o= pe[pe o]+ (=) [+ o] = @ (cf) " @ ()’

The consumption process is described by an inverse Euler equation. In contrast
with our one-period model with non-observed contracts, effort is not distorted at the

optimum in the dynamic model with observed contract according to Proposition

Proposition 1 The solution for the planner’s problem when contracts are observable

has the following properties:
()]
1. It entails a zero marginal income tax rate.

2. The unemployment insurance is decreasing over time. Moreover, if there is
search at period t then the unemployment insurance is strictly lower than the

one from the previous period.
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3. The consumption process is described by an inverse Euler equation.

First, the government observes contracts offered by firms. Because of that, the
relevant incentive-compatibility constraint (19) depends only on the agent’s utility
when employed, not on how it is generated. Therefore, given any utility level, there
is no reason to distort effort, which implies i). Second, unemployment insurance
should decrease over time in order to make more costly to turn down employment
opportunities, which is the content of ii). Finally, similar to several dynamic moral-
hazard models (Rogerson (1985)), the consumption process is described by an inverse
Euler equation.

This model assumes that the government observes the contracts chosen by workers
and hence the disutility of effort from a particular job. The next section studies

optimal contract under non-observable contracts.

3.2 Non-observable Contracts

Assume that the planner does not observe the contracts that are offered to agents.
Policy must, therefore be based on whether the agent is employed or not, his earnings
and on the length of his unemployment spell only. To characterize the optimal
unemployment insurance program in this case we rely on a first-order approach.
With Lemma 6, we prove that the solution for this relaxed problem is the solution
to the original program.

Start by noting that the planner’s program has a recursive structure,

C (W) = max

2 =) (1) [elw) + BC (W)

subject to

% [gp(ce) _q (ye + n?)} + (1 —p) [u+ BWi] — Wy >0, (6)

12



and

-QL-Pwﬂ—n<f+ﬁ%?>}—y—ﬁwﬁZ—i—mfo+H%?>ﬁ(mm)a
7

1-3 1-3 P

We show that the planner’s problem is differentiable, and hence the optimal
must satisfy a constraint optimization maximization in which we write p and A for
the multipliers relative to the constraints (6) and (7) respectively.

We associate to (0) the Lagrange multiplier ;1 and to (7), A. Both are strictly pos-
itive. p is strictly positive for otherwise the planner could save by giving less utility
to the agent in both states with no consequences for incentives. \ is strictly positive
because the worker does not internalize the fiscal externality when unemployed.

Combining the first order conditions with respect to y° and ¢® one obtains

@'(c) = (ye + Hﬁ(p)) __A o (ye + /fﬁ;p)) K (ﬂ(p))’ > 0.

p ) pp+A p

The optimal allocation now displays a positive wedge at the intensive margin. The
static is inherited by the dynamic model. If a firm deviates by offering higher quality
work, i.e., those requiring less effort for the same earnings then will attract more
workers which, in turn, will find it harder to land a job, thus remaining unemployed
for longer periods. Conditional on getting one of these jobs a workers would have
a higher willingness to make effort, than someone who got one of the jobs offered
by firms along the equilibrium path. To make these deviations less attractive the
planner distort effort downwards by taxing earnings at the margin.

As for the inverse Euler equation. The fact that preferences are separable in
consumption and effort means that it is always feasible to vary the unemployment
consumption utility in a period and compensate it by varying the consumption util-
ity in all states of nature in the subsequent period changing neither incentives nor
expected utility. This being the case, these perturbations cannot save resources at
the optimum. Because the marginal cost of delivering utility is the 1/¢’, the inverse
Euler equation ensues.

These findings are summarized in Theorem 1, proved in the appendix.

13



Theorem 1 At the optimum, in every period in which there is positive search,
()]
1. the moral-hazard constraint (7) binds, and the government benefits from strictly

INCreasing p;
2. the marginal income tax rate is always positive, and;

3. conditional on not finding a job at period t, the worker’s marginal utility of

consumption satisfies the inverse Euler equation,

¢ (10%‘) -k {m} '

It is important to emphasize that the planner may avoid distorting the effort
margin. Taxes may be based on employment, independently of earnings. Moreover,
the utility conditional on finding a job depends on ¢(c?)—n(n®), regardless of whether
c® and n° are efficiently chosen. What is then the rationale for distorting the intensive
margin prescribed in Proposition 17 It is the same that we have seen in a static
setting. Consider a worker deciding whether to apply for a job in a slightly tighter
sub-market, p > p. The planner controls ¥ and ¢, but not the amount of effort the
agent is making. Upon lending a job in a tighter market, the worker is required to
supply effort n = y®+ ko(p)/p < y°+ Kko(p)/p = n, while receiving the same ¢°. This
worker, therefore, has a lower marginal disutility of effort than agents who abode by
the prescription. To make this downward deviation less valuable — this is the relevant
deviation according to (i) — the planner distorts downward effort by introducing a
positive wedge.

A little less surprising is the fact that, as in Rogerson (1985); Atkeson and Lucas
(1995), the Inverse Euler Equation characterizes the dynamics of consumption for

the unemployed.

Proposition 2 The unemployment benefit is decreasing over time with ¢ > ci,
whenever the worker searches in period t + 1.
Moreover, whenever the worker searches in period t + 1, his consumption from

employment is strictly greater than the unemployment benefit from any period ™ > t.

14



Hence, according to Proposition 2, provided that agents keep searching, the unem-
ployment insurance declines over time. The question is whether agents stop searching
as the unemployment spell becomes very long. We show — Lemma 9 — that this
is not the case; if there is search in one period then there is an infinite number of
periods in which there is search. Hence, at the optimum, for all ¢, ¢f > ¢!, ;.

Finally, we ask what happens to the unemployment benefit as the unemployment
spell goes to infinity. Since ¢ > ¢, for all ¢ and ¢ > 0, the unemployment
converges to a non-negative number. With Proposition 3 we show that this number
is 0.

Proposition 3 The unemployment benefits converge to zero.

In this section, we have followed most of the literature, and Hopenhayn and
Nicolini (1997), in particular, in assuming that the planner controls the worker’s
savings. This allowed us to define a one-to-one mapping from after-tax earnings,
y© —T', to consumption, c¢°. What happens if this is not the case? If the government
does not control savings, do these results remain valid? We answer these questions

next.

4 Hidden Savings

As we know from Allen (1985); Cole and Kocherlakota (2001), allowing for hidden
savings represents an important constraint for the design of optimal policies. In this
section, we consider the consequence of this constraint on optimal policy.

We address the case in which the government does not observe agents’ savings.
In the context of unemployment insurance, Shimer and Werning (2007) highlight
the distinction between the optimal consumption path and the optimal transfer path
when consumption and earnings need not coincide due to the possibility of borrowing
and saving.

We follow several papers in the literature and restrict ourselves to preferences

that do not exhibit income-effects. Concretely, we assume that preferences are of the

15



GHH-CARA type,
U(c,n) = —exp {—alc—n(n)]}.

We also assume perfect capital markets with an interest rate r = =1 — 1.
Assume that the worker starts with assets Ag. In a deterministic mechanism, the
government adds liquidity ag — Ag at time 0 and transfers b; to the unemployed in

period t. If a job is found at period ¢ the government demands the amount of work

e

Yt
every future period.

in every future period and makes a net transfer 77 (which may be negative) in

The planner’s program is to minimize the expected cost of delivering utility W for
the unemployed agent subject to providing incentives for him to follow the optimal
search strategy.

Recall that p — (o(p)/p) is strictly increasing and strictly convex. We make the
following assumption, which guarantees that it is optimal for the agent to search for
a job.

Assumption H1: There exists y and p > 0 such that

von (et

Intuitively, if H1 were violated, the disutility of effort would not compensate its

benefit and optimal programs would entail no vacancy creation.

Definition 2 A simple policy is a triple (ag,y®,T¢) in which the earnings, y;, of
an employed agent, are constant, yi = y° for all t, and the transfers, 1Y, that the

agent makes to the government once employed are also constant, T} = T°.

When facing a simple contract the worker’s problem can be written in a recursive

3The constant absolute risk aversion (CARA) case is the only one for which Shimer and Werning
(2007) have theoretical results. They offer numeric explorations for the constant relative risk
aversion (CRRA) case. Because we are also interested in understanding choices at the intensive
margin, we suppress income effects through the assumption of quasi-linearity as in Greenwood et al.
(1988).

16



form as

Wi(a,) = at+lerg,a§e[o71} — exp {—04 (at — 571@t+1)}
+ B{pWi1 (ar1,p) + (1 — Wit (ar1)) }

s.t.,

We (agg1,p) = 7 i 5 exp {—a [ye T+ (ﬁ_l _ 1)at+1 - <ye _ m%)} }
For short, we write W, = Wi(a), W¢ = W¢ (a1, p0), W = Wigq (ae41), at the
optimal (asy1,ps)-

Let ¢f, be the consumption at 7 fo an agent who found a job in period ¢ < 7. It
is immediate to see that ¢f . = ¢f for all 7 > ¢. Hence, in what follows we omit the
current period subscript, 7, and write ¢ to denote the time-invariant consumption
of an agent who found a job in period t.

The next lemma links best response to simple policies.

Lemma 2 Assume that the planner offers a simple contract to the agent. In this

case, the agent chooses,

1. a stationary p;

2. ¢y —cf=—A; and ¢, — ¢ = —A,, for a constant, A, > 0;
3. e )
t = s =ke > 1,
Wi 1+ ap(l —p)n' (y* + &9(p)/p) & (V(p)/p)
and
Wi (1 N ap*y (y° + K0(p)/p) K (9(p) /D)’ ) ko<1
W, L+ ap(l —plapn’ (y° + &9(p)/p) & (9(p)/p)’ ’

ﬁexp{—a [ce—n<ye+m?>” =1—(1—p) k.

17



That is, under a simple contract the agent chooses a constant p and, for every
extra period in which he is unemployed, he reduces both the consumption while
unemployed, ¢, and the consumption while employed, cf, by the same amount A..
As a result, the ratios W /W, and W}* /W, remain constant at k. and k,, respectively.

Theorem 3 There exists a simple policy that implements the optimal allocation.

Under Assumption H1, GHH-CARA preferences imply that changes in asset po-
sitions have no impact on agents’ search choices while producing an easily character-
ized adjustment in consumption during the unemployment spell and a simple scaling
of expected utility. Given this invariance to asset position a Ricardian-equivalence
result obtains. Alternative paths are fully characterized by the time in which the
worker finds a job. The worker’s decision only depends on the present value of
transfers associated with each path. By performing simple changes in the timing of
payments one can show that simple insurance schemes are optimal.

The optimal unemployment contract, therefore, implements an allocation char-
acterized by a constant search effort, p, and a constant effort, n® = y® + ko(p)/p.
To provide incentives for agents to keep searching one must guarantee that c¢f > ¢}
in every period t. Spreading consumption across the two states, unemployment and
employment, is, however, a costly way of delivering promised utility. To reduce this
cost, incentives are back-loaded; promised utility is reduced every time an agent fails
to find a job, as stated in (4ii). For the preference specification we adopt, a lower
utility promise with the same p and y° can be made incentive compatible by an equal
reduction in ¢® and u®, which in Theorem 3 we prove to be optimal.

Next, we show how the optimal allocation can be implemented with a very simple
contract where the agent is given assets ay and is promised a labor contract (y¢, c©)
if he manages to land a job. Agents (dis)savings choices guarantee that ¢ and c}'
will follow the path prescribed in Theorem

Finally, we prove the following counterpart of the immiseration result that applies

here for hidden savings.

4Note that consumption is kept constant after the
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4.1 The Optimal Policy

Now that we have established that the optimal contract is stationary and of the form
(ap, c?,y°), we rely on this simple structure to provide its complete characterization.
We can restrict the search for the optimal contract to that of finding a triple

(ag, ¢, y¢) that solves the problem
e { p(y°, ) (y - ce) B ao}
@octy) |1 = (1 =p(yse)) B\ 1= ’

U(ye,ce,ao) 2 Uo.

subject to

Note that the incentive constraint is summarized by the dependence of p on 3¢

and c®. Also, the promise keeping constraint can equivalently be written as

Uy, ) exp{—a(l = B)ao} = Uy,

where we use the simplified form U (y, ¢¢) for U (v, ¢, 0).
The first order condition with respect to ay allows us to eliminate the Lagrange
multiplier and the promise-keeping constraint. We may, then, write the planner’s

objective as

_ p(y°,c) N U (y°, )
L= 1—(1=p(ysc))B ( 1—5) 0+exp{—a(l—ﬁ)ao}a(l—ﬁ)IUo\'

The first-order condition with respect to ¢ is

_ p(y*: ) N OU (y*, ) /Oct
1= =pyse)) B expi{-a(l=Faja(l-7F)[U

"o [1 - <1p—p>51 (yl:ﬁ) =0 ©
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whereas the one with respect to y¢ is

p(ye, ) N oU (y°, c®) /0y*
1-(1-pe))B  exp{—a(l—pF)aota(l—75)[U

“ap =) (77 a0 ©

Consider the optimality conditions above. The first term regards the direct fiscal

cost of an increase in y¢, the second term concerns the impact on the worker “s utility,
while the third terms regard indirect fiscal effects which are present because p is not
observable. Since, as we show, dp/dc® > 0 and dp/0y¢ < 0, the worker best responds
to a higher income by increasing the job-finding probability and decrease the job-
finding probability when he is offered. Of course, the fiscal effect depends on the
sign of y¢ — ¢ that is, whether the fiscal effect is positive or negative. This is shown

in the following theorem.

Theorem 4 The efficient allocation is characterized by:
1. y® — ¢° is strictly positive;
2. The labor wedge,

oU (y¢, c) /Oy
oU (ye, c¢)/dce’

1+
15 strictly positive;

3. The utility of the agent who does not get a job by period t diverges to minus
infinity as well as the utility of the agent who gets a job at period t.

According to item 1., y¢ — ¢¢ > 0; when the worker finds a job he pays a net
tax. Using this finding one concludes that an increase in y¢ increases the job-finding
probability, while an increase in ¢¢ decreases it. A worker that provides lower effort
responds better to incentives, being more prone to increase his job-finding rate due
to an increase in employment consumption. As a result, we obtain 2. from the
Theorem above. Hence, as in the model with observable savings, the moral-hazard

problem implies that effort should be desincentivized at the margin.
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It is important to emphasize that the moral hazard problem does not arise because
of positive marginal tax rate. On the contrary, a positive wedge is imposed to lessen
it. Indeed, the planner can make taxes dependent only on whether the agent is
employed regardless of how much he or she earns thus avoiding the distortions at the
work effort margin. The fiscal externality is important because it makes desirable for
the planner to induce agents to search harder. What ultimately makes it optimal for
the government to distort the effort margin is the fact that a positive effort wedge
increases the cost of downward deviation of the search margin.

Finally, the last point of the theorem. The worker always expects to find a job
with a constant probability in every period. Because of that, he dis-saves and hence
his unemployment consumption decreases along the duration of the unemployment
spell. The absence of income effects in our specification implies that his consumption

diverges to minus infinity as the unemployment spell becomes arbitrarily long.

5 Quantitative Exploration

[TO BE DONE]

6 Conclusion

We have explored the consequences for optimal unemployment insurance design of
adding to an otherwise standard search problem the real world feature that an im-
portant dimension of labor contracts is not observed by the policy maker: how hard
an agent is required to work in each job.

We found that it is always optimal to distort the intensive margin by imposing
a positive marginal income tax rate. This is true regardless of whether savings are

controlled by the planner or not.
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A Lemmata

A.1 Observable Savings

Lemma 3 If there exists W* such that z (W*) = ¢* (W*), then z (W) > ¢* (W), for
al W > W*, and z(W) < (W), for all W < W*. Otherwise, z(W) > ¢* (W)
for every W. Moreover, both mappings, z () and ¢* (), are strictly increasing, twice

differentiable, and strictly convez.

Proof. [Proof of Lemma 3] Let y* (W) be given by

argmax o (¥ +2 (W) —n(y° + )],

and notice that if
P (z(W)) =1 (¢) <0,
then y¢ (W) = 0. Otherwise, y¢ (W) is given by

oy + 2 (W) —n' (¥ +¢) =0.

Hence, we have

1 1
(W) = > =" (W),
=gy~ weay - ©
because z (W) 4+ y¢ (W) > ¢* (W) . This implies that if z (-) and ¢* (-) cross at most
once, and z (W) > ¢* (W) (resp. z(W) < ¢*(W)) for every utility greater (resp.
lower) than this utility.

Next, since Z (W) — oo as W — oo, we have y¢ (W) = 0 for W large enough,
which implies z (W) > ¢* (W), and hence we may also have Z (W) > ¢* (W) for
every W.

It remains to show that both mappings are strictly convex. Since ¢® (W) :=

2 (W) +y° (W) is strictly increasing with positive derivative, we have

—¢" (e (W)
@' (ce (W))*
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and

S (W) _ _90” (Cu <W>>Cu/ (W) =~ 0.

@ (e (W))?

Lemma 4 Assume that ¢ (c}) < W*, which means that the worker is better off
working than consuming the first unemployment insurance. Then, there is positive

search in every period.

Proof. [Proof of Lemma ] Since unemployment benefits are weakly decreasing, it
suffices to show that if there is no search in period ¢ then the planner could profitably
deviate by offering a contract in which the worker also searches at ¢. Notice that the

(normalized) utility (1 — ) W; can be written as a convex combination of the terms:
[i]
1.

Q(pt-i-k)) 7

o (cfx) — 1 (ym +
Pt+k

which are obtained if the worker finds a job at period t + k, and;
2. ¢ (c;ﬁrk), which are obtained if the worker does not get a job by period t + k.

Since ¢, < ci, this implies that ¢ (cf,,) < W*. Hence, the cost of delivering
©® (c;ﬁrk) is less than Z ((p (c;‘%)) Notice also that the cost of providing utility,

Q(pt+k)) 7

Pt+k

o (cfir) — 1 (yf+k +

Z (90 (ciew) =1 <y5+k + Qift+k)>) :

is less than

4k
Since the function Z is strictly convex, by Jensen’s inequality and a continuity ar-
gument, there exists € > 0 such that, if the planner offers the contract in which de-

mands payments y¢ (W, + ¢) from the worker and delivers consumption ¢¢ (W; + ¢),
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the worker strictly searches for a job with positive probability, obtains a utility
W > W, from this search ,and the government has a strictly lower cost.

This strategy makes both the worker as well as the planner better-off at period
t, but may decrease worker’s incentives at period ¢ — 1. To avoid that, the planner
decreases the worker’s unemployment consumption at period ¢ — 1 until a point at
which the worker is indifferent at period ¢ — 1. This further improves the planner’s

utility at ¢ — 1, showing a strictly more profitable contract. m

Lemma 5 The value function, W —C (W), is differentiable.

Proof. [Proof of Lemma 5] Consider the function W — C (W) define for W €
(W — e, W +¢) and for every ¢t > 0 by

e (6O (W) = (& ) + (1= 8) (W - w)

and

o (et (W) = eler W) +(1=p) (W=w).

where {cte ® (W), i) (W) ..., } is the consumption stream if employment is found at
t and ¢ (W) is the unemployment insurance at ¢. Clearly this allocation is incentive
compatible and yields utility W. Its cost is

COV) =D BE [ (w7 W)+ =8) (W -w))].

>0

where w € {e (t)};2, U {u}. The function —p~! is concave and hence so is the sum

above. The result follows from Benveniste and Scheinkman (1979). =

Lemma 6 Suppose that if a worker gets a job then he must earn ¢ + T, paying T
to the government, to consume c® whereas if the worker fails to get a job then he
obtains the continuation utility W. Then this problem admits a unique solution. If

the solution is interior then it is given by the associated first order conditions.
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Proof. [Proof of Lemma 6] Consider the problem

macp o) = (4 7+ 1" )

This problem admits an interior solution if and only if
o(c®) = (c*+T)>W.

Assume that this is the case and consider p that makes its derivative equal to

Zero:

¢(ce)—n<c€+T+n%9)) - W —pn (c€+T+m¥) ”dip (@) =0

Differentiate the left hand side again to obtain

(o220 (0

dp \ p

(e 1) (0

p ) A\ p

eer i ()]

To show that the expression above is negative, it suffices to show that

_2% (?) Zi% )(%p;() )30@65 <79'( )p —U( ))
o (R ZUR) @ (VPP TV o

p? dp p?

. (ﬁ’(p)p - ﬁ(p)) - (d% [0 (p)p — 9(p)] p* — 2p [V (p)p — 29(29)]) N

p? p?
()
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Lemma 7 1) If there is a random-correlation device, C is concave, then it is differ-
entiable.

2) If there is no random-correlation device, then letting W, be the promised utility
in period t, C s differentiable at Wy for every t > 0.

Proof. [Proof of Lemma 7] We first prove 1). Assume that the following equations

hold (the case in which p = 0 is analogous and omitted)

9
154/690(06) —1 (ye + ﬁ%) + (1 =p) fu+ pWi] = Wy =0,
and
1 c e (p) L fe, Y)Y\ d ()
1_590() n(y +r ) u— W, 1_ﬁpn(y + 5 fap\ ) =0
Let
)
A = 7 (ye +/@'%) — (1 —p) gy,
1 ) d (9
B = p (ye + m—p)) + Wy + ——pif <y6 + n@> K— (ﬂ>
1-8 dp \ p
Then, we have
%90(66) +(1—plu=A+W,
and )
ESO(C )—u=DhB
Substituting one equation into the other we get
%[B+g]+(1—p)g:A+Wo.

Hence,
u=Wy+ Dy,
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and
p(c?) = (1= B) (Wo + D),

implying that the function,

C’(WO + 6) :pye — (,0_1((1 _1B_) (BWQ + Dg) + e)

+(1=p)[B—c(Wo+ D1 +¢)],

is a strictly concave function of € and lies below C (Wy+¢€). Apply Benveniste-
Scheinkman.

Now we prove 2). More precisely, we prove that C' is differentiable at W;. For
that we assume that p; > 0 as the other case is analogous. Consider any small e € R

and notice that the following perturbation is feasible:

(Qoyﬂp 6?) = (ﬂo +eu — Eﬁ_la Sp_l (90<Ci) + E)) .

One can thus apply the argument in Clausen and Strub (2020) to conclude that

G ==l =y

Lemma 8 The multipliers p and X\ are strictly positive if there is search.

Proof. [Proof of Lemma &] First notice that

[w(1—p) = A& (") = (1-p)
PHAA oy _ D

mw () = m

hence p = 0 implies ¢'(c*)¢’(¢?) < 0 which is an absurd.
Hence assume towards a contradiction that A\qg < 0. Clearly, there is a last period
at which A\; <0 and A1 > 0, otherwise, as we will verify below, c}' > ¢ for every t,
and hence there is no search. Assume that A\; > 0 (case in which A\; <0 for all s <t

and \; > 0 for some ¢t > 1 can be analogously handled).

29



From the first-order condition with respect to p we get

1 1
/( u — < — /(e
(ID(C ) ,U/_>\<1_p)_1 — ,U/+>\p_1 @(C )7

hence ¢* > ¢°.

Moreover, notice that from the first order condition we have
C, (WO) = — Mo,

and \
/ - _ _
C (Wl) = —lo + (1 _p) M1,

which implies

This, and A\g < 0 < Ay imply

1 1

— < — = ¢©'(cf).
5 +p11)\1 o + Pg "o 0

¢'(cf) =

Hence,
cf > . (10)

We can rearrange the first order condition with respect to y¢ to get

o) oot (22 (82) ),

Therefore, \yg < 0 < A; imply

Similarly,
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Since p1 > po, this implies

V(p1) <ye+ﬁl9(po)
0 I

D1 Do

Y Y
n (yf + K (pl)) < n (yg 4K (p0)> ’
P Po

because 7 is strictly convex.

Y+ K

and

Since py > 0, by assumption of the lemma, we have

0
0< —1i5 [tp(CS) -1 (yﬁﬂ% SZO)

)] - tetety + owa
= et =0 (w6220 | < ot
otct) = (s <22 1= g ot + 93]

2
ﬁ [@(CS) - (yS + ﬂ%)}

- [¢<ci>—n(yf+m”§f” }—(1—pl>[w<c¥>+ﬂwg1]

1
—5[1?11_5

= ptcs) = (s + 622 ) — (e 4.5

= ﬁ [@(CS) - (yS + Hﬁgyﬂ — o(cp)
=8 ety = (v + "2 | = p ot + awal|

Since p; > 0, due to A\; > 0, we have

L [90(0?) —1 (yi" + Féﬂiil))

> (ct) + BWy
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Hence,

o(cg) —n <yg + Kﬂ;p(’)) — p(ch) + 6{ : [s@(cé) =1 (yS + nﬁm’))}

0 1-5 Do

1
=5

— D1
b1

P@ﬂ—n(ﬁ+ﬂwm»}—O—pﬁwwﬁ+ﬁwﬂ}
J(p

< ptet) = (s + 672 ) — ()
#8125 [oteh) = (s + <72 ) | fotet) + il

Since the first line from the last term is negative, the entire term is less than

|52 [t = (s <220~ ey + o).

which is less than,

1 e e
m [90(00) -n (yo Tk

J(po)
Po

)] - tetery+ swal

since the term is positive.

Since p(cf) < ¢(cf), and
v v
n (yS + H—(p°)> > 1) (yf + /@'—(pl)) ,
Do b1

1 ey e 19(p1)
1-3 3 {@(Q) Ui (yl thR y

this is less than

)] - tetery + s

Hence, using the first-order conditions with respect to p, the algebra just per-

formed means that

) (32 (8220
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Since

19(]01)

ye Tk 79(]70)
! p

<y, +k ,
1 Do

if y§ > y§, we will have p; < py which together contradict (12). We conclude that

Y1 < Yo- (13)

Finally, notice that A\; > 0 and the first order condition with respect to p and the
fact that p is a local maximum imply

€ €

yf:;() < —ci + BC (Wr). (14)

Analogously, in period 1, using g < 0, the first order condition with respect to

p implies
ye - u
LG > e+ o).
But notice that
e _ o8
C(W) = pi—g + (1= p) [=¢" +5C (W) (15)
< -
= 103
Hence, using (1), we have
” Yo — %
< pgC(Wh) — ——
CO = 6 ( 1) 1 o ﬁ
e _ e
o+ - ) < ooy - P

Since ¢ > ¢ and y§ > 0 we have

0<B|Cu) - %=
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Using (15), the last term is less than

(- )
I =5 "1

(wi—cf) (W6 - CS)} _ 3 [(yf )

Hence, using (12) and (13), we see that (y§ — y5) + (¢§ — ¢§) < 0.
A contradiction. m

Lemma 9 If there is search in one period, then there is an infinite number of periods

i which there is search.

Proof. [Proof of Lemma 9] Suppose towards a contradiction that there is a last
period t* at which search happens. Lemma & implies that A\~ > 0 and hence the first

order condition of the government with respect to p; implies

Yie — Ch —Cie
> ;
=5 15

where we have used the fact that if there is a last period in which there is search

then ¢ = cj. for every s > t*.

Moreover, the fact that the worker actively searches at ¢* implies that

ﬁ(pt*)

D+

o(c) —n (yf* + K ) > ().

With this at hand, we can propose a deviation in which the government offers
(¢, ys) at period t* + 1. The worker searches with the same intensity (because
ct = ¢} for every s > t* + 1) and the government decreases ¢} to make the worker
indifferent. m

A.2 Non-observable Savings

Lemma 10 Consider any deterministic mechanism. Assume that the agent starts

with income ag and let (¢}, p;) be his optimal choices at period t. Then, an agent who
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starts with income ag optimally chooses (¢} 4+ (ag — ag) (1 — B) , pt) in every period t
and obtains exp{—a (1 — 8) (ap — ap) }W; where Wy is the utility obtained at t by the

agent who starts the game with assets ag.

Proof. [Proof of Lemma 10] The proof will be based on the optimality principle.
We will guess and verify that if W, is the agent’s continuation utility when period
t is started with income a;, then exp{—a (1 — ) (a? — a})}W, is the continuation
utility when starts period ¢ with a?.

Take any optimal strategy {(c} (a:),pr (ar))},5, when period ¢ game starts with

income a; € {a},a?} and let W}, i = 1,2., be its value. Notice that the strategy,

{(cF () + (0 — i) (1= B) pr ()}, -
is feasible for a worker who starts with assets a?. Hence, by revealed preference,
W} > exp{—a(1-3)(ai —a;)}W;.
Analogously,
W > exp{—a (1 - B) (a; — af)}W;".

Thus,
th = exp{—a (1 - f) (a? - atl)}WtZ-

Finally, let W, be the value from following the optimal strategy when the initial
asset is ap and observe that strategy (c}' + (ao — ao) (1 — B),p:) is feasible and it
leads to exp{—a (1 — ) (o — ap) }Wy. This strategy is, therefore, optimal. m

Lemma 11 Consider any deterministic mechanism. This mechanism can be im-
plemented by an initial endowment ay and unemployment benefits by = 0 for every
t.

Proof. [Proof of Lemma 11] Let ¢; = (¢}, ¢f),~, the consumption stream under the
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original mechanism. Choose ay = Z;’i 0 Btc, and transfers (Te> so that

( ao—Zﬁ ) H+T.=d, (16)

In this new mechanism, the initial wealth is @y, unemployment benefits are zero,
yy = y; for every ¢ and T, is given by the equation above. Moreover, (10) implies
that the same strategy profile is feasible. Using Lemma 10 one can check that there

is no profitable deviation. m

Lemma 12 In every period, t, p; > 0.

Proof. [Proof of Lemma 2] Let W, be the value from starting the first period with

zero assets. Consider the problem

o) = s {p% = + (1= ) 6Cexpf-aal1 - ) |

Wi ,ce,ye 1 - B

subject to

N . Y 1))

—(1- )max[ exp{ad' B} + exp{—ad' (1 — 3)} W] }

and

AR )

~ (1~ ) max [ explad'8} + exp{—ad’ (1 - §)}5W)] } — Wy
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Notice that p = 0 implies
Wo = max [~ exp{aa’8} + exp{—ad (1 — B)}5W1].,

hence,
Bexp{ad'f} = (1 — B)exp{—ad (1 — ) }SW;.

Therefore,
Wo = max[(1 — B) exp{—ad’ (1~ B}V, + exp{—ad (1 — £)} S| = W,

implying that there exists an optimal contract that is stationary and involves no
employment. By assumption H1, there exists y.,c. and p such that y® > ¢® and
c—n <ye + 2 )> > (. This shows that there exists a profitable deviation. m

p

Lemma 13 Consider an equilibrium generating (¢}, ¢, ys, pi)s2y from assets ag and
b; = 0 for every t. The same equilibrium can be generated from any level of assets

ag < ag.

Proof. [Proof of Lemma 13] Take the initial level of assets ay and set asset holdings
(@¢) to generate the unemployment consumption profile (¢f')°, . At each point of

time define y;y and 7} so that
a (1 —-p5)+ 1T, =¢.

It follows that if the agent chooses (¢}, p;) at every time ¢ then the original allo-
cation (¢}, ¢f, vy, p)io, is implemented. We must therefore show that this allocation
satisfies the intertemporal budget constraint and that it is optimal. Budget con-
straint feasibility follows from lemma 12 and the fact that consumption is decreasing

over time (see Lemma 11 below). m

Lemma 14 W, and ¢} are strictly decreasing in t.
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Proof. [Proof of Lemma

implies

| The agent’s first-order condition with respect to p

B 1iﬂexp{—06{ce—7l (yeﬂi?)}} {1+apn’ (ye+,ﬁ9;p)) . <19;p))1

Hence,

= max [~ exp{ad'f} + exp{—ad’ (1 — §)}SW].

Wy > —exp{ad’ 8} + exp{—ad’ (1 — B)}SW;.

Next notice that

max [~ exp{ad’8) + exp{~ad (1 - §)} W3]

implies

—Bexp{ad’8} = (1— B) exp{—ad (1 - 3)}8Wh,

and thus,

—exp{ad' S} = max [—exp{ad' B} + exp{—ad’ (1 — B)}SW1]. = Wh.

Therefore, Wy > W; and similarly Wy > Ws. Since — exp{—ac{} = W1, we have

u
Cy =

which was just proved. m

In (—W1) - In (—Ws)

—Q

=c} <= Wy > Wy,
—Q

Lemma 15 Let (¢}, c§,yf,pi)i2, solve the government’ s problem when the agent

starts with utility Wo. Then (¢} +A, ci+A, y5, pi)i2, solves the government’ s problem
when the agent who starts with utility W = e AW,

Proof. [Proof of Lemma

| We claim that (¢} 4+A, cf+A, yf, pr)2, is at least as good

as any allocation (&%, &, 7¢, )22, that yields utility W. Indeed, take (%, &, 75, Pr)2

and notice that (¢ — A, & — A, g¢, pr)52, generates utility Wy. Hence, the optimality
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U e ,e oo 3 ;
of (Ct 1y Cey Y pt)t:O lmphes

Zﬁt{ Z (HS<T (1 _ps))pT [yi - qu—]
+ (1 - Z (H8<T (1 - ps))p7> [_C?] }

T<t

Z Zﬁt{ Z (HS<T (1 - ﬁs))ﬁf [gi - (676' - A)]

n <1 -3 L. —mm) - (@ - A)] }

<t

which holds if and only if
gﬁt{ Z (Maer (1= ) pr [15 — (¢ + A)]
+ (1 =Y (Meer (1 - ps))p7> [ (cf + )] }
> i:jﬁ{ Z (Wowr (1= ) Br [§5 — €]
+ (1 = (Hyer (1 - m))@) A }

T<t

which proves the optimality of (¢} + A, ¢ + A, y¢, )2, when the promised utility
isTW. m

Proof. [Proof of Lemma ?7] Start with the the first order condition with respect to
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_exp{—afec.—n(y +x00)/p)]}
1§
— max { — exp{ad’f} + exp{—ad’ (1 — ﬁ)}ﬂWl}

exp {—afe - n&eg 50w/} <ye . (@)) . (@) 0. (17)

Next we remark that the problem is strictly concave in p and hence the derivative
of (17) with respect to p is strictly negative. Differentiating the left hand side of (17)

condition with respect to ¢, we obtain

exp {—afc. —n(y*+r(p)/p)]}
1-p
d

— = max { — exp{ad8} + exp{~ad’ (1 - )} W1 }

o o {—ofee —n " +rO@)/P)]} (ye p (@)) i (ﬂ(p)>/
p

«

+a’p —
1= p

Now notice that

d
de,

max { — expfaa8} + exp{~ad (1 - 8)} W3 }

< ozmaa}x{ — exp{ad’f} + exp{—ad’ (1 — ﬁ)}BWl}

as the last number is obtained by the derivative of an increase in ¢ in every state of

nature.
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Therefore, we have

exp {—afc. —n(y* + £ (0(p)/p) ] }

«

1-p

_ die nzg}x{ — exp{ad’ S} + exp{—ad’ (1 — ﬂ)}ﬂWl}

el L) (0 (20
_ P {—alc — 771(%6;_ K (9(p)/p) ]} Famax {—exp{aa'ﬁ}—i—exp{—aa’ (1- 5)}5W1}
P O (A0 ()
— arnae}x{ — exp{ad'f} + exp{—ad’ (1 — B)}BWl}
— % max { - explad’s} + exp{—ad’ (1 - )}V }
= —« mazgux{ — exp{ad'f} + exp{—ad’ (1 — 5)}5Wl}
_ dccle mag}x{ — exp{ad’f} + exp{—ad’ (1 — B)}ﬁWl} > 0,

where we have used (17) and (?7?). Therefore, dp/dc > 0.

Next, differentiating the first order condition with respect to y¢ we get

sexp {—afce —n(y* + £ (0(p)/p) |}
1-p
—{ dZ@ [maa}x { — exp{ad' 8} + GD}CI;{—CW/ (1- 6)}BW1}
o oxp{—ale.—n(y+r@®)/P)]} (. (0 )\
il (.. o). o
”exp{—a[Ce_77(964—/{(19(17)/17)”} /(ye_f_ﬁ(ﬁ(p)))ﬁ(ﬁ(p))/.

n —_— [
1-4 P P

—apn
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Notice that

d

. maax{ exp{ad'f} + exp{—ad’ (1 — B)}ﬁWl} >

Om/diye maelxx{ — exp{ad’ S} + exp{—ad’ (1 — 6)}61/[/1}. (18)

Hence,
P {—afe. =0y +x00p)/p)]}
1-p
- % maax{ exp{ad' S} + exp{—ad' (1 — 3) }BWl}
_azpn,exp{ alce —nl(y + £ (9(p)/p)) ] ,(e ( ))ﬁ(%)
- B p
_apn,,exp{—a[ce—n(y“rﬁ( (p)/p)]} ( ( (p ))K(ﬁ( )
1-p p
_anfexp{—a[ce—nl(@i;% )]}
— an/ max { — expfadB} + exp{—ad’ (1 - §)}W: }
el RO () (200
an' me/xx{ —exp{ad'f} + exp{—ad' (1 — B)}ﬁWl}
- % maax{ exp{ad' S} + exp{—ad’ (1 — ﬁ)}ﬁWl}
a0 O (1 (W) (R
ar max { — exp{aa’f} + exp{—ad’ (1 - ﬁ)}ﬁwl}
- diye max { — exp{ad’ S} + exp{—ad’ (1 — 6)}BW1}
- SRl GO (1 (90 (A0
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where we have used (17) and (18). m

Lemma 16 It is the case that
o at(q oyt [l —Ba} {_ { B ( M)}}_]
;pﬂ (1—p) [ 1= 4) 0ol expq —asce—nly+k » 1| <O.
Proof. [Proof of Lemma 16] We have
< ifew{—a(-Aa} ey =22
;pﬂ (1—p) [ 1= 0)[0 expy —aqce—nly+k » 1| <0<

gpﬁt (1-p'" [( —expi-all = f) at}t_l exp {—oz {ce — <y€ + 5?) }}

1—8)>22,pB" (1 —p)

> Up.

Since z — —e™** is strictly increasing. Notice that Uy is the mixture of the
distribution F¢ above and the distribution over —e~%¢", which we call F"*. It follows
that if F© first-order stochastic dominates F™ :

/ 2dFe () > / wdF* (z)

and hence for any X\ € (0,1),

/ vd [AFE (2) + (1 — \)F® (2)] < / 2dF° (z).
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B Proofs

B.1 Observable Savings

Proof. [Proof of Lemma !] Assume towards a contradiction that, without loss of
generality, the constraint does not bind at ¢t = 0,
#'(cp) = #'(cg) = 1o = (o).
In this case,
p(c5) —n (no) < @lcf). (19)

Notice that the moral-hazard constraint must bind for some ¢ > 0, otherwise,

o(ct) = pg '

for every t. This means that getting a job in period zero is worse than being unem-
ployed forever.
Assume that the first period in which the constraint binds is ¢ = 1 (the other

case is analogous). We have p; = po, 11 > 0 and, hence,

1
"(¢]) = =7n"(n1).
¢'(c]) ot D 1 (1)
Therefore,
p(cg) — 1 (no) < @(cf) —n(m) (20)

Hence, using (19) and (20) we obtain

90(68i :g(no) < o) + Bs@(ﬁi - Z(m)’

which, using the fact that the moral-hazard constraint was binding in the second
period, implies that worker strictly prefers being unemployed than getting a job at

zero, a contradiction. m
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Proof. [Proof of Proposition 1] Part i) Immediate from the first-order condition.

Part i) We have

N
(¢) TR

77’ (ye " H?) - up]i A uppi /\77” (y * R@) ) <@)/

Hence,

. n’(ye J(r;’;(P)/p) s (ye ) Hﬁ;p)) § (g(p))’ -
Part iii) Notice that

1 —p
= 1-— - A
QD/(C}&L> [:ut( pt) t]
1 —pia
SOI(C?H)

= [Mt+1(1 - Pt+1) - /\t—l-l] )

If there is no search at period ¢t + 1, then

1 At 1
vy T Ml = e T
90/<Ct+1) (1—pe) @' (ct)

If there is search in period ¢ 4 1, then we have

P
Hr1Pev1 + Aep1 = tjl )
‘P(Ctﬂ)
Thus
Pt+1 1 —pr1 1
e 1 U — M+l 1( U
Sﬁ(ct-s-l) ® (Ct+1) 2 (Ct)
n
Proof. [Proof of Proposition 2| Notice that
u 1
o) = ———
:ut - 1—p;
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and

At
Hi+1 = Mg — )
t+ t (1 _ pt)
hence
90/(0t+1> - (P,<Ct) = A1 Y - Nt 2 0,
M1 — 1=pt+1 e 1-p¢ He+1 — 1=pit1 He+1

with strict inequality whenever the worker searches in £ + 1 and hence 1itp—t1+1 >0

Finally, for the last claim assume that the worker actively searches in period ¢t+1,

use
Pi+1 1— Pe+1 1

@'(CfH) <p’(c}f+1) B ¢ (ct)

and c,; > ¢ to conclude that cf | > ¢} for every 7 > ¢t. m

Proof. [Proof of Proposition 3] Notice that the unemployment insurance is decreas-
ing. Suppose towards a contradiction that it converges to c% > 0. If it does not

converge to zero, since ¢'(cl) = H%H, we conclude that 1, — (¢/(c¢%))™" . Therefore,

At
I —py

— 0.

We claim that p, — 0. Suppose towards a contradiction that there is a subsequence

pt, — P > 0 and notice that, since

1

/ e
¢'(cf) = ———=,
! Ht+pt1/\t

we have along the subsequence ¢'(cf ) — ¢'(c% ), implying ¢f — cl,. By incentive

v
77 (yfT _|_ K (ptr)) _> 07

yum

compatibility,

which implies p;. — 0, a contradiction.

But then by a continuity argument, for every € > 0, there exists a period t* such
that ¢ > t* implies that the government’s utility is € away from —c% /(1 — ) while
the worker’s utility is € away from ¢(c%)/(1 — B).
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Noting that
lim ' (yf + m%) < lim ¢'(c}), (21)
-
it is easy to show that there exist a € (0,1) and y > 0 and a (large) period # at
which there is active search.

The following change thus improves the government’s payoff. The worker is asked
to produce yf + x and his consumption is increased by y«, while the government
increases his revenue by x (1 — «). Using (21), this can be done so that the worker
chooses a higher search intensity and increases his payoff. Recall that the first-order

condition for the government with respect to p; implies

oo —ah
1-8 " 1-5

Since ¢ is arbitrary we can, therefore, guarantee that

vp—gtx(l—o)  —dp
-5 -5

In summary, this increases both the government as well as the worker’s payoff at

t. Finally, to keep previous periods search incentives as given, one can then decrease

¢; , in order to keep the worker’s utility conditional on not obtaining a job at t—1
constant.

This is a profitable deviation. A contradiction. m

B.2 Non-observable Savings

Claim 1 If the agent has chosen c! at every T < t for some t > 0 and Wy 1is
his continuation payoff under consumption choices (cj, ..., ¢}') in the new mechanism,

then, it is optimal for him to choose c}' and p; at period t.

Proof. [Proof of Claim 1] To prove Claim |, assume first that the agent did not get

a job at t and that his previous consumption choices were (cg, e cf_l), up to period
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t. The agent chooses

max{—exp{—a (1 — 3) &'} + Bexp{—a (1 — ) 871 (¢} — ¢}')}Wys1},

C¢

where we used the fact that if the agent chooses ¢ = ¢}, then his continuation payoft
is Wiy, and hence, by Lemma 10, it would be exp{—a (1 — ) (¢} — ¢}') }W;4 if his
choice were ¢}, instead.

Since this problem is strictly concave, the optimality condition is

—exp{—a(1-0)¢} =exp{—a(l - B) 87 (& — )} Wi

However, since ¢}’ was optimal in the original mechanism and W;;; was his con-

tinuation utility, the respective optimality condition in the original mechanism reads
—exp{—a(l—B)c't = Wi,

which then implies ¢} = ¢}’

Next, to verify that p; is optimal, just notice that the algebra above implies that
the agent obtains continuation value W, if he does not get a job at ¢. Since his
employment utility is the same as in the original mechanism, the optimality of p; in

the original mechanism implies that p, is also optimal here. m

Claim 2 If the agent starts period t with assets a;, then it is optimal for him to
choose ¢} + (ar — ay) (1 — B) and py if Wiy is his continuation payoff under con-

sumption levels (¢, ..., c}") in the new mechanism.

Proof. [Proof of Claim 2| The proof of Claim 2 follows directly from Lemma 10. m

Proof. [Proof of Theorem 3] i) According to Lemma 15, p and y¢ are stationary.

ii) Consider an optimal mechanism for promised utility W,. Notice that the first-
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order condition reads

sl )

- e { = explaa'8) + exp(~aa’ (1 - 591 }

gt a2 8o () o

We have
WO = pVVOe + (1 _p)WOu7
and )
v Y
W5 — Wy = —apWgn' (ye + H_(p)) K (—(p>> :
p p

solving these two equations for W and W' we get

Wo =pW5 + (1 —-p) {Wé + apWgf (ye + ﬁﬁ;p)> K (19;]9))’}

Thus W

L+ ap(l —p)n’ (ye + w(p)/p)”v (%)/

and

Wy =

L aprf (v + wd(p) /) (12)
9

L+ ap(1 = ) (v + <0(p) /) (%)l

iii) Notice that W = e**<W, and

!
VR B apn’ (y + m‘/’(p)/p)ﬁ (@)
[V

Wo 14 ap(1 = py (ye + m9(19)/p)ff (%),
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Hence,

1+ apy (y + kY (p >n<¥>

A, =a'log
9
p

1+ ap(1—p)y’ (y +r0(p)/p )“( ))

iv) Consider the problem

o) = g [T + - s,

subject to

il )

(1= phgc{ — expfaa’s) + exp{-ad’ (1= )60, | - 18 =0

and

pen{oafecafi )

~ max { — exp{ad’f} + exp{—ad’ (1 - B)}BVV&}

ol 2 (22

Plugging the last constraint into the problem, one obtains the following La-

grangian

C(Wo) = max p [yf_ ;} +(1—p) BO(e W)+

u[—liﬁexp{—a[%—n<ye+m%—
e oo o (o) () )
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Therefore, we have the first-order conditions with respect to c?,

oo ) oo 220 ()]

with respect to y¢,

omenfaleca (o -2)-

a(l—p)pn (y%n%)% (@)/
|

=
—~
—_
|
=
0]
]
ho]
—N—
(o}
| — |
o
o
|
3
VR
<
[}
+
=
=
NS
~_
_ 1
J\
VR
<
[}
+
=
=
~_
=
VRS
=
NS
~_

Therefore, we have

77’( ) M) L (1—p)py” <y + wI(p )m(%)

Yotk |
a[1+a(1—p)p77 (y +r0(p)/p )“(ﬁ )}

Proof. [Proof of Theorem ?7] Let (p*, y¢*, {(c}", cf*)}foo) be the optimal allocation.
The initial income of the agent when employed is ¢j* and the desired utilities are
Wi, W™ and W{™* satisfying Wy = pW§* + (1 — p)Wi*. We claim that there exists

(ap, c?) that solves the system:

= (1-Bag+c
Wy = max—e *“+ U (@_1 (ap —¢) ’ye’ce) ’

where U (a,y*, ) is the utility of a worker who starts a period with assets a and

has the option to search for (y**,c?) in this and every future period.

The sequence of efforts that give rise to U (87! (ag — ), y**, ¢**) is stationary.
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Indeed, take ap = ¢§* (1 — B)_l ,c¢ =0, and note that
Wy™ < max —e™* + U (5_1 (ag — ¢),y**, 0) )

When ay = ¢§* (1 — B)_l ,c® = 0, the agent can keep consumption constant at c®*
even without taking a job. In fact, he best responds to that contract by choosing
p = 0 in every period.

Next, notice that if we decrease ag by —ﬁ and increase ¢ by ¢ the planner’s

payoff is increased by

€ p(ag,c) e

=3 1-(-plane)i-p " (22)

Assume towards a contradiction that if we take ag to —oo and increase ¢ to

infinity respecting ¢§* = (1 — /) ap + ¢® we do not reach a point at which
Wy™ = max —e”“ + U (ﬁ’l (ap — ),y ce) )

From the first order condition, we know that p remains bounded below p* (and by
lemma 10 this holds in every future period) and the principal obtains infinite profits
because of (22). At the same time the agent’ s utility is greater than pW§* + (1 —
p)Wi*. A contradiction.

It follows that there is (ag, ¢®) that satisfies the system above. Notice that

Wi = max —e Y4+ BU (ﬁ’l (ap — ),y Ee) )
Hence, from the agent’ s optimality condition, if we let

¢, = argmax —e *“ + U (ﬁ’l (ap — ),y Ee)

52



and a; := 37! (@p — ¢), then, by construction,

oo+ 1= ol » (2]}
1-p

-Pp

Wy = max
p

+ (1= p) [max—e= 4 BU (57" (a0 — ) 4", )]

which coupled with ¢ + (1 — ) ap = ¢{* implies that the chosen p is p*.

Moreover, by construction,
U (B_l (ap — ")y, Ee) = U (ay,y™,c%) = exp{—a (1 — ) (a1 — ao) }U (ao, y**, ),

where we have used Lemma

Inductively the utility in the beginning of period t 4 1 satisfies

Uk
o P = WO U
t+1 — "t T * t—1»
W

as desired. Finally, since the employment utility W in period ¢ satisfies
W = p" Wi+ (1= p" )W,

and hence » R
Wte:Wt _(1:17) t+17
p

as desired, and hence the employment consumption satisfies ¢ = ¢* for every ¢t.

Finally, since —exp{—ac}'} = W, we have ¢} = ¢/* as desired. This completes the

proof. =

Proof. [Proof of Proposition ??] Notice that W} < W¢* and hence it suffices to
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show that lim W = —oo. We have

lim(1 — )W =
~ lim exp {—a [c;; (1= B)ao—n {y i (ﬁgﬁ*))n ot — 1)Ac} - .

Proof. [Proof of Proposition ??| Recall from (&)

0 [ P } <y6—66> op p(y°,c) Ue (y°, c°)

op1-(1-p)BJ\1-8 )0 1-(1—-p@yc)p e Awa(l-7p)[Up
Since 5 5
p P
8p[1—(1—p)5 >0 and 8c€>0’

y© — ¢ has the same sign as

_OO tq1 _ o\t-1 —1 eXp{_a{ce—n(ye+1€19(p)/p)}}
gpﬁ (1-p) [1_5+ (1= B)2 U, ’

by Lemma ??, which is strictly positive by Lemma 10. =
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